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Introduction. 

Data on the heats of combustion of nitrous oxide and of oxygen in carbon 
monoxide are not only of thermo-chemical importance in themselves but they 
. also afford a basis for evaluating the heat of formation of nitrous oxide from 

t , 

■felts elements. 

The present paper is concerned with the measurement of these two heats of 
combustion by the constant pressure method. The reaction was brought 
about by the continuous burning of one of the reacting gases in an excess 
atmosphere of the other. The heat evolution was obtained by measuring 
the temperature rise of the water in a calorimeter, and the weight of gas 
involved in the reaction was determined by absorbing and weighing the carbon 
dioxide produced. 

The jp alonmetric System . 

The Calorimeter Vessel .—The calorimeter was made of brass, with water 
as the calorimetric fluid, and it was surrounded by a water jacket so that it 
could be used adiabatically.* The arrangement is shown in fig. 1. The outer 
cylindrical jacket is hollow and is connected with the two halves of the lid by 
rubber tubing, so that the same jacketing water oan be circulated round the 
whole of the outer system by means of the simple hand-worked pumpf seen 

* The calorimeter and jacket were constructed in the workshop of the Engineering 
Department of the Laboratory. 

f A possible refinement would have been a double acting pump so as to maintain a 
continuous flow. 
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on the right of the drawing ; a system of baffles in the jacket and lid compels 
the water to circulate completely round the interspace and leave no u dead 
water ” regions. On the outer wall of the jacket a nichrome heating coil is 
wound directly on the metal, experience having shown that the oxide film 
on nichrome is sufficient electrical insulation to prevent short-circuiting of the 
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coil. This is thermally insulated on the outside by asbestos paper maintained 
in place by strips of tape. By means of a switch the heat supply to the jacket 
can be stopped and started at will, so as to keep the jacket temperature 
oscillating slightly about the temperature of the inner calorimeter. As an 
indicator for this purpose, a multiple copper-constantan thermo-couple with 
three junctions in each limb is arranged with one limb in the water of the 
jaoket and the other in that of the calorimeter itself. The thermo-couple is 
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connected directly to a mirror galvanometer throwing a spot of light on a 
scale. It was found quite practicable to keep the two temperatures by hand 
control within 0*02° C. and generally within 0*01° C. during the half-hour 
required for an experiment. In addition to the thermo-couple which shows the 
difference between jacket and calorimeter, there is a calorimetric thermometer 
divided to 1/100° C. for showing the actual temperature of the water in the 
jacket. 

The calorimeter itself is a cylindrical brass vessel 8 inches high and 5*5 
inches in diameter, and holding about 2*6 litres of water; it was supported 
on three ebonite pegs inside the jacket. It was also found necessary to use 
three small pieces of cork for “ centering ” the calorimeter, since any slight 
lateral movement might have fractured the glass tubes which had of necessity 
to pass through the two lids. The lid of the calorimeter was made in one 
piece, with a slot cut out as seen m fig. 1. The joint between the calorimeter 
and the lid was a metal to metal cone with a thin film of grease to ensure good 
thermal contact between the lid and the cylindrical vessel. The glass tubes 
projecting through the lid were allowed to follow their natural directions 
without forcing, and then the aperture through the lid was sealed and made 
impervious to water vapour, by using a plastic cement. The calorimeter 
contained :— 

(а) The reaction vessel in which the gases were burnt (described in the 

next section). 

(б) A platinum resistance thermometer. 

(c) A stirrer with two propellers on a hollow shaft rotated by means of an 

electric motor. Metallic connection between the propeller shaft and 
the motor shaft was broken by the interposition of an insulating coupling. 
The shaft had an “ umbrella ” dipping in oil which sealed the opening 
into the calorimeter. 

(d) A heater wound with platinum wire on a mica frame, and enclosed in a 
silica envelope. 

( e) One arm of a differential couple of which the other arm was in the 

jacket. 

The Gas Circuits and Reaction Vessel . —The two gases were taken from 
cylinders—see fig. 2—and, after passing through soda-asbestos to remove 
carbon dioxide and through phosphorus pentoxide to remove water, each was 
led through a simple flowmeter, and then past mercury thermometers* The 
gas which formed the atmosphere around the flame proceeded direct to the 
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reaction vessel, whilst the path for the other gas was selected by a two-way tap 
which could send it either (a) out through a long glass tube into a ventilating 
duct to be discharged clear of the building, or (b) into the jet, after sparking 
had been commenced. The connecting tubes whenever possible were of glass, 
but at certain points flexible tubes were necessary, and rubber was used. It 
was kept as short as possible, and rendered impervious by painting the tubing 


Te Suction Fan 



Fio. 2. 


as well as the joint between the rubber and glass, with an alcoholic solution 
of sealing-wax. The reaction vessel consists essentially of a pyrex glass 
chamber about 3 inches high and 1 • 8 inches in diameter with a pyrex “ burner ” 
or “ jet ” for the flame. One gas was led to this burner and the other, which 
formed the atmosphere during the combustion, was led to the tube which opens 
into the base of the reaction vessel. The products of combustion passed out 
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through the spiral of 0*3-inoh bore tubing, which was wholly immersed in the 
water of the calorimeter, so as to ensure that the heat of the reaction was 
conveyed to the calorimetric fluid. 

Combustion was started by sparking between two platinum wires as shown 
in the figure. A thermocouple was also introduced into the reaction vessel 
above the jet and slightly to one side. The millivoltmeter connected to this 
served to indicate when the gases were first ignited, and also gave warning 
when for any reason the flame happened to be extinguished in the course of 
an experiment. Much difficulty was encountered in the preliminary experi¬ 
ments in determining the conditions for a steady flame. It was found that 
the insertion of a plug of cotton-wool in the tube leading to the jet was essential 
for the maintenance of the flame. 

After leaving the reaction vessel, the mixed products of combustion flowed 
past a mercury thermometer and then proceeded direct to the absorption 
system. 

Absorption System for Carbon Dioxide .—This consisted of two U-tubes 
filled with soda-asbestos, and two of phosphorus pentoxide. The first soda- 
asbestos tube, in which the main part of the absorption took place, was 
immersed in a water bath to keep it cool. The second absorption tube increased 
in weight by about £ per cent, of the first. 

Heat Capacity of the Calorimeter and Contents . 

The heat capacity was determined in terms of electrical units by dissipating 
energy inside the calorimeter, using the platinum heater already mentioned. 
The external resistance in the heater circuit was adjusted beforehand so that 
when the current was switched on to the heating coil the rate of production 
of energy should be approximately the same as that in the combustion experi¬ 
ments. The current was then switched on, and the time at which this occurred 
was automatically recorded on the tape of a chronograph, the circuit of the 
latter being completed through one of the knife-edges of the switch. On the 
same tape a time record was marked. Since the heater was of platinum, its 
resistance gradually rose as it warmed up, so that the experiment was divided 
into two sections, an initial period which lasted about 100 seconds, during 
which the heater resistance was changing, and the settled period lasting about 
1600 seconds, during which the resistance of the coil was constant. During 
the first period the current flowing through the heating coil and the potential 
difference across its ends were observed on a moving coil instrument. The time 
of each reading was marked by a second pen on the chronograph tape, actuated 
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by the observer pressing a tapping key as he noted an instrument reading. In 
the second period, current and potential were measured by means of a potentio¬ 
meter, through the intermediary, respectively, of a standard 1*0 ohm shunt 
and a volt box giving a reduction of 200 to 1. At the termination of the 
experiment, the opening of the switch of the heating circuit was recorded on 
the chronograph tape. 

Corrections were applied for the heating due to the stirrer in the calori¬ 
meter, and for the heat generated in the current-carrying leads of the heating 
coil. A further correction on the energy measurements was required since 
both the volt box of the moving coil instrument and the volt box for the 
measurements by potentiometer, were in parallel with the heater coil, and 
consequently the measured current w as greater than that actually flowing through 
the heater. The corrections were calculated from the known resistance of 
the volt boxes on the ranges used, together with the resistance of the heater. 
The correction to the energy supply on this account was of the order of 1 part 
in 400 or 500. The correction for the heat developed in the current leads had 
about twice the magnitude of the above-mentioned correction. It was 
evaluated from a knowledge of the specific resistance of the wire used as leads, 
but it must bo noted that there is a slight uncertainty in determining what is 
the correct length of wire which must be taken as functioning usefully in this 
connection. There is a space between the lid of the calorimeter and the lid of 
the jacket, and clearly the heat developed in this part of the lead is divided, 
some ultimately finding its way to the calorimeter and some to the outside. 
Only the latter part should be applied as a correction to the observed energy. 
As an approximation, one-half of the wire in the space referred to was taken 
us effective. The aggregate effect of these various corrections together with 
possible random errors leaves the accuracy which can be claimed as perhaps 
1 part in 500 for each individual experiment. 

It might be noted that there would be some advantage in using leads of low 
resistance jacketed along their length with water at the temperature of the 
calorimeter enclosure to minimize heat conduction from the calorimeter. 
This, however, would introduce considerable constructional complications. 

In the above described determinations of the electrical equivalent, con¬ 
ditions differed as little as possible from those prevailing during a combustion 
experiment, except that in the latter there was of necessity a current of gas 
flowing through the reaction vessel. A special calibration experiment was 
eatried out to ascertain whether the gas flow did affect the water equivalent 
after a correction for the heat carried off by the exit gas had been applied in 
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the way described in the section on combustion experiments. In this experi¬ 
ment, carbon monoxide was passed through the apparatus whilst the calibration 
was carried out. The result agreed with the “ no gas ” calibration within the 
limits of the possible accuracy of the experiments. 

Other checks on the satisfactory behaviour of the apparatus were provided 
by carrying out experiments for varying periods of time with approximately 
the same rate of energy input, and also experiments in which the rate of supply 
of energy was varied by alteration of the current through the heater. Some 
of these experiments are quoted in Table I. The quantity of water in the 
calorimeter had been changed between the dates concerned, and is also different 
from that in the combustion experiments. 


Table I. 


Date. 

Duration of 
experiment 
(seconds) 

Temperature 
i me. 

(°C.) 

Mean 

temperature 

(°C) 

Energy 

rate. 

(watts) 

Electrical 
equivalent 
(Joule/1° 0 ) 

Conditions 

vaned. 

13.11.31 

2623 

2-32 

22 61 

5-5 

11810 I 

Energy 

5.11.31 

1381 

5 07 

22 61 

21*7 

1 11816 / 

rate. 

4.1.32 

2314 

628 

22 41 

16 0 

11732 1 


5 1 32 

2404 

6-30 

22 20 

15 4 

11725 l 

Duration of 

7.1.32 

1652 

4 21 

21 54 

15 1 

11721 J 

experiment 


Electrical calibrations were generally, but not invariably, alternated with 
combustion experiments, but the result of each combustion experiment was 
calculated, using the mean of all the calibrations performed during the group 
of experiments to which it belonged. 

The mass of the calorimeter and metal and glass parts was 2513 gm. which 
would increase in electrical equivalent by about 0 • 5 joules per degree Centigrade 
for each degree rise in temperature. The thermal capacity of the water would 
decrease by about 1*5 joules per 1° C. for a degree rise in the neighbourhood 
of 25° C. so that, on the whole, the correction for temperature is —1 joule per 
degree Centigrade for a rise of 1° C. 


Combustion Experiments. 

Carbon Monoxide and Oxygen .—The general plan during the combustion 
experiments has already been outlined. One of the gases, after being dried, 
purified from carbon dioxide, and metered, was led to the burner in the reaction 
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vessel, whilst the other gas, in considerable excess of the theoretical quantity 
required for combustion of the first gas, was also purified and metered, and 
then passed into the reaction vessel to provide an atmosphere for the com¬ 
bustion. The products of combustion, together with the excess of the seoond 
gas, passed out through the pyrex glass spiral and into the absorption tubes. 
Temperatures of the inlet and exit gases were taken by means of mercury 
thermometers. 

The procedure during a combustion experiment was to allow the gas which 
was to be in excess to run for a few mmutes to flush out the system ; during 
this period, the other gas was directed, by means of the two-way tap referred 
to previously, so as to pass to waste without entering the combustion chamber. 
The spark was then started and the two-way tap turned so as to pass the gas 
to be burnt into the burner of the reaction vessel. A stop-watch was started 
as the spark was switched on and allowed to run until the millivoltmeter 
connected to the thermo-element gave a deflection indicating that the gases 
were burning, when the spark was switched off (usually after 10 seconds). 
Readings of the flowmeters, room temperature, times and gas temperatures 
(entrance and exit) were taken periodically throughout the experiment. At 
the conclusion of the experiment, the flame was extinguished by turning the 
two-way cock so that it stopped the supply of gas to the jet. The gas forming 
the atmosphere was allowed to flow for about a quarter of an hour so as to 
wash out all carbon dioxide into the absorption tubes, and these were then 
closed and allowed to come into temperature equilibrium with the room 
prior to weighing 

Whenever the absorption tubes were weighed, a dummy absorption tube was 
placed on the other pan of the balance, to compensate for variations in the 
moisture absorbed on the surface of the glass, and also for variations in the 
buoyancy of the air. 

In the reaction between oxygen and carbon monoxide, each gas in turn was 
burnt in an atmosphere of the other, and the agreement of the results is a 
check on the general accuracy of the method. 

The oarbon monoxide employed was prepared by the Chemical Research 
Laboratory of the Department of Scientific and Industrial Research and 
analyses were furnished with it. The impurities present were hydrogen* and 
nitrogen, the quantities being of the order of 0-03 per cent, hydrogen and 

* determined by oxidation to water, using copper oxide. Its presence is 

probably essential to the combustion of the gases. 
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0*7 per cent, nitrogen. The oxygen was stated by the suppliers to be of atmo¬ 
spheric origin, so that its impurities would be nitrogen, together with argon, 
etc., and possibly water vapour and carbon dioxide. The carbon dioxide 
and water were removed from the gases by absorption ; that this absorption 
was complete was checked by passing the mixed gases through the whole 
apparatus, but without igniting them. No increase m weight could be detected 
in the absorption tubes at the exit, provided the apparatus had not been left 
standing for some time. 

Nitrogen is an inert gas, and its presence could cause no error in the results, 
since it would affect neither the weight of the absorbed products, nor the heat 
generated in the combustion, unless it reacts with the oxygen to form one of 
the oxides of nitrogen. The possible formation of nitrogen oxides was tested 
for, by means of a modification of the “ brown ring ” test and none could be 
detected. 

Thus the only impurity requiring special attention is hydrogen. This would 
react with the oxygen, forming water with the evolution of heat and, if the 
products were passed directly into soda-asbestos, the water would be absorbed, 
so increasing the apparent amount of carbon dioxide absorbed, and therefore 
leading to a wrong estimate of the carbon monoxide burnt. For this reason, 
a tube of phosphorus pentoxide was placed in the exit train, before the soda- 
asbestos tubes, so as to remove any water. A second phosphorus pentoxide 
tube was placed at the exit of the absorbing train, to prevent the escape of 
any water from the soda-asbestos tubes themselves. The latter tube usually 
increased in weight by 0*005 gm. or less, whilst the amount of carbon dioxide 
absorbed was of the order of 8 gm. The absorption of the small quantity 
of water in the last phosphorus pentoxide tube would thus seldom affect the 
result by 1 part in 1600 even if completely ignored. The water vapour col¬ 
lected in the first absorption tube cannot be considered as that formed solely 
by the combustion of the hydrogen present as impurity in the gases, since some of 
of it may have come out of the reaction vessel or the connecting tubes of the 
apparatus. It was assumed that the whole of the hydrogen present in the 
carbon monoxide consumed had reacted with oxygen to form water. A 
correction on this basis was made to the observed heat generated. No 
correction to the weight of carbon dioxide is necessary, since the water 
was removed before the products of combustion reached the soda-asbestos 
tubes. 

The details of a typical experiment will best illustrate the order of magnitude 
of the various quantities involved. 
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Experiment No . 2 of May 18, 1932, Carbon Monoxide Burnt in Oxygen, 


Gain m weight of soda-asbestos tube No. 1 . 


M M 


No. 2 


P 2 0 5 tube at exit . 


gm. 

8*150 5 

0-003 

0-002 


Total 


8*155* 


From the equation 2CO + 0 2 = 2C0 2 , it follows that 28-00 gm. of carbon 
monoxide burn to form 44*00 gm. of the dioxide Hence, 


CO burnt = 


8*1555 X 28 
44 


— 5*2 gm. 


The rate of flow of oxygen (obtained from a calibration of the flowmeter) waa 
1*77 cubic feet per hour — 1*77 X 28*3 litres per hour. The duration of the 
experiment was 27 minutes, so that the oxygen used was 

1-77 X 27 X 28-3/60 = 22-5* litres. 

Taking this to be at room temperature (20-4° C.) and taking 1 molecular 
weight to occupy 22-4 litres at N.T.P. this corresponds to a weight of 


22-6, X 273-1 X 32 
22-4 X 293*5 


~ 30*0 gm. oxygen. 


Adding to this the weight of carbon monoxide gives the mass of gas passed 
through the apparatus as 35*2 gm. with a mean specific heat 0-222 calories 
per gram per 1° C. 

From the mercury thermometers in the gas lines, the mean temperature of 
the carbon monoxide at inlet was 20-7 8 ° C. and that of the oxygen 20*5 9 ° C. 
The exit gases had a mean temperature of 26 *6^ C. Thus in passing through 
the apparatus, the carbon monoxide was warmed* 5*8 3 ° C. and the oxygen 
by 6-0 a ° C. Weighting these in proportion to the quantity flowing, we may 
say that 35-2 gm. of gas were heated through 5-99° C. and hence must have 
abstracted 5-99 X 35-2 X 0-222 X 4-185 joules from the only source avail¬ 
able—the calorimetric system. Hence this correction is 196 joules. 

The temperature of the calorimeter was 24-467*° C. initially and 28-760 9 ° C. 
finally, giving a rise of 4-293 4 ° C. of which 0-012 e ° C. is due to the spark and 
0-027 2 ° C. to the stirrer. The electrical equivalent of the calorimeter at the 

• It might be feasible to reduce this correction very materially if the gases were cir¬ 
culated through a spiral immersed in the jacket water before entering the calorimeter. 
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mean temperature of 26*6° C. was 12263 joules per 1° C. hence the total 
energy produced by the combustion was (12263 X 4*253 B ) + 196 — 52368 
joules. 

In this particular case, the carbon monoxide used contained 0-03 per cent, 
by volume of hydrogen. The correction for this was evaluated by assuming 
that all the hydrogen associated with the 5*2 gm. of carbon monoxide used was 
converted to water and that the water formed remained in the gaseous state. 
Thus 5-2 gm. CO = 5*2/28 moles CO contained 0*03 X 5*2/2800 moles H a ; 
but the (lower) heat of combustion of hydrogen is 281 kilo joules per mole, 
so that the heat produced m burning the hydrogen was 281 X 0*03 X 
5*2/2800 = 16 joules. 

Thus the heat actually produced by the reaction between carbon monoxide 
and oxygen was 52358 — 16 = 52342 joules, and this produced 8*155 6 gm. 
of carbon dioxide. Consequently the heat of reaction for 1 mole of C0 2 is 
52342 X 44*00/8*155 5 = 282390 joules, at a mean temperature of 26*6° C. 
The heat evolution increases 7 joules per mole for each 1° C. rise m temperature. 
Hence the heat of reaction corrected to 20° C. is 282390 — 50 = 282340 
international joules per mole. 

Results. 

All four experiments in which carbon monoxide was burnt in oxygen are 
summarized in Table II. 


Table II. 


Date 

Hydrogen 
content of CO. 

; 

Mean 

temperature 

Heat of reaction 
corrected to 20° C. 


per cent. 

°C 


27.4.32 

0 03 

21 8 

282340 

2 5 32 

0 03 

22 3 

283100 

18.5.32 

0 03 

23 1 

283170 

18,5 32 

0 03 

26 6 

282340 


We adopt a weighted mean of 282750 international joules per mole. 

The deviations of the four experiments from this value, in parte per 1000, 
are 1*4, 1*2, 1*5 and 1*4 respectively. 

As a check on the various corrections, and on the possibility of side-reactions 
having been overlooked, a few experiments were carried out with oxygen 
burning in carbon monoxide. The method of calculation was the same as 
that previously adopted, and the results are summarized in Table III. In 
giving weight to the results, an experiment was assessed as being less accurate 
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if the gas failed to ignite as rapidly as usual, so that the correction for the 
heat generated in the sparking was greater than normal. 


Table III. 


Date 

Hydrogen 
content of CO. 

Mean 

temperature. 

Heat of reaction 
corrected to 20° C. 

5 5.32 

I per cent. 

1 0 03 

! °c. 

21*4 

282560 

6 5.32 

003 

20*5 

282010 

20 5,32 

0 00 

24-2 

283290 


Our weighted mean from this series is 282630 international joules per mole, 
the deviations, in parts per 1000, from this mean being 0*2, 2*2 and 2*3 
respectively. When combining the two series, the second is entitled to less 
weight, since it contains fewer experiments, and also because the deviations 
are larger. * 

The correction for the hydrogen burnt is probably less certain when the 
hydrogen exists in the gas used as an atmosphere, than when it is in the gas 
burnt at the jet. We assign therefore a weight of 4 to the first series, and I to 
the second, hence obtaimng the final value : 282730 international joules per 
mole, which is equivalent to 67 -5 7 kg.—calories 15° per mole. 

From a consideration of the various component possibilities of error it does 
not appear that the combustion experiments should be in error among them¬ 
selves by more than 1 part in 600 ; this is in accord with the deviations from 
the mean found in the actual experiments quoted in the tables. The ma xim um 
possible error in these results, is therefore the sum of those in the calibrations 
and in the combustions, say, 3 parts in 1000. This takes no account of the fact 
that each series contains more than one experiment, so that the random errors 
would tend to cancel in the means, and the ultimate accuracy would be higher. 
It may be significant that the means of the two series agree to 1 part in 2000. 

Comparison with other Observers. 

Two recent determinations of this quantity have already been published. 
(1) Rossini* obtains a value which, reduced to 20° C. is 282960 joules per mole. 
This value is in excellent agreement with the value 282730 given above, the 
difference being only 0*8 parts per 1000. (2) Roth and Bansef give 67*86 
cals, at 20° C. This differs from our value by nearly 6 parts in 1000. 

♦ * Bur. Stand. J. Rea.,’ vol. 6, p. 37 (1931). 

7 I*ndolt-Bonwtein*s 4 Tables.* 2nd £rganzungs*band. 
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In a paper which is being published simultaneously with the present one, 
Fanning and Cotton (p. 17) give the value 67*65 5 cals, which is equivalent to 
283090 joules. It was determined by the explosion method and is relative to 
an assumed value for the heat of formation of water. The divergence between 
the present value of 282730 and that of Fenning and Cotton is about 1 part 
in 800. 

Nitrous Oxide and Carbon Monoxide . 

The general plan of these experiments was identical with that of the oxygen, 
carbon monoxide experiments, but it was not found practicable to burn carbon 
monoxide in an atmosphere of nitrous oxide. In other respects, however, 
conditions were varied to a greater extent than in the experiments on carbon 
monoxide and oxygen. No purpose would be served by setting out a typical 
experiment, the calculations being of exactly the same type as before. The 
variation with temperature in the heat of reaction is much smaller, the incre¬ 
ment being only 1 ’4 ]oules per mole for a rise of 1° C. In the first two experi¬ 
ments, the nitrous oxide used was of high “ commercial ” purity, and in the 
remainder it was exceptionally pure. Both samples were supplied by Messrs. 
Coxeter and the analysis of the gaseous phase of the purer material as given 
by them is set out below :— 



per cent. 

Natrogen | legsthan . 

. 0-01 

Oxygen J 


CO . 

. . . absent 

C0 2 , less than. 

. 0-005 

Water vapour, less than . 

. 0-005 

N a O, more than. 

. . 99-98 


The results are set out m Table IV and will show the variations in mean tempera¬ 
ture, hydrogen content, correction for the heat carried of! by the gases, etc. 
Further, the first two experiments were carried out with a different amount of 
water in the calorimeter from the later experiments and the nitrous oxide was 
a different sample. 

The mean of these results is 364420, but we adopt the value 364340 joules 
per mole obtained by assignment of half weight to those experiments marked 
for various reasons as “ less accurate.” 

The estimate of reliability given for the carbon monoxide, oxygen experi¬ 
ments should apply here, save that the correction for energy carried off by the 
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Table IV. 


Date. l 

H s content 
of CO 
(per cent.) 

Mean 

temperature 

r o.) 

Energy 
carried off 
by gases 
(Joules) 

Temperature 
rise of 
calorimeter. 
fC.) 

*3 

f Is 

Heat of 
reaction 
corrected to 
20° 0. 

(Joules/mole.) 

Remarks. 

26.5.32 

0 06 

22*2 

109 

3 7.1 

r> 56 

305740 

Leas accurate. 

26.5.32 

0 06 

26 o 

456 

5 04 

7 47 

306160 

Less accurate. 

30.5 32 

0 00 

20 3 

101 

4 12 

6 06 ; 

304490 

Calorimeter re* 
filled. Another 
sample of N*0 

30.5.32 

0 00 

24 4 

247 

4 1S 

6 17 

364080 

— 

0.6.32 

0 00 

19 I 

82 

4 .56 

0 74 

302530 

Less accurate 

7.6.32 

O 00 

20 -1 

77 

4 30 

0 42 

303910 

_ 

14.6.32 

0 044 

24 0 

111 

3 DL 

5 76 

364300 

Another sample 
of CO. 


gases is generally larger. We may probably say that it introduces no error 
larger than 1 part in 1000. 

It is to be noticed, moreover, that since all the results with nitrous oxide 
were obtained by burning nitrous oxide in carbon monoxide, the correction 
for hydrogen is perhaps less certain ; it is comparable, however, with the 
series of experiments when oxygen was burnt in carbon monoxide, and that 
series gave results in agreement with the other series where carbon monoxide 
was burnt in oxygen. 

The deviations of the individual experiments from the adopted value in 
parts per 1000 are 3*1, 5-0, 0-4, 0*7, 5 0, 1-2 and 0*1. 

Remembering the considerable variations in conditions, these deviations 
would leave little doubt that the mean itself is reliable to 2 parts or 3 parts in 
1000, and this is the accuracy which is claimed for the work. 

Comparison mlh other Observers. 

The only recent determination known is one by Fanning and Cotton (p. 17). 
The value they found was 87*40 kg.-calories per mole, i.e„ 365715 joules per 
mole. The difference from our value is nearly 3 parts m 1000. 

The Heat of Formation of Nitrous Oxide. 

It is possible from this investigation to determine the heat of formation of 
nitrous oxide. Collecting the data in the form of thermo-ohemical equations, 
we obtain: 


CO + £O a = C0 8 + 282730. 

CO + N a 0 - C0 a + N a + 364340. 
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By subtraction, 


N a 0 ^ *0 a + N a + 81610, 


t.e., tne beat of formation of 1 mole of N a O is 81610 international joules, or 
taking 4*186 absolute joules — 1 calories (15° caloric)* and 1 international 
joule = 1*00039 absolute joules —the heat of formation of N a O is 19*50 kg.- 
calottes per mole. 

Berthelot and Thomsen have both determined the heat of formation of 
nitrous oxide by the reactions adopted here ; Thomsen also deduced it by 
burning first oxygen and then nitrous oxide, with hydrogen. A determination 
by the latter method has also been published recently by T. C. Sutton. 
Messrs. Fenning and Cotton m the investigation previously referred to, deter¬ 
mined the heat of formation of nitrous oxide by the explosion method, using 
first carbon monoxide and oxygen, and then carbon monoxide and nitrous 
oxide. They have also used hydrogen instead of carbon monoxide as the 
auxiliary gas, obtaining the same result. The various values are collected 
in Table V. 


Table V. 


Author. 

Date. 

Heat of formation of N s O 
(Kg.-cals per mole). 

Berthelot 

1880 

-20 8 

Thomsen 

1882 

-17 7* 

Sutton 

1932 

-20 5 

Fennmg and Cotton 

1933 

-19 74 

Awbery and Griffiths 

1933 

-19 5 


* The mean of values obtained using Uo different methods. One gave IS 0 and the other 
17 *5 kg *oato per mole. 
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Summary . 

The heats of combustion of nitrous oxide and of oxygen in carbon monoxide 
have been determined by the constant pressure method. Each of these thermal 
quantities is obtained by burning one of the first-mentioned gases in an atmo¬ 
sphere of carbon monoxide, using an adiabatic calorimeter to measure the 
heat evolved. In addition, experiments were carried out in which carbon 
monoxide was burnt m an excess atmosphere of oxygen. The extent of the 
reactions was found by absorbing and weighing the carbon dioxide produced. 

The heat capacity of the calorimeter and its contents was determined by 
generating a measured amount of energy in an electric heater in the calorimeter, 
and observing the corresponding temperature rise. 

The result for the heat of combustion of caibon monoxide in oxygen was 
found to be 282730 joules per mole at 20° G. From an assessment of the 
maximum error which might occur in each quantity measured, it is estimated 
that the value 282730 should be right to within 3 parts in 1000. 

The result for the heat of reaction when nitrous oxide bums in carbon 
monoxide is 364340 joules per mole. A discussion of the limiting accuracy 
in each factor leads to a suggestion that this result also is reliable to 2 or 3 
parts in 1000. 

From these two results, the heat of formation of N a O at constant atmospheric 
pressure and at a temperature of 20° 0. is found to be 81610 joules, z.c., 19*5 0 
kg.-cal. 15 per mole. This quantity is determined as the difference between two 
heats of combustion, which were earned out with the same apparatus used m 
the same manner for both sets of experiments. 
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A Bomb Calorimeter Determination of the Heats of Formation of 
Nitrous Oxide and Carbon Dioxide . 

By R. W. Fencing, M.B.E., B.Sc., D.I.C., and F. T. Cotton, B.Sc., 
Engineering Department, National Physical Laboratory, Teddington. 

(Communicated by Sir Joseph Petave], F.R.S.—Received February 3, 1933.) 

In the course of a specific heat investigation at the National Physical 
Laboratory the need arose for an accurate knowledge of the heat of formation 
of nitrous oxide and since the published values of this constant differed widely 
it was decided to make a new determination. 

The work was undertaken by both the Physics and Engineering Departments 
of the National Physical Laboratory, and, whereas the former used a con¬ 
tinuous flame method* involving combustion at constant pressure, the latter 
adopted the explosion method and a constant volume reaction. It is the 
purpose of this paper to give an account of the results obtained by the explosion 
method. 

The mode of attack is already familiar and consisted, in this investigation, 
in exploding mixtures of the approximate composition 3C0 + 2N a 0 and 
3C0 + O a and ascribing the difference m their heats of reaction to the splitting 
up of the 2N a 0 into 2 N a and 0 2 . Subsequently a series of experiments was 
made on the mixture 3H a + 2N a 0 and its heat of reaction was compared with 
that of the calibration mixture 3H a + 0 2 . The result confirmed the value 
already obtained from the CO experiments. 

A reference has just been made to the calibration mixture and it should be 
pointed out at once that the heat capacity of the calorimeter was determined 
by exploding 3H a + O a mixtures m it, and hence the values given for the heats 
of formation of N 2 0 and C0 2 are baaed on the heat of formation of H a O (liquid) 
which has been taken as 68,320 gm. cal. 150 at constant pressure and at 25° C. 

The accuracy with which the required heat of formation can be determined 
depends on the precision with which measurements can be made of the masses 
of the gases taking part in the reaction and the quantities of heat evolved. 
For the measurement of the latter the bomb calorimeter shown in fig. 1 was 
specially designed by one of us (R. W. F.). This calorimeter is of the “ adiabatic 
type and, whilst its design was inspired by the valuable work and experience 
of previous investigators, new features have been introduced to meet the 
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particular experimental conditions under which a comparatively small quantity 
of heat is generated in a very short interval of time. The quantity of heat 
being small it was necessary to keep down the heat capacity of the calorimeter 


e>one> CALORinrrcR 
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and this was achieved by dispensing with the usual propeller for stirring the 
calorimetric fluid and by devising a valve most of which could bo removed from 
the bomb without releasing the bomb contents. 

For stirring the calorimetric fluid the bomb itself was used. A light brass 
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fitting, which divided the water space vertically into two parts and also carried 
horizontal flap valves opening upwards in one half and downwards in the 
other, was attached to the bomb. The bomb was given a regular and con¬ 
tinuous reciprocating motion and this set up a circulation of the calorimetric 
fluid which appeared to result in quick and thorough mixing. As will be seen 
from fig. 1 , a piece of thm walled brass tube was used to connect the bomb to 
the external reciprocating gear, and this tube and an insulated wire within 
it formed part of the circuit for igniting the charge.* 

The rapid rise in temperature of the calorimetric fluid, to which allusion has 
already been made, called for equally rapid means of varying the temperature 
of the thermal jacket so that the temperature balance could be maintained and 
the adiabaticity of the calorimeter preserved. Instead of attempting to heat 
the water in the jacket, however, it was decided to replace it by water at the 
required temperature. By circulating water through the jacket at the rate of 
about 4 gallons per minute, the whole of the relevant water can be renewed in 
about 3 seconds, and hence, given two sources of water at different temperatures 
and a “ mixing valve, n f it is possible to vary the temperature of the jacket 
from that of one source to that of the other in. a few seconds. The installation 
consisted of two large tanks, each provided with a rotary pump for circulating 
the water through a pipe line passing close to the entry to the calorimeter jacket. 
The water in one tank was kept at the temperature of the calorimetric fluid 
before the ignition of the bomb charge, whereas the temperature of the water 
in the other tank corresponded to the temperature of the calorimetric fluid 
after the ignition of the charge. For the half-hour or so prior to ignition, the 
water was taken entirely from the cooler tank and returned thereto. During 
this period the temperature of the calorimetric fluid rose slowly—about 
0 *002° C. per minute—owing to the work done in stirring, etc., and the tempera¬ 
ture of the water m the tank was adjusted accordingly. The two raercury-m- 
glass thermometers shown in fig. 1 were used to effect the balance, which was 
generally maintained within a few thousandths of a degree centigrade. 

For the quick-rise period following ignition the temperature balance was 
sought by endeavouring to maintain at zero the galvanometer reading given 
by three differential thermocouples in series, these thermocouples being dis¬ 
tributed in the jacket water and calorimetric fluid respectively. The maximum 
divergence from the zero averaged about 0*14° C. and since any divergence in 

* The charge was fired by fusing a short length of 0‘047 mm. diameter platinum wire. 

•f The “ mixing valve ” consisted of two screw-down valves having their spindles geared 
together. 

o 2 
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one direction was roughly neutralized at the tune by imposing a divergence in 
the opposite direction, the heat exchange between calorimeter and jacket during 
this short period of about 1 minute was probably negligible.* 

At the end of this period the rate of temperature rise was low enough to 
permit the balance being closely maintained by means of the mercury thermo¬ 
meters. 

This brief| account of special features of the calorimeter would be incomplete 
without reference to the water jacket (syphon action) on the bomb suspension 
rod for preventing heat transfer along this rod, and to the copper fins on the 
covers whose chief function is to promote the rapid equalization of the tempera¬ 
ture of the cover with that of the fluid directly below it. 

In carrying out an experiment, the calorimeter and jacket thermometers 
were read alternately at two-minute intervals during the periods prior, and 
subsequent, to ignition when the heat generated was due to the stirring of the 
calorimetric fluid. Between these two periods, the heat of the reaction was 
communicated to the calorimeter and readings were then taken at shorter 
intervals. A plot of the calorimeter thermometer readings is given in fig. 2, 
and it is noticeable how closely these readings conform to a straight lmo during 
the stimng periods. The thermometers, which were made by B. Black & Son, 
Ltd., of London, were graduated in hundredths of a degree centigrade and 
were subjected to a routine method of tapping before each reading was taken. 

Throughout the experiments recorded in this paper the mass of the reacting 
gases was selected so as to give sensibly the same temperature nse—about 
2*73° C.—of the calorimetric fluid and since the charges were fired at the same 
initial temperature (20*16° C ) the thermometer was always used over practi¬ 
cally the same interval on its scale. This temperature interval was the one 
used when determining the “ water equivalent ** of the calorimeter by explosions 
of a 3H a + O a mixture and hence the absolute value of the interval is of no 
consequence. 

Having dealt with the method of measuring the reaction heats, a brief 
reference will now be made to the means of determining the mass of the reacting 

* It was found by experiment that a difference of 1° C. between calorimetric fluid and 
the outer jaoket, caused the temperature of the former to vary at the rate of 0*006° per 
minute. Henoe if the uncompensated divergence was less than 0*06° C. for half a minute, 
the resulting heat transfer would correspond to a temperature variation of the calori¬ 
metric fluid of less than 0*000126° C, 

t For a more detailed account see * Aero. Res. Ctee. Rep. and Mem / No. 1613 (in 
course, of publication)* 



Formation of Nitrous Oxide and Carbon Dioxide. 


21 


gases. Sinoe, in the mixtures, the oarbon monoxide or the hydrogen was 
always in considerable excess of the quantity that could combine with the 
oxygen or the nitrous oxide, careful measurements of the latter gases only 



4 > 



Time trt Minute* 

Fig. 2 .— A temperature-time graph ot the calorimetric fluid. Mixture 3H f ■+• 2N,0, 


were required. The bomb was placed in a water bath at about room tempera¬ 
ture and charged with oxygen to about 980 mm. (absolute) or nitrous oxide 
to about 1600 mm. (absolute), the pressure readings being taken on a mercury 
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U-tube. The volume of the bomb was known and hence pressure, volume 
and temperature readings were available from which to determine the mass of 
gas. For oxygen the density at 0° C. and 760 mm. was taken as 1 *42904 gm. 
per litre and PV/T was assumed to be constant over the small range of pressure 
concerned. Wth nitrous oxide, however, this constancy could not be assumed 
for the pressure range was considerably greater, and this gas was known to 
depart considerably from the perfect gas laws. From a survey of the work of 
Leduc and Sacerdote, Berthelot, Rayleigh and Batuecas, the following repre¬ 
sentative values of the mean coefficient of compressibility* per centimetre 
(Hg) were deduced for the pressure range two to one atmospheres . 81 *0 X10' 6 , 
77*4 X l(T fl , 76-2 X 10~« and 74*6 x l(T fl at 16*35° C., 20*1° C., 21*4° C„ 
and 23*1° C. respectively. These were used to determine the volume of the 
nitrous oxide when its pressure was reduced isothermally to one atmosphere, 
and a coefficient of expansion of 0*00375 was then employed for the determina¬ 
tion of the volume at 0° C. The mass of the normal litre of N a O was taken as 
1*9778 gm.f 

The evaluation of the mass of oxygen or nitrous oxide involves also a know¬ 
ledge of the purity of these gases, and of the 0 2 content of the CO or H a . The 
purity of the oxygen, ignoring its water vapour content, was found to be 99*75 
per cent.J As the gas was taken from a high pressure container and pre¬ 
cautions were taken to keep it dry, the water vapour content was probably 
lesB than 1 part in 4000 and no allowance was made for it.§ 

The nitrous oxide and its analysis were kindly supplied by Messrs. Coxeter 
& Son, Ltd., London. The analysis from the gas phase gave:— 

Nitrous oxide, more than . 99*98 per cent. 

Nitrogen and oxygen, less than . 0*01 „ 

Carbon monoxide . Absent. 

Carbon dioxide, less than. 0*005 per cent. 

Water vapour, less than . 0*005 „ 


1 

* The mean coefficient of compressibility between p' and p = , * V . 

p — p 

t Int. Cnt. Tables. 

J The 0 25 of impurities included about 0*035 of H s . 

§ If the oxygen is less pure than the figure given, then the water equivalent of the oalori- 
meter will have been overestimated and the heat of combustion of N,0 in CO or H g will 
be too high. It should be noted, however, that the N t O has been taken as pure, whereas 
from the analysis the impurities might amount to almost 1 part in 5000. If the impurities 
were of this order their neglect would practically neutralize the possible 1 in 4000 water- 
vapour effect. 
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The firm mentioned use an interferometer for their analytical work and 
their results are accepted as having a high degree of accuracy. A check test 
for oxygen was, in fact, made but no trace of that gas was detected. 

The carbon monoxide used was part of a consignment obtained some two 
years ago in connection with another investigation. It was kindly supplied 
by the Chemical Research Laboratory. Its composition was :— 

Carbon monoxide . 99-55 per cent. 

Carbon dioxide . 0-20 ,, 

Nitrogen . 0-25 ,, 

The hydrogen was tested for oxygen and a trace of that gas was found to the 

extent of about 0-005 per cent. The total impurities in the hydrogen were 
less than 0-1 per cent. 

During the combustion of the gas mixtures it is assumed that the O a bums 
to CO a or HjjO and the N a O splits up into nitrogen and oxygen and the latter 
combines with the CO or H 2 . This is not a pure assumption since the products 
of representative mixtures were tested for nitric oxide, but no appreciable 
trace of that gas appeared to be present. 

The experiments for determining the heat of formation of nitrous oxide can 
be divided into three mam series. The first series gave a value of — 19,938 
gin. cal. Uf o per mol. at constant volume and at 20° C. The results were quite 
consistent amongst themselves, but the series was not considered to be quite 
satisfactory since the temperature response of the water jacket was not 
sufficiently rapid. To hasten the response, the mixing valve was brought 
closer to the inlet to the calorimeter jacket, the water capacity of the latter was 
reduced* and the rate of water circulation was increased. Further, the single 
differential thermocouple that had been used previously was replaced by three 
such thermocouples in senes, the junctions being distributed in the jacket 
water and calorimetric fluid respectively. These modifications, which are 
included in fig. 1, gave the desired result and a second series of expenments 
was put in hand. This series comprised . (l) three explosions of the approxi¬ 
mate mixture 3CO + 0 2 , (n) four explosions of the approximate mixture 
3CO + 2N a O, of which one had eventually to be discarded owing to an un¬ 
fortunate omission in booking one of the charging readings ; (m) three explosions 
of the approximate mixture 3H a + O a . 

* This was effected by inserting a fibre disc in the bottom of the jacket and forming an 
air gap round the cylindrical portion, see fig. 1. The fibre disc is essentially an improvi¬ 
sation, and in any re-design it would be superseded by a suitable shaping of the base of 
the outer vessel of the calorimeter and some equivalent modification in metal. 
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As the three 3H t + O t experiments were carried out for the purpose of 
obtaining the “ water equivalent ” of the calorimeter, these results will be 


given first. They were :— 

Deviation 
from mean. 

r 1241*29 . -0-31 

Water equivalent in gm. u * ■= j 1241*58 . —0*02 

1 1241*94 . +0-34 


The mean value is 1241*60 gm. 15 » and the maximum deviation from the mean 
is 1 in about 3700. The “ 95*45 per cent, probable error” of the mean is 
+ 0*37 or + 1 in about 3350. In computing the water equivalent the heat of 
formation of H a O (liquid) at constant pressure and at 25° C. was taken as 
68,320 gm. cal. 16 *, i.e., 67,486 gin. cal. t5 * at constant volume and at 20° C. 
Roth, in his critical survey,* gives 68,330 and quite recently Rossinif 
obtained 68,313}. + 10, both being constant pressure values at 25° C. 

From the three 3CO + O a explosions, the undermentioned values of the 
heat of formation of C0 2 from CO and 0 2 were obtained :— 

Deviation 
from mean. 


Heat of formation of C0 2 ^ / 67,393 +29 

at constant volume and - \ 67,351 —13 

at 20° C. in gm. cal. lft * J *67,349 -15 


The mean is 67,364 per mol. of CO a and the maximum deviation from the 
mean is 1 in 2300. Tho “95*45 per cent, probable error” of the mean is 
± 29. Combining this probable error with that in the water equivalent, given 
above, by taking tho root of the sum of their squares, the probable error in the 
67,364 figure becomes + 35. 

The values given by the 3CO +- 2N a O explosions for the heat of combustion 
of N a O in CO were :— 

Deviation 
from mean. 


Heat of combustion at\ /87,447 +46 

constant volume and at f 1 87,399 . — 2 

20° C. in gm. cal. 15 . ' *87,358 -43 

* 4 Z. Elektroohem.,’ vol. 20, p. 288 (1920). 
t 1 Bur. Stand. J, Res.,’ vol. 0, p. 37 (1931). 


{ This would be 08,290 on the basis of the conversion factors used in this paper, see 

p. 26. 
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The mean is 87,401 per mol. of N a O and the maximum deviation from the 
mean is 1 in about 1900. The “ 95*45 per cent, probable error ” is ± 51 and 
the combination of this error with that in the water equivalent gives ± 58. 

The difference between the values obtained from the last two sets of experi¬ 
ments gives the heat of formation of nitrous oxide. Hence 

The heat of formation of nitrous oxide at con¬ 
stant volume and at 20° C. — 20,037 gm. cal. 15 ». 

The probable limits of error, on the basis of those already given, are about 
± 60, but a review of the precision with which the various measurements can 
be made suggests that it would be advisable to increase this figure to ± 70. 

The third series of experiments comprised : (i) a single explosion of a 
3H a + 0 2 ™ xture to check the constancy of the “ water equivalent ” reading 
and hence the constancy of the temperature interval on the thermometer 
scale ; and (li) three explosions of a 3H a + 2N a O mixture. 

According to the single 3H 2 + 0 2 explosion :— 

The water equivalent in gm, 16 . == 1241-53. 

Since this confirmed the previous value of 1241*60 within 1 part in 17,000, 
there appeared to be no grounds for departing from the former value. 

The three 3H a + 2N a O explosions gave the following results :— 

Deviation 
from mean. 


Heat of combustion per mol. of\ /87,521 +1 

N a O at constant volume and = (87,519 . —1 

at 20° C. in gm. cal. 15 * '87,520 0 


The mean value is 87,520 and the maximum deviation from the mean happens 
to have the extremely small value of 1 in about 70,000. The “ 95*45 per cent* 
probable error ” of the mean is i 1 *3 and this becomes ± 26 when combined 
with the “ water equivalent ” error (p. 24). 

If the result of this set of experiments is taken in conjunction with the 
SH a + O a calibration experiments in which 67,486 gm. cal.was taken as the 
heat of formation of H a 0 (liquid), then 

3H, + 2N a O =- 2H a O + H 2 + 2N 2 + 2 X 87,520 gm. cal. u . 

3H, + O a = 2H a O *f H 2 + 2 X 67,486 gm, cal. l5 * 


and 
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and therefore 

The heat of formation of 1 mol. of N a 0 at con¬ 
stant volume and at 20° C.~ — 20,034 gm. cal. 16 “. 

This value is in such close agreement with the — 20,037 given by the CO 
experiments, that the fears of possible incomplete combustion of the 3C0 + 
2N a O mixtures, owmg to their dryness and the absence of hydrogen, appear 
to have been groundless. Although the probable limits of error m the —20,034 
quantity appear to be only ± 26, it is considered advisable as before to widen 
them to i 70. 

Collecting the results it may be concluded from the above experiments 
that:— 

(i) The heat of formation of nitrous oxide at constant volume and at 20° C. is 

— 20*03 k. cal.j ( *, which is probably correct to within ± 0*07 k. cal. 16 «. 

(ii) The heat of formation of C0 2 (from CO and 0 2 ) at constant volume and 
at 20° 0. is 67 * 36 4 ±0*035 k. cal 15 ». 

(ui) The ratio of the heat of formation, at constant volume and at 20° C. f 
of H a O (liquid) to that of CO a is 1*0018. 

The conversion of these constant volume determinations to constant pressure 
values gives *— 

(iv) The heat of formation of N a O at a constant pressure of 1 atmosphere and 
at 20° C. as — 19*74 dr 0*07 k. cal. 15 * or — 82,600 ± 290 international 
joules.* 

(v) The heat of formation of C0 a , from CO and 0 2 , at a constant pressure 
of 1 atmosphere, and at 20° C. as 67 *65 6 ± 0*03 6 k. cal. 16 . or 283,090 ± 
150 international joules. 

The tabular statements given below enable these values to be compared 
with those obtained by other investigators. 


♦Taking 1 gm. oal 4*186 absolute joules and 1 international joule = 1-00039 
absolute joules. 
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For nitrous oxide :— 


Investigator. 

Date. 

Berthelot 

1880 

Thomsen 

1882 

Sutton . 

1932 

Awbery and Griffiths 

1933 

Penning and Cotton 

1933 


Method. 


Combustion at constant \ 
volume of CO and N a O J 
'Combustion at constant \ 
pressure of iV t O in H a J 
Combustion at constant \ 
pressure of CO m N a O / 
Combustion at constant 
volume of N,0 in H t J 
Combustion at constant 1 
pressure of N,G in CO f 
Combustion at constant \ 
volume of N t O m CO j 
Combustion at constant 1 
volume of N a O in H a J 


Heat of formation 
of N t O at 
constant pressure. 


— 20 6 k cal. per mol. 

— 18 01 k eal.m* per 0 999 
mol. (at 19° C.). 

— 17 47 k. cal 17 “ per mol. 
(at 17° C ) 

20 5 -b 0 3 k cal u* per 
mol. (at 20° C ) 

— 19*5 k cal if,* per mol. 
(at 20° C.) 

— 19*74/ f Value taken 

J - 19 74 ± 0 07 
- 19 74/ | k oal is* per 
(.mol. (at 20 °C ). 


For the heat of formation of C0 2 from CO and 0 2 :— 


Investigator. 

Date. 

Method. 

Heat of formation 
at oonstant 
pressure per mol. 

Berthelot 

1878 

Combustion at constant 

68 17 k cal. 

Berthelot 

1880 

pressure. 

Combustion at constant 
volume 

68 28 k cal. 

Thomsen 

1882 

Combustion at constant 

67 -96 k. cal. id* (at 19° C.). 

Berthelot and Matignon 

1803 

pressure. 

Combustion at constant 
volume. 

68 2 k cal. 

Rossini 

1031 

Combustion at constant 
pressure. 

67 6 ]S| ± 0 030 k. cal.)s* (at 
20° C.). 

Roth and Banse 

1032 

Combustion at constant 
volume. 

67 8 , f 0-1 k. oal id* (at20*C.). 

Awbery and Griffiths 

1033 

Combustion at constant 

67 67 k. oal.is* (at 20“ C.). 

Penning and Cotton 

1033 

pressure 

Combustion at constant 
volume. 

67 65,* £ 0 03, k cal ls * (at 20* 
C.). 


* Baaed on 69 320 k. cal.i&* as the heat of formation of H t O (liquid) at constant pressure and 
at 26° C. 

t This would be 67 *598 on the basis of the conversion factors used m this paper (see footnote 
* on previous page). 


In conclusion it may be mentioned that the investigation has been free 
from any combustion difficulties and the bomb calorimeter has given very 
consistent results. In fact the accuracy of the N a O determination appears 
to depend mainly on the correctness of the gas analysis and on the accuracy 
of the figures taken for the compressibility. An error in the oxygen analysis 
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affects the N a 0 result but not the C0 2 result, for the same oxygen was used in 
the 3CO + 0 a experiments as in the 3H a + O a calibration experiments. 
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Summary. 

A re-determmation was required of the heat of formation of nitrous oxide. 
By means of a bomb calorimeter, designed for the purpose, the heats of reaction 
of oxygen and nitrous oxide in carbon monoxide and hydrogen respectively 
were measured. Thus, by difference, two values were obtained for the heat 
of formation of nitrous oxide. Incidentally a value for the heat of formation 
of C0 2 from CO and 0 2 was also obtained. Since the combustion of oxygen 
in hydrogen formed the calibration process, all the values given are based on 
the acceptance of 68,320 gm cal. l5 » as the heat of formation of H a O (liquid) at 
constant pressure and at 25° C. 

On this basis, the heats of formation of N 2 0 and C0 2 at a constant pressure 
of 1 atmosphere and at 20° 0. were found to be — 19 -74 zb 0*07 k. cal. 15 * 
or — 82,600 zb 290 international joules, and 67 • 65 5 ± 0 • 03 v k. cal. l5 * or 
283,090 ;t 150 international joules respectively. 
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The Upper Pressure Limit in the Chain Reaction between Hydrogen 

and Oxygen. 

By G. H. Grant and C. N. Hinshelwood, F.R fi. 

(Received March 4, 1933.) 

Mixtures of hydrogen and oxygen above 450° C. possess two critical pressure 
limits between which the normally slow combination of the gases becomes 
explosive. The most satisfactory theory attributes the explosion to the 
“ branching ” of reaction chains, and explains the existence of the lower limit 
by the deactivation of chain carriers at the wall of the vessel, and the upper 
limit by deactivation in the gas phase.* At the limits one or other of these 
deactivation processes is just rapid enough to balance the multiplication of the 
chains. The conditions governing the position of the lower limit have been 
investigated in some detail and found to be accounted for fairly well by the 
simple theory.*)* 

With regard to the upper limit, while several investigations have left little 
room for doubt that it is governed by gas phase deactivation, J the exact nature 
of this process has not hitherto been satisfactorily worked out. A more 
complete mvestigation of the problem therefore seemed to be called for. In 
order to make this as thorough as possible, certain alternative theoriea§ have 
first been reconsidered, namely those which make the limit a function of surface 
adsorption relationships, and those which make it depend on various thermal 
conductivities. But the results show that neither the surface of the vessel, 
nor the thermal conductivity of the gas are fundamentally important in 
determining the limit, which proves to depend upon ternary collisions in the 
gas phase. On the basis of the latter hypothesis an approximate quantitative 
theory can be constructed. 

* For summary and references to previous work and to the general chain theory of 
Semenov see Gars tang and Hinshelwood, 1 Proc. Roy. Soc./ A, vol. 130, p. 640 (1931). 

t Hmahelwood and Moelwyn-Hughes, ‘Proc. Roy. Soc.* A, vol. 138, p. 311 (1932). 

X Garst&ng and Hinshelwood, t buk, vol 134, p, 1 (1931). 

$ For summary see ‘ Trans. Faraday Soo.,* vol. 28, p. 184 (1932). 
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Table I. Table II. 


Temperature 550° C 

Alumina bulb. 

Ratio H,/0| =1.1. 

Alumina bulb. 

H./0,. 

p.. 

Temperature 

p.- 

0 28 

149 

579 

187 

0 50 

127 

565 

135 

0 67 

111 

550 

101 

1 0 

101 

535 

77 

1 5 

93 

520 

58 5 

2 0 

83 

000 

37-5 

3 0 

71 



Temperature 550" 

Ratto H a /O a 1 . 1 

Second alumina bulb 

Second alumina bulb 

H,/O r 

i*. 

Temperature 

p. 

0 26 

153 

580 

184 

0 50 

128 

565 

141 

0 71 

151 

550 

104 

1 03 

104 

535 

79 

1 51 

95 

520 

57 5 

1 99 

84 

500 

39 

Temperature 550° 

Ratio H t /0* =1*1 

Silica bulb. 

Silica bulb 

H./0,. 

p. 

Temperature 

p. 

0 25 

100 

565 

158 5 

0 50 

143 

550 

120 

0 67 

128 

535 

88 

1 0 

116 

018 

64 

1 5 

104 

500 

44 

2 0 

97 



3 0 

91 



Temperature 552° C. 

Ratio H-/0 

,= ii. 

Second silica bulb 

Second silica bulb. 


p. 

Temperature 

p. 

0 25 

168 

568 

154 

0 50 

141 

652 

125 

1 0 

125 

537 

100 

1 5 

119 

522 

77 

2 0 

111 

507 

58 

2 5 

108 



3*0 

107 
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Influence of the Vessel Surface. 

The upper limit is determined by mixing suitable proportions of the gases 
at relatively high partial pressures in the reaction vessel, and then gradually 
evacuating.* As the limit is passed an explosion takes place accompanied 
by a kick on the manometer, and sometimes by a click and a flash. For the 
method to give correct results the rate of the heterogeneous reaction, which is 
always occurring to some extent, must not be great enough to produce appreci¬ 
able quantities of water during the time of the experiment. Water lowers the 
explosion pressure and may even inhibit the explosion entirely.-}* Under 
ordinary conditions the results m a silica vessel are not affected by this factor. 

Tables I, II and III give the upper explosion pressure, P e in different vessels 
of alumina and silica for various temperatures and proportions of gases. The 
relation of P # to temperature and to the ratio H a /0 a is exactly the same in 

Table III. 


Diameter of silica bulb 7 5 cm -1 9 cm 1 H cm 

Pa for J : 1 mixture at 652 J 125 nun 125 mm 120 mm. 

the two kinds of bulb as shown in figs. 2 and 3, At a given temperature there 
is a small difference between the absolute P 9 values for alumina and silica 
vessels. This, however, can be understood. Although most of the de¬ 
activation occurs m the gas phase, a certain contribution from surface de¬ 
activation—which is all important at the lower limit—must still exist and 
will account for minor variations. A still more important factor is the greater 
surface activity of alumina in producing water. The influence of this appeared 
most clearly in some experiments made with a vessel of crude zirconia. At 
first for a I : 1 mixture at 550°, P s was 48 mm., but the speed of the surface 
reaction was observed to be great enough to give appreciable amounts of 
water during working. By progressively increasing the speed of manipulation 
values up to 92 were found compared with 104 for alumina. This factor can¬ 
not operate in quite the same way with the alumina, since the results given in 
the tables were in fact uninfluenced by considerable variations in the speed of 
working. At the same time, the condition of the surface may easily control 
the moisture content of the gas to a small extent, and this will cause some 
degree of variation in the explosion pressure. In one series of experiments an 

* Thompson and Hmshelwood, ‘ Proc. Roy. Soc »’ A. vol, 122, p. 610 (1929). 

f Garstang and Hmshelwood, loc. tit. 
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alumina bulb began by giving results absolutely identical with those for silica, 
but soon relapsed to the slightly lower ones recorded in the table.* 

There can be little doubt that the differences between the various surfaces 
are due to secondary causes. The general similarity is much more significant 
than the small variations. This is evidence against theories which make the 
upper limit represent a point where discontinuities in adsorption first allow 
suitable chain carriers to escape from the wall. The experiment! in which 
streams of hydrogen and oxygen will only ignite when a solid rod is interposed 
indicated, it is true, that something necessary for the chains may in the first 
instance have to be formed at the wall. But the condition for explosion is 
that the rate of branching of the original chains shall exceed the rate of de¬ 
activation. This condition has nothing to do with the initial formation of the 
chain carriers. 


Influence of the Thermal Conductivities . 

According to one view, the explosion might be caused by the intense local 
heating of certain very active centres on the surface. Our attention was 
again drawn to this possibility by the absence of the explosion phenomenon in 
a silver vessel.]: Though this observation can quite well be explained on 
other grounds it might have meant simply that owing to the high thermal 
conductivity of the metal no local departures from isothermal conditions 
occurred. Apart from the fact that the local heating theory cannot be used 
to explain the effect of vessel diameter on the lower limit, it now appears 
unhelpful for the following reasons It would lead to the prediction of far 
greater differences between silica, alumina and zircoma vessels than are in fact 
found, and it also fails to account for the variation of P e with the composition 
of the gas mixture. The upper limit would be the point at which the cooling 
power of the gas was great enough to keep the temperature of the active points 

* In our opinion variations m the explosion pressure with 11 pre-treatment” of the 
surface are probably due essentially to changes in the amount of water introduced into 
the gases. In one of the alumina bulbs P # was found to fall until the gas refused to 
explode. The rate of the heterogeneous reaction was now found to have become 
considerable. Up to this point hydrogen had been added to the vessel before oxygen. 
On reversing the procedure the surface reaction was found to be slow, and normal 
concordant results for P # were once more obtained. With silica or an inaotive alumina 
no variations in P # with order of addition were found, beyond those which could be 
accounted for by changes in the ratio H t : O g owing to the ** dead-space ” of those vessels 
with rather wide necks. 

t Alyea and Haber, * Z. phys. Chcm.,’ B, vol. 10, p. 193 (1930). 

t Hinshelwood, Moelwyn-Hughes and Rolfe, * Proo. Roy. Soc.,’ A, vol. 139, p. 521 (1938). 



33 


Upper Pressure Limit between Hydrogen and Oxygen . 

from rising. Experiments were mado from which curves could be plotted 
showing the amounts of electrical energy required to keep a given tungsten 
filament at a known temperature (below the reaction temperature) in mixtures 
of hydrogen and oxygen at any pressure and of any composition. From these 
curves it was found that the relative pressures required to produce equal 
cooling bore no resemblance to the relative values of P e , as the following 
numbers show:— 


Mixture. 

Relative pressure of gas for equal 

2H a : O a 

H 2 :O a 

H a 20 a 

cooling. 

100 

350 

980 

Relative value of P„. 

100 

119 

147 (silica) 


100 

123 

149 (alumina) 


Even making full allowance for variations in accommodation coefficients of 
different kinds of surface, it seems clear that no simple theory of the variation 
of P, with composition can be developed on these lines. The theory of ternary 
collisions, however, provides an adequate explanation. This will now be 
considered. 

Influence of Inert Oases and of Hydrogen-Oxygen Ratio on the Explosion 
Pressure : Theory of the Qas Phase Deactivation, 

Inert gases lower the partial pressure of hydrogen and oxygen at the limit, 
and hence contribute to the deactivation. Moreover, helium, the molecular 
velocity of which is high, is much more effective than argon. Furthermore, 
with excess of hydrogen the limit is lower than with excess of oxygen. These 
facts suggest that the deactivating process may be of the nature of a ternary 
collision, and that the relative speeds of the different types of molecule largely 
determine their effectiveness. The following simple theory accounts more or 
less quantitatively for many important facts about the upper limit. 

Let X and Y be two kinds of molecule or atom which collide in the course 
of a chain, and let there be a probability v that at such a collision the chain 
branches. If, however, any third molecule arrives while X and Y are associated 
together in the “ collision complex,” then the branching is prevented. At the 
pressure where explosion just ceases to be possible the rate of branching is 
balanced by the rate of deactivation in the ternary collisions. Thus 

vfc [X] [Y] - Z H> [X] [Y] [H J + Z 0t [X] [Y] [0 J + Z M [X] [Y] [M], 
where M represents an inert gas present. 


VOL. CXLI.—A. 


X) 
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k is the number of encounters of X and Y at unit concentration of each, and 
the Z factors are proportional to the collision frequencies of the temporary 
complexes XY with molecules of hydrogen, oxygen, and the inert gas respec¬ 
tively. At the limit, therefore, we have 

Z Hl [HJ + Z 0i [0J + Z M [M] = v*. (1) 

From equation (1) it follows that for a given ratio of hydrogen to oxygen, the 
sum of their partial pressures should decrease linearly with the amount of 
inert gas added. Table IV and fig. 1 show that this relation holds. 



Fig. 1.— Variation of partial pressure with inert gas. Table IV. 


Table IV.—Influence of Helium and Argon. 
H s : O a = 1 : 1, temperature 554° C. 


Ph,+o,. 

^Helium. 

4Ph.+o. 

Pu, + <v 

P Argon 

JPh.+o, 

133 

0 

0 

I 

133 

0 

0 

113 

37 

20 

119 

39 6 

13 

101 

65 

32 

108 

71 5 

25 

89 

89 

44 

99*5 

100 

33*5 

66 

127 

07 

88 

151 

45 


Each of the above figures is the mean of three determinations. The ratio 
of the slopes for ApH t +o,/[He] and APn t + 0| /[A] is 1*6. 

A corresponding series of experiments with a ratio H a : O a — 1:2 gave 
AP/[He]: AP/[A] — 1*54 :1. ([He] is the same as Pfleuom*) 









Upper Pressure Limit between Hydrogen and Oxygen . 35 

The slopes should be proportional to Z Hc and Z v respectively, a point which 
will be returned to later. 

Equation (1) also shows that in the absence of an inert gas 
P lf| = Constant — b . P 0#> 

where b = Z 0l /Z H| . 

This linear relation also holds over a considerable range as shown in fig. 2 
and in Table V. 



Fig. 2. —Variation of P Hi with P 0i , Table V. 


Table V. 


Ratio H,; 0 4 . 

P* (calo.). | 

P« (obe.). 

1:4 

165 

165 

1:2 

138 

143 

2:3 

127 1 

128 

1 : 1 

115 ; 

116 

3:2 

104 

104 

21 

98 

97 

3 1 

91 

91 


The calculated values are those given by the equation P Ha = 76 — 0-325 Po t , 
P # being P H)t + P 0l . For the second alumina bulb the equation expressing 
the results ran P Hi = 68 — 0*30 P 0t . The best value of b from all the results 
is not far from that of Table V, the average being 0*33. 

The values of Z, the ternary collision number for unit concentrations, depend 
upon the molecular diameters and speeds. For a ternary collision between a 
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molecule M and the pair XY it can easily be shown* that Z M is proportional 
to ^xym/^yM) where ctxym the sum of the molecular diameters of the 

complex XY and the colliding molecule M. ijlxym = — * —— , %, etc., 

w X y + 

being the molecular weights. From the form of [x, it appears that the mass of 
the third molecule only plays an important part if the mass of the pair XY is 
considerably greater than that of hydrogen or helium. Since Z Hl is obviously 
much greater than Z 0i and Z H(1 is greater than Z A , we infer that the mass of 
XY is relatively large. Given this, the calculation is not very sensitive to the 
exaot value assumed for the mass. We shall not be far wrong in assuming 
therefore that it is approximately the same as the mass of H a + 0 2 . We also 
take o x y = <tft 9 + c 0l . Using the values for a X 10 8 given in Tolman’s 
“ Statistical Mechanics,” namely o A = 2*84, a He = 1*89, do, = 2«93 and 
<j Ul = 2-36 we find that Z 0l /Z Ha =0-39 compared with the value 0*33 of the 
constant b in the above formula. 

Furthermore, Z Hp should be 1*77 times as great as Z A , while actually helium 
is found to be about 1-6 times as effective as argon. 

The actual slope of the curve for APh.+o, against inert gas concentration 
should be 2Z M /(Z iIl + Z 0| ) for the 1:1 hydrogen-oxygen mixture. The observed 
value for argon is appreciably smaller, namely 0-32 compared with the calcu¬ 
lated 0*52. But the cross comparison between the monatomic and the 
diatomic gases cannot be expected to be as satisfactory as that of the 
monatomic gases or the diatomio gases among themselves. 

Having regard to uncertainties in the molecular diameters the general 
agreement must be regarded as rather close, and shows that the relative speeds 
of the different molecules is one of the principal factorsf determining the 
variation of the upper limit with composition. Thus the theory of the gas 
phase deactivation of a fairly massive binary complex in a ternary collision 
receives strong support. 

Influence of Temperature . 

Since variation of Z with temperature is small, equation (1) shows that the 
temperature coefficient of the upper explosion pressure will be practically that 
of v. The probability of branching presumably depends upon the energy of 

* For methods of calculation see, for example, Tolman, “ Statistical Mechanics/' and 
especially Steiner, ' Z. phys. Chem,,* B, vol. 15, p. 249 (1932). 

t This does not apply to certain eubstanoes such as water and the halogens which have 
a powerful specific action. 
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the colliding pair; thus P # should vary with temperature according to an 
Arrhenius equation. The degree to which this is satisfied is shown in fig. 3. 
The " energies of activation ” derived from the two sets of measurements 
plotted in the curves are respectively 25,500 calories (silica bulb) and 25,800 
calories (alumina bulb). These values were both found with a ratio H a : 0 2 = 
1:1. A series of experiments made some years ago in a silica bulb with a 
ratio H a : O a = 2 :1 gave on plotting in a similar way a value 26,500 calories. 

If the branching probability varies exponentially with temperature, as now 
appears, it remains to be explained why the lower limit is so nearly constant. 



FlO. 3.—Variation of P, with temperature according to an Arrhenius equation. 


For this purpose we shall adopt the simple theory of the limit* which was worked 
out for the reaction between phosphine and oxygen and subsequently shown 
to apply in an approximate way to the hydrogen-oxygen system. No assump¬ 
tion about the chemical nature of the chain carriers is necessary, except the 
rather general one that two species X 0 and X H are alternately produced and 
destroyed, and that there is a finite probability that the chain branches when 
Xq meets H a or when X H meets 0 2 . Thus X 0 or X H is the X of the previous 
section while the Y of the previous section is now the H 2 or the O a of the theory 
of the lower limit. The derivation previously givenf applies to the present 

* Dalton and Hinshelwood, * Proo. Roy. Soo.,’ A, vol. 125, p. 294 (1929), based upon 
work of Semenov, ‘ Z. Physik,* vol. 40, p. 109 (1927). 

t The paper of Dalton and Hinshelwood, loc. cii, t contains on pp. 304 and 305 the deriva¬ 
tion applying nwUatia mutandis to the present requirements. 
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system if PH S is replaced throughout by H a and X P by X H . The condition 
for explosion at the lower limit is found to be 

vp 0l • Ph, • P 2 • dW = constant 

in the absence of inert gases.* A 0 is the average mean free path at unit pressure, 
d is the diameter of the vessel, and [3 is the factor by which the diameter is 
multiplied to give the “ eSective diameter ” when the chains are reflected from 
the surface a number of times, v, as in the last section, is the probability of 
branching. 

For a given vessel and composition of gas mixture, neglecting the small 
variation of X 0 with temperature, we have 

po,. Ph. = const./v(3 2 , 

therefore 

Pt — Po. + Ph, = const./v* (3, 

whence 

d log p 0 _ i d log v _ d log [3 
dT * dT dT 

Even if (3 were constant, log p 0 would decrease with temperature only half as 
fast as log P # increases. (3, the reflexion factor, will normally decrease as the 
temperature rises, owing to the greater tendency of the chain carriers to be 
destroyed in surface reactions. This factor still further diminishes the 
absolute magnitude of d log p e /dT, and, bemg probably quite a considerable 
one, can easily reduce it to the almost zero valuo actually found. 

Conclusion . 

We are inclined to think that the general relationships governing the upper 
and lower limits are now fairly satisfactorily explained. The influence of 
hydrogen-oxygen ratio, inert gases, vessel diameter and temperature can be 
qualitatively and approximately quantitatively accounted for. In several 
respects the effects at the two limits are in sharp contrast as shown in Table VI. 

Thus quite apart from any quantitative agreements there is a great enough 
variety of qualitatively significant material to place the simple theory on a 
very strong foundation. 

It will be noted that the original hypothesis that the gas phase deactivation 
at the upper limit consisted in the mutual destruction of hydrogen peroxide 

* p $ refers to the lower limit; P # to the upper. 
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molecules is now replaced by the more general one of ternary collisions in 
which any third molecule may participate. 

Another respect in which the original hypothesis may now be simplified is 
the following. From the fact that the explosion is stopped by gas phase 
deactivation, while the chains, by which the reaction occurring at still higher 
pressures is propagated, are stopped chiefly at the wall, Thompson and 
Hinshelwood originally suggested that the explosion and the measurable 
reaction depended on two different kinds of chain. This complication may not 
now be necessary. In the explosive region the complex XY is supposed to be 
able to break up giving more than one entity which can continue the chain; 


Table VI. 



Lower limit. 

Upper limit. 

H 2 : O a ratio 

Approximation to ideal hyper¬ 
bolic relation between pw % and 

Linear relation between partial 
pressures 

Inert gases 

POj* 

Favour explosion. Argon more 
effective than helium 

Tend to stop explosion. Argon 
less effective than helium. 

Diameter 

Approximation to 1/d* relation. 

No influence (Table III). 

Temperature 

Very small effect. 

Considerable effect. 


if a third molecule is present the branching process becomes impossible, but 
there is no reason why a single chain carrier should not emerge even from the 
ternary collision, and propagate unbranching, non-explosive chains. For 
example, in the absence of a third molecule there might be a finite probability 
of the change XY = 2A + B, while in a ternary collision this probability is 
zero compared with that of the reaction XY = A 2 + B. If A and B can 
propagate chains, while A 2 cannot, then we have the state of affairs demanded. 
The normal unbranching chains become longer and more numerous as the 
pressure increases still further above the upper limit, as experiment has shown, 
and terminate principally on the wall* or by reaction with molecules such as 
iodine.f 

The theory of the explosion limits developed in this and previous papers 
does not depend upon the exact assumption one might make about the nature 
of the entities which we have represented by the symbols X 0 , X n and Y, We 
consider that this is a definite advantage, because there is still no certainty 

* Hinshelwood and Thompson, 4 Proc. Roy. Soo. f * A, vol. 118, p. 170 (1928); 
Hinshelwood and Gibson, 4 Proc, Roy. Soc.,’ A, vol. 119, p. 591 (1928). 

t Hinshelwood and Gars tang, *Z. phys. Ghem,* (Bodenstein Festband), p. 656 (1931). 
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about the exact chemical nature of the reactions. We hope that further 
work may make it possible to identify the chain carriers with definite species 
such as H, OH, H a 0 2 , and so on. This, however, must be done in a way 
which conforms to the generalized physical theory. 

We are indebted to the Royal Society and to Imperial Chemical Industries, 
Limited, for grants. 

Summary. 

The influence of hydrogen-oxygen ratio, inert gases, temperature, and 
surface and diameter of vessel on the upper pressure limit of the “ low pres¬ 
sure ” explosion of hydrogen and oxygen has been investigated. The results 
can be explained in terms of the theory that at the upper limit a branching 
chain process is balanced by gas phase deactivation in ternary collisions. On 
this basis the variation of the explosion pressure with hydrogen-oxygen ratio 
and with the pressure of inert gases present can be quantitatively accounted 
for. The mass of the two chain carriers concerned in the ternary collision 
must be considerably greater than that of two hydrogen atoms. 

The differing influence of temperature on the upper and lower limits is 
explained by the theory. 

The alternative views that the upper limit depends upon surface adsorption 
relationships or upon various thermal conductivities are inconsistent with the 
experimental observations. 
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The Thermal Decomposition of Acetaldehyde and the Existence of 
Different Activated States. 

By C. J. M. Fletcher and C. N. Hinshelwood, F.R.S. 

(Received March 27, 1933.) 

1. Introduction. 

Homogeneous thermal gas reactions were at one time tacitly assumed 
to possess a definite order, unimolecular and bimolecular reactions, for example, 
being sharply distinguished. The kinetics of the decomposition of acetalde¬ 
hyde, CHgCHO =r= CH 4 + CO, over the pressure range of 100 to 400 mm. were 
found to satisfy the criterion of a bimolecular reaction, namely, that the reciprocal 
of the time for half change (1/^) plotted against the initial pressure (p 0 ) gave 
a straight line inclined to the axes The line, however, did not pass through 
the origin, as may be seen m fig. 1 of the present paper. This indicated the 
presence of some first order reaction, the nature of which was not determined.* 



Subsequently, in accordance with the collision theory of activation and 
deactivation, it was shown that certain reactions, sometimes called quasi- 
unimolecular, change their order from the second at low pressures to the 
first at high pressures. This apparently was the reverse of the behaviour 
shown by acetaldehyde. 

* Hinshelwood and Hutohison, 1 Proo. Roy. Soo.,’ A, vol. Ill, p. 380 (1026). 
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The decomposition of nitrous oxide resembles that of acetaldehyde in that, 
although predominantly of the second order in the range 100-1000 mm., the 
straight line obtained by plotting 1 against p 0 makes a positive intercept 
on the axis of 1/^, when extrapolated to zero pressure.* Measurements at 
low pressures, however, do not correspond to this extrapolated straight line, 
the actual values of 1/fy lying on a second line directed approximately toward 
the origin, and bending round rather sharply to the first line at a pressure of 
about 40 mm.f Thus the “ first order ” reaction is of the quasi-unimolecular 
type. As far as this evidence goes the decomposition of nitrous oxide would 
consist of a quasi-ummolecular reaction becoming of the first order above 
about 40 mm. and a simultaneous bimolecular reaction. But according to 
Volmer and NagasakoJ this bimolecular reaction on investigation at higher 
pressures (5 to 10 atmospheres) itself proves to be quasi-unimolecular. 

In view of this complexity of behaviour it is evident that the rather summary 
type of investigation originally adapted to decide between the simple alterna¬ 
tives of a unimolecular or bimolecular reaction ia inadequate. We have 
therefore examined the decomposition of acetaldehyde over a much wider 
pressure range. When the results are plotted in the manner described above 
three distinct bends in the line are obtamed, giving four segments of different 
slope. The simplest way to explain the curve is to assume that a number of 
independent quasi-unimolecular reactions occur, each of which passes from the 
second order to the first in a different range of pressure. The result, taken in 
conjunction with what is known about the nitrous oxide decomposition, sug¬ 
gests that such a form of curve may bo general for molecules which contain 
more than two atoms but are not really very complex in structure. It has 
an interesting bearing upon the problem of the distribution of activation energy 

among different types of molecular vibration. This matter is discussed in 
section 3. 

2. Experimental Results. 

The experimental method was that described in a number of previous 
papers, the reaction being followed by pressure measurements. For the 
pressure range 15-1000 mm. a mercury manometer was used. The volume 
of the silica reaction vessel was about 200 c.c., and the “ dead-space ” in the 
apparatus amounted to less than 2 per cent. 

* Huwhelwood and Burk, * Proo, Roy. Soc.,* A, vol. 106, p. 284 (1924); Hibben, 1 J. Amer. 
Chem. Soc.,’ vol. 60, p. 940 (1928). 

t Musgrave and Hinshelwood, ‘ Proo. Roy. Soc.’ A, vol. 136, p. 23 (1932). 

t Volmer and Nagasako, 1 Z. phys. Chem.,’ B, vol. 10, p. 414 (1930). 



43 


Thermal Decomposition of Acetaldehyde . 

For the work at lower pressures three McLeod gauges were used, reading 
pressures correct to 1 per cent, in the ranges 40-4 mm., 10-1 mm., and 1-0*1 
mm. respectively. As the use of these required the pressure in the reaction 
vessel to be shared with the evacuated gauge, each point on the decomposition¬ 
time curve for a given initial pressure needed a separate experiment. The 
aldehyde vapour was allowed to react for a known time, the final pressure 
being determined by sharing with the gauge. Initial pressures could be repro¬ 
duced from experiment to experiment by keeping the aldehyde supply in ice, 
and using parts of the connecting tubes as measuring pipettes. The “ sharing 
factors ” for converting pressures in the gauge to pressures in the reaction 
vessel were carefully determined. They varied with the temperature of the 
vessel, the nature of the gas shared, the time during which the connecting 
tap was left open and with the actual magnitude of the pressure shared. By 
determining the sharing ratio with air and with acetaldehyde at temperatures 
where its rate of reaction was negligible it was found that the value for aldehyde 
was slightly lower. Allowance was made for this, and the influence of the 
other factors was then found by suitable experiments with air. The time 
required for the establishment of equilibrium through the capillary tubing 
and the tap was greater at lower pressures, but was always small in comparison 
with the half-time of the reaction, the maximum not exceeding 5 per cent, of 
this time. For pressures greater than I mm. the sharing ratio was independent 
of the pressure shared. Below 1 mm. it fell slightly, c.g , at 560° from 2-65 
at 1-0 mm. to 2-62 at 0-3 mm. With this empirical knowledge of the minor 
variations in the sharing ratio the pressure in the reaction vessel could be 
determined with some accuracy in any of the pressure ranges. 

Satisfactory reaction-timo curves could be constructed from the various 
senes of experiments, as may be seen from the examples shown in fig 2. 

The calibration of the McLeod gauges was carried out by comparing the 
least sensitive gauge with the manometer directly, and then comparing the 
gauges among themselves at suitable pressures. The correctness of the 
calibrations was confirmed by the fact that rate measurements at certain 
pressures made independently with manometer and with McLeod gauge 
agreed. 

The acetaldehyde was carefully fractionated (21°-22°) from the purest 
obtainable. It was stored in a glass bulb sealed to the apparatus, and lest it 
should deteriorate was replaced at frequent intervals. 

The decomposition was followed at three temperatures, 560°, 516° and 496° C. 
The temperature of the furnace was controlled in many of the experiments by 
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a Cooke and Swallow regulator* which kept it constant to within 1°. It was 
measured by a platinum-platinum-rhodium thermocouple. 

The end-point of the reaction at moderate pressures in an unpacked vessel 
corresponded to a pressure increase of 98 per cent, of the theoretical. The 
products are known to consist solely of carbon monoxide and methane. At 
low pressures the end-point fell slightly, but down to 0-2 mm. remained above 
90 per cent. Below 0*2 mm. initial pressure the measurements became 
uncertain, as the end-point was vitiated by adsorption of the aldehyde and of 
the reaction products to varying extents. 



Fig. 2. — O without liquid air trap ; + with liquid air trap. 

To find out whether mercury vapour influenced the results at low pressures 
in any way the manometer was removed altogether and a liquid air trap was 
inserted between the mercury vapour pump and the rest of the apparatus. The 
decomposition was measured by the McLeod gauge, but no mercury vapour 
from this could possibly diffuse into the reaction vessel, since the aldehyde 
vapour did not pass through the gauge on the way to the vessel and the sharing 
did not occur until after the reaction. Experiments at 6 mm. and at I * 7 mm. 
initial pressure were quite uninfluenced by the presence or absence of the 
liquid air trap. An example is shown in fig. 2. 

To obviate any catalytic influence of traces of air the apparatus was always 
very thoroughly evacuated—to less than 10~ 3 mm. No measurable pressure 
increase occurred when the evacuated apparatus was left overnight. If there 

* 1 J. Soi. Inst.,’ vol. 8, p. 287 (1929). We are greatly indebted to the authors for 
imbling and adjusting a regulator for us. 
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had been occasion to admit air, the reaction vessel was always washed out 
several times with acetaldehyde vapour at the reaction temperature before 
further use. 

Course of the Reaction .—As found by Hinshelwood and Hutchison, the reaction¬ 
time curve for any given initial pressure is nearly bimolecular. This fact 
appears in the tabulated results of the present work. For a second order 
reaction ^ ^ = 1: 2, and = 1 : 2. Values of these ratios are tabulated 
for a number of different initial pressures. At lower pressures tends to 
become slightly less than double fy. 

In all the tables the initial pressure, p 0i is given in millimetres, the initial 
rate, (dpjdt)^ in millimetres per minute, is given m seconds. 

The initial rates, being obtained from tangents to the curve at the origin, 
are naturally less accurate than the values of t±. 

Influence of the Initial Pressure .—The three ranges 100-1000 mm., 10- 
100 mm., and below 10 mm. may conveniently be considered separately. Table I 
gives the results for the higher range at 496°. In fig. 1 1 jt± is plotted against 
p 0 . The points to be noted are that a linear relation holds up to about 500 mm., 
but that the extrapolated line does not pass through the origin, and further 
that at higher pressures the slope of the curve becomes smaller. Kassel* 
expressed the variation of rate with imtial pressure by a 5/3 power law. If 
log (1 /£*) is plotted against log p 0 for our results over a certain range, a similar 
relation appears. But we do not consider this to possess any theoretical 
significance. 

Tabic I.—Temperature 496° C. 


Po • 

(dpidt) 0 . 

*i/r 

* 1/1 Ai/s* 

Remarks. 

1166 

79 

690 

103 



68 

820 

2 02 


983 

67 

806 

1-99 


796 

48 

906 

2*06 


726 

44 

930 

200 


678 

36 

1000 

2*02 


647 

27 

1150 

2 06 


486 

23 

1160 

2*02 


428 

19-6 

1316 

2*12 


332 

16-2 

1600 

2-08 



12*0 

1625 

— 


268 

8*0 

1875 

— 



6-4 

2030 

— 

(end-point09 per cent.) 

206 

61 

1890 

2-08 


171-6 

4-5 

2275 

— 


120 

2*6 

2680 

2*06 : 



♦ * J. Phys. Chem.,* vol. 34, p. 1166 (1930). 
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Table II —Temperature 516° C. 



(dp/dt),. j 

*i/r 

j h/*/h/j' j 

| Remarks. 

356 

31 

577 

1 95 

'i 


315 

27 

004 

2 05 



263 

22 

000 

2 08 



240 

20 

705 

2 04 



187 

14-7 

820 

1 95 



171 

110 

10 5 

6 0 

895 

1110 

1 94 

2 02 

i 

> Manometer. 

79 

3-4 

1360 

1 98 


54 

1 8 

1700 

2 00 



41 

1 3 

1920 

—. 



25 8 

0 0 

2440 

1 94 



9 4 

0 12 

4860 

— 

j 


41 

_ 

1870 

1 • 89 

'I 

| 

30*5 

— 

2340 

1-98 


! 

21 

18 4 

— 

2800 

3270 

2 04 

1 97 


>MoLeod gauges I and II. 

6 73 

— 

5040 

2 00 



3 44 


8400 

2 0G 

- 



Table III gives results for 5G0° from 0 2 mm. to 400 mm. Iu fig. 3, 1 jt^ is 
plotted against p 0 from about 3 to 200 nun., and inset is given the curve from 
10 to 400 nun. Fig. 3 shows that the extrapolation of the high pressure line 
to an intercept on the 1 jt± axis is not actually followed. The line bends round 



Fio. 3.— O unpacked bulb ; A packed bulb, Temperature 560° C. 
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Table III.—Temperature 5(50° C. Unpacked bulb. 
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Pr 


*i/»* 

h/A/a* 

End* point. 

Remarks. 





per oent 


415 

200 

111 

1*93 

— 

Experiments with mano- 

407 

200 

105 

1*91 

— 

meter 

362 

170 

110 

1 87 

— 


360 

150 

115 

2 00 

i - 


355 

150 

104 

1*93 

— 


338 

130 

120 

1*91 

- 


296 

120 

124 

1 91 

— 


268 

100 

127 

1*96 

. — 


233 

80 

137 

1*98 

— 


224 

75 

140 

2 89 



216 

75 

142 

1*97 

- 


180 

50 

161 

1 94 



161 

40 

173 

1 92 

- 


130 

32 

196 

1 96 

— 


91 5 

20 

225 

l 92 

— 


69 5 | 

13 2 

258 

1 97 

99 


46 

7-5 

310 

1 94 

— 


99 

20*4 

225 

1 98 

_ 

Experiments with mano¬ 

94 

180 

238 

1 94 

— 

meter 

70-5 

14-0 

270 

2 01 

_ . 


60 5 

10*2 

285 

1-87 

— 


42 

6-0 

343 

1*92 

— 


33 6 

4 8 

305 

1 87 

— 


29 0 

30 

420 

1*87 

96 


23-2 

2-6 

470 

1 96 

— 


181 

1*6 

600 

— 

- 


170 

1*4 

600 

1 87 

— - 


15-4 

1*1 

660 

1 94 

— 


10 0 

0*0 

840 

2 00 

96 


3-92 

_ 

1530 

1 93 

95 

McLeod II. 

216 

— 

2160 

1*96 

— 


1-66 

— 

2400 

1 80 

— 

== 1 88 

1 04 

- - 

3120 

2 08 

__ 

MoLeod III 

0 576 

— 

4260 


95 


0 274 

— 

6000 

1 93 

91 

WV. - 1 90 






Liquid air trap 

1*69 

— 

2400 

1 90 

— 

^t/a/h/i *1*89 

6 06 

— 

1116 

2 04 

98 

hhihlt * 2*04 


rather rapidly at about 40 mm. to a steeper line. Fjg. 4, in which the low 
pressure range is drawn on an enlarged scale shows that the steeper line in 
fig. 3 is itself directed towards an intercept, but that another bend occurs 
before this is reached. Whether after this last bend the curve is directed 
exactly towards the origin is hard to say, though it may well be. Experiments 
in a still lower pressure range cannot be made for the reasons already explained. 

Thus we have for the relation between 1 jt ^ and p 0 at 560° a line showing 
rather abrupt changes of direction at about 1 mm., at about 40 mm. and 
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again in the neighbourhood of several hundred millimetres (the latter change 
corresponding to that shown in fig. 1 and noticeable in the inset of fig. 3*). 



Initial pressure p 0 , mm 
Fig. 4.— O unpacked bulb ; A packed bulb. 


The separation of the curve into these segments is confirmed by experiments 
made at 516°. The results are given in Table II. In fig. 5 those for the range 



0 20 40 60 80 100 

Initial pressure p 0 . mm. 

Fig. 5.—0 = 560°; # » M6°. 


♦ The products of reaction are not responsible in any way for the form of the curve, 
since the composite nature of the reaction is quite clearly revealed if the initial rate is 
plotted instead of l/fj. A suitable method of representing the results is to plotp^/in itial 
rate against p 0 , which would give a straight line for a simple quasi-unimolecular reaction, 
but does in fact give a line with abrupt changes of slope. The only advantage of using 
is that it can be measured much more accurately than an initial rate. 
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0-100 mm. are plotted. The values of 1/f^ are given as a fraction of the value 
at 100 mm., and the corresponding values for 560° are shown on the same 
scale so that the relative positions of the bend at the two temperatures can 
be seen. 

Influence of Surface .—In Table IV are recorded the results obtained using 
a silica vessel packed with some silica tubes. The ratio surface: volume of 
this vessel was approximately four times as great as that of the unpacked vessel 
used in the other experiments. If the surface is increased a large number of 


Table IV. —Temperature 564° C. Packed bulb. 


IV 

w 

W'- 

End-point. 

144 

100 


per cent 

105 

222 

2 02 

- 

76 

268 

2 00 


64 

270 

1 93 

- 

44 

340 

1 03 

— 

42 

350 

2-06 


20-5 

424 

1-98 

— 

28 

415 

2 04 

100 

21 5 

510 

2 04 

— 

13 

780 

2 05 

> 90 

61 

1410 

1 88 

80 

3-06 

1800 

2 00 

75 

1 08 

3900 

197 

61 


times, as for example by introducing powdered silica, there may be an appreci¬ 
able acceleration of the reaction, but this is accompanied by a serious disturb¬ 
ance of the end-point, owing to adsorption, polymerization of the aldehyde, 
or to both causes. The object being not to detect the existence of a few per 
cent, of surface reaction but to find out whether it was enough to account for 
the “ first order ” portion of the total change in any of the pressure ranges, 
the more moderate increase of surface provided by the tube-packed bulb was 
considered better than any drastic change. Even with the fourfold change 
the end-point was somewhat affected at the lowest pressures ; was always 
taken as the time corresponding to half the actually observed end-point. 
If the observed end-point is used the reaction-time curve is approximately 
bimolecular. Under these conditions the reaction in the packed bulb appeared 
to be actually rather slower. 

In order that the shape of the curves for the packed and unpacked bulbs 
might be compared the temperature was raised about 4° for experiments with 


von. OlLl.—A. 


E 
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the former, so that the results at moderate pressures (100 mm.) coincided. 
Prom the disposition of the points for the packed bulb in figs. 3 and 4 it appears 
that the changes in slope are not due to changes in the relative proportion of 
surface and homogeneous reaction. 

Influence of Temperature .—The rate of reaction was measured for initial 
pressure of 25 mm., 200 mm. and 450 mm. respectively at a series of tempera¬ 
tures (five for each pressure), log^ plotted against 1/T gives a straight line 
for each pressure. The values of E, the heat of activation, uncorrected for 
any variation of collision rate with temperature, are as follows:— 

25 mm., E = 55,000 cal. 

200 mm , E ~ 50,400 cal. ; repetition, E = 49,700. 

450 mm., E = 47,700 cal. 

The uncorreoted value found by Hinshelwood and Hutchison for initial 
pressures in the region of 400 mm. was 46,500 cal. approximately. This 
value is subject to slight error since the variation of E with pressure was not 
realized when the measurements were made. It should be mentioned that 
in the present work the measurements at 25 mm. and at 200 mm. were made 
m alternation on the same day, and those at 450 mm. made alternately on 
another day with a complete new series of measurements at 200 mm. This 
ensured that any absolute errors in the temperature should not affect the 
relative values of the rates. Thus it appears that the reaction which pre¬ 
dominates at the higher pressures has a smaller energy of activation than that 
at lower pressures. The detailed results are given in Table V. 


Table V. 


Temperature 

Log,. (10* X l/0i/.. 

25 mm. 

200 mm. 

615 

(MW) 

_ 

601 

1 *049 

— 

581 

0*732 

(1*204) 

660 

0*377 

| 0 882 

540 

0*170 

0-509 

521 

_ 

0-170 

502 

— 

1-848 


In plotting these little weight was given to the points for the highest tempera¬ 
ture in each series. 
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Temperature 

°C. 

200 mm. 

450 mm. 

572 5 

1 005 


549 5 

0 697 

0 * 865 

533 

0 456 

0 590 

510 

O'133 

0 310 

501 

1 '883 

0 062 

488 5 

— 

1-835 


3. Theoretical Discussion . 

We consider that the changes in slope of the curves showing 1 as a function 
of p Q are too abrupt to be explained except by the assumption that the reaction 
is kinetically composite. It seems to us that the simplest explanation lies in 
the existence of different modes of activation corresponding to particular 
divisions of the energy of the molecule among a limited number of vibrational 
(or rotational) states. The interchange of energy among these different modes 
is sufficiently difficult to give rise to a number of virtually independent quasi- 
ummolecular decompositions. The following simple considerations show how 
this assumption will explain the results. 

Activation occurs by collision. Let the concentration, measured as a partial 
pressure, of molecules in a particular type of activated state be a. They are 
formed at a rate k x p 2 y where p is the partial pressure of normal molecules, and 
are removed by deactivation at a rate k z p . a , and by chemical transformation 
at a rate & 3 a. Thus k x . p 2 — k 2 . p . a — k 3 . a = 0. The rate of reaction 
Jc 9 .a = k x . p 2 /( 1 4* k 2 . pjk 3 ) = — dpjdL From this we find 

1 1 
^4 Po ) 4 " (^2/^1 • ^3) * ^ 

When p 0 is small this gives 1 (t± = k x . p 0 , and when p Q is large 

1/^ ==: k x * k 9 jk 2 log 2. 

The complete curve is of the type 1, 2, and 3 of fig. 6. The height of the 
horizontal part is proportional to k 9 , the probability of transformation of the 
activated molecules. (This probability is the reciprocal of the average life 
the activated molecule would possess if they were never deactivated by collision.) 
The bend in the curve occurs where (k 2 /fc 9 )p 0 is comparable with unity, i.e. 7 
the greater Jfc 8 the higher the pressure. When k 9 is infinite, i.e., the molecules 
react in the activating collision itself, the curve does not bend over at all (true 
bimolecular reaction). 

E 2 
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If now we have a small finite number of modes of activation eaoh. associated 
with a different probability of transformation, the rate will be 


it = £_*Li£!_. 

dt 1 + P 


(1) 



Suppose there were three such types of activated state, for which 

k 3 > Jfc' 3 > k" 3 ; 

then at the lowest pressures the equation reduces to 


~dt ={ki + k ' 1 + k ” i) p2> 

whence 

llt h ^(k l ^k\ + k\) p 0 . 


This corresponds to the segment AB of curve 4 in fig. 6. There will be a range 
of pressure where the last term in (1) has reached its limiting value 

(V\.k\!k\) Vy 

which itself is small while the first two terms are still representable by k{p % 
and Ai'jj? 2 . The line for 1 fa against p 0 will have a slope approximately equal 
to (^i + k\) and be directed towards an intercept on the axis equal to 

r l r,/r,i og 2. 

Similarly in another higher pressure range the slope will approximate to 
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and the line will be directed towards a larger intercept. The result is a seg¬ 
mented curve as shown, with fairly abrupt changes of direction.* 

Elaborations of the collision theory of activation have been worked out by 
Rice, Ramsperger, Kassel and others. These theories take into account the 
variation of the transformation probability with the magnitude of the energy 
of activation. Thus & 3 ceases to be a simple constant, but it will possess a 
definite average value. The present results, and those for nitrous oxide suggest 
that for molecules of a moderate degree of complexity there arc a limited number 
of rather widely different A 3 values, associated with what are virtually inde¬ 
pendent decomposition mechanisms. This conclusion is not affected by the 
possibility that each jfc 3 is really an average value only. 

One explanation is that the activation energy can be stored m several 
different modes of motion, e.g., bond vibrations, and that there is a widely 
different probability of transformation according to those in which it resides. 
If the energy does not pass readily from one linkage to another in the absence 
of collisions then there will be independent quasi-uni molecular reactions. 

If the k 9 values are not simple constants the actual form of the reaction-rate, 
pressure curve may not be expressible by an equation in any convenient way 
though its composite nature will be clearly visible. Certain types of collision 
might give immediate reaction, so that in addition to the quasi-unimolecular 
reactions there may be some change remaining of the second order up to the 
highest pressures. 

The different activated states might be the successive quantum levels of a 
given vibration. One would then expect the greater & 3 value to be associated 

* For a quasi-ummolecular reaction with a single constant & 3 , plotting l/p 0 against 
gives a straight line making an intercept on the axis equal to the value of q at high pres¬ 
sures. This method of plotting is suitable for extrapolating to find the limiting value at 
high pressures, but is less satisfactory for exploring the low pressure region, on account of 
the distortion of tho scale when the reciprocal of p 0 is taken. If the results in fig. 3 are 
plotted in this way the bend (at 3(MK) mm.) is smoothed out into a fairly straight line from 
about 16 to about 80 mm., but for values of l/p 0 less than about 0 01 the line bends 
sharply down towards the axis. (This corresponds to tho fact that the line in fig. 3 does 
not become horizontal above 100 mm.) Also for values of 1 jp 0 greater than about 0*07 the 
line curves markedly away from the axis, but the expansion of the scale of reciprocal 
pressures here tends to mask tho importance of the ohange of slope. 

We have investigated numerous methods of plotting the results and concluded that the 
one used in the text is the most appropriate for the present purpose. We are not in agree¬ 
ment with Volmer and Froelioh (' Z. phys. Chem.,’ B, vol. 10, p. 85 (1932)) if we are right 
in understanding them to consider that the behaviour found with nitrous oxide can be 
accounted for by a continuous variation of the probability of transformation, without 
assuming the reaction to be kinetically composite. 
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with the greater E value, i.e the mode of reaction predominating at the higher 
pressure would have the greater energy of activation. The results described 
in the section on the temperature coefficient indicate that the heat of activation 
decreases at higher pressures. Thus we are inclined to believe that the 
activated states are qualitatively rather than merely quantitatively different. 

The following considerations are of an approximate nature only, and based 
upon the assumption that each * 1 . **. and & a can be treated as a single constant. 
Since for a quasi-unimolecular reaction the curve for 1 jt^ changes its slope 
rapidly where k % . p/k s is of the order of magnitude unity, the bends in the 
composite curve will occur where k % . p = k z . If we can further assume that 
the different k % values are of the same order of magnitude, then, from the fact 
that successive bends occur in the ranges 0*5-2, 30-50, and again at several 
hundred millimetres, it will follow that three successive transformation 
probabilites increase in the ratio of one to two powers of ten. 

Assuming that the lowest segment of the curve really passes through the 
origin, one can calculate from the intercepts and the position of the bends the 
following approximate values of k t at 560° (the units being seconds and milli¬ 
metres) ; for the lowest pressure range 2*4 X 10~ 4 , and for the next range 
3*3 X 10" 5 . From the slopes the more certain value 5*1 X 10" 5 is found for 
the latter. The sum of the values for all the higher ranges is 2*3 X I0~ 5 . 
Thus k x values diminish for the higher pressure ranges, i.e. 9 those states which 
have the greater probability of decomposition are less frequently produced. 

Nevertheless the corresponding energies of activation are smaller. There 
must therefore be some compensating factor. At the higher pressures the 
rate of reaction was previously found to be accounted for if the energy of 
activation was taken as 40,500 (uncorrected) and assumed to be distributed in 
two square terms only. The present values of E are somewhat higher, but 
diminish with increasing pressure. At the highest pressures E will probably 
not exceed 45,000 or 46,000, so that two square terms will still be enough. To 
account for the rate at the lower pressures the energy must be distributed over 
a larger number of degrees of freedom, as a simple calculation shows. That 
there should be a smaller probability of transformation when the energy is 
subdivided in the molecule is understandable, since redistribution must be 
waited for. This line of thought leads to the idea that the various kinds of 
activated molecule may differ not so much in the assignment of the greater 
part of the activation energy to one or other linkage, nor yet in the number of 
quanta in a particular link upon the breaking of which decomposition principally 
depends, but on the number of degrees of freedom from which the energy has 
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to be collected into this link. For a molecule of fairly simple structure the 
number of possibilities is limited. 

It would be easy to speculate at length on the possible connection between 
the number of types of activated state revealed by experiment and the number 
of bonds in the molecule (the two are at least of the same order of magnitude), 
or, on the other hand, on the identification of the different states with a localiza¬ 
tion of the principal part of the energy in specific single bonds. Such specula¬ 
tions can profitably await the accumulation of more experimental evidence. 
In the meantime it may be said that, apart from the question of detailed inter¬ 
pretation, experiment seems to show quite clearly that distinct types of activated 
molecule must be assumed to account for the kinetic behaviour of certain 
reactions. 

We are indebted to the Royal Society and to Imperial Chemical Industries 
for grants. 

Summary. 

The rate of decomposition of acetaldehyde has been measured over a range 
of initial pressures 0-2 to 1100 mm. 

The curve obtained by plotting the reciprocal of the time of half decomposition 
against the initial pressure shows abrupt changes of slope, which can only be 
explained by assuming the reaction to be kinetically composite, even when 
wholly homogeneous. The results can be interpreted by the theory that the 
acetaldehyde molecule can be activated in a limited number of distinct ways, 
and that the different activated states are associated with different transforma¬ 
tion probabilities. There are thus several virtually independent quasi- 
unimolecular decompositions for the same chemical reaction. 

The energy of activation for the mode of reaction predominating at low 
pressures is higher than for greater pressures. 

The nature of the various types of activated state is discussed. 



Notes on Some Electronic Properties of Conductors and Insulators . 

By R. H. Fowler, F.R.S. 

(Received Apnl 13, 1933.) 

§ 1. Introduction . Tamm's Surface Levels .—This paper contains a number 
of minor results to which I have been led in attempting to co-ordinate various 
phenomena exhibited by semi-conductors and insulators, and their contaots 
with metals. It is essentially a critical survey. Much of it has obviously 
been inspired by the beautiful theory of the “ surface levels ” proposed by 
Tamra,t which I have strenuously tried to incorporate significantly into the 
general theory. It is natural at first sight to experiment with the view that 
the existence of these surface levels in crystalline insulators is one fundamental 
reason for their insulating properties. This view, however, one is forced to 
abandon, as will be shown here. The insulating property is not after all so 
subtle. But I believe the discussion I shall present will help to clear up ideas 
on these subjects and on a number of allied ones, which have been until recently 
more obscure, at least to me, than they need have been. 

After considering, therefore, the nature of insulation by a crystal (as opposed 
to an amorphous glass) we discuss it in terms of Tamm’s surface levels and 
show what properties are required of these levels if they are to be responsible 
for the insulation. These properties are possible but peculiar. We then 
examine the origin of the surface levels more exactly and show how they have 
to fit into the scheme of lattice levels. It is not possible to conclude that they 
cannot be concerned in the insulation, but it does seem possible to conclude 
that it is unlikely that they are concerned in any fundamental way. We then 
take up the question of the surface conditions on an insulator on a wider 
basis and show that the necessary surface charge of extra or missing electrons 
can always be accommodated on the conductors in contact with the insulator 
which separates them. The paper concludes with certain applications of 
these ideas of surface conditions to the phenomena of photoconductivity. The 
main subject matter of the paper has close affinities with von Hippel’st work 
on electrical breakdown in crystalline insulators but the same questions are 
not handled. None the less, it is important to record that everything we have 
to say is in conformity with his theory. 

t * Phys. Z. Sowjet Union/ vol. I, p. 733 (1932). 

J 1 Z. Physik/ vol. 67, p. 707 ; vol. 68, p. 309 (1931); vol. 75, p. 145 (1932). 
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§ 2. Hou) a Crystal Insulates .—From the phenomena of photoconductivity, 
for example the photoconductivity of zinc blende or diamond, one must 
conclude that a perfect crystalline lattice can only act as an insulator because 
it contains no free electrons in any band of running levels which should be 
empty, and no “ free holes ” or vacancies among the electrons in any band of 
running levels which should properly be full. Any concentration of free 
electrons in any nearly empty band, or of free holes in any nearly full one, 
immediately endows the material with a conductivity which can be calculated 
according to the classical theory of Drude and Lorentz. It is perhaps not 
necessary to think of an amorphous glass m this way. Such a substance may 
possess no running levels through which an electron can move freely once it 
reaches them, although the conductivity of liquid mercury (which is pre¬ 
sumably an “ amorphous glass ” from this point of view) is so similar to that 
of the crystalline solid near the melting point that it is unwise to dogmatize. 
Whatever may be the correct view for amorphous insulators, we have to admit 
that perfect crystalline insulators can exist, capable of standing up to large 
potential gradients, but that electrons or holes once they get inside, will move 
freely through the crystal. In order that a crystal should insulate, it is 
necessary therefore that no free electrons or free holes should be found in or 
penetrate into the running levels. In the ideal case near the absolute zero, 
this reduces to a condition at each surface of the insulator. The conductor- 
insulator interface must charge up (positively or negatively) to such a degree 
that the running levels are kept out of danger. It is in the problem of accom¬ 
modating these surface charges that Tamm's surface levels (which belong to 
the crystal) might perhaps come into play. Before discussing this, however, 
we will complete the examination of how the running levels must arrange 
themselves relative to the levels in the metal conductors in contact with the 
insulator. 

Fig. 1 shows approximately how the electron levels in the crystal insulator 
and the ideal metal electrodes must arrange themselves according to Wilson’s 
theory, with the top of Sommerfeld’s distribution in the metal in the middle of 
the relevant forbidden band of energies in the crystal. There is here no 
potential difference between the electrodes. Fig. 2 shows the state of affairs 
when a potential difference is established. Surface A must charge up negatively 
and surface B positively, so that (the potential being a continuous function) 
we get to the state of affairs in fig. 2. There being no mobile electrons anywhere 
in the crystal, there can be no space charge and the potential slope must be 
uniform there. We assume that the necessary electrons can be accommodated 
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in and removed from “ interface levels ” without putting free electrons or 
free holes into the running levels. 



Fra. I.—Electron levels in a crystal insulator in equilibrium between metal electrodes. 
The shaded bands represent energy levels full of electrons. The broken line ifwVatw 
the presence of a bond of empty energy levels through which electrons could move 
freely. The intervening band of levels in the crystal is forbidden. 


In the state described by fig. 2, a small leak current will actually flow owing 
to the strong field effect. If the unit of current is amperes/cm. 2 , energies are 



all expressed in electron volts, the gradient is F* volts/cm. and the effect of 
any permanent interface barrier is neglected, then the theory of Fowler and 
Nordheimf will apply and 

I- =■ Ih = C-2 X I0~® - 1 1 * F+2,,-0 skio-*»•/*•• m 

( 7 + 7)7 • (1) 

where I_, I + are the currents carried by free electrons and holes respectively. 
The parameters x and y are energies defining the effective work function of the 
metal against emission into the crystal (here the half height of the forbidden 
band) and the maximum kinetic energy of Sommerfeld’s electrons in the 
metal respectively. If, for example, we take x = 3 volte, y = 7 volte 

I* = F* 2 10-6-1-54 X 10■/¥• x 

' W 

t * Proc. Roy. Soc.,’ A, vol. 119, p. 173 (1928). 
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There is a similar formula for % = 1. These give leak currents as under 
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Thus at low temperatures there can be almost perfect insulation up to fields as 
strong as 10* volts/cm. for any reasonable width of the forbidden energy band 
in the crystal, and perhaps up to strengths as great as 10 7 volts per centimetre 
for specially suitable lattices. 

It is no good considering greater field strengths than 10 7 volts/cm. for at 
about this value, even in an ideal crystal, the few electrons that do enter will 
begin to acquire a kinetic energy of about 10 volts in a mean free path of 10'® 
cm. Thus in this voltage neighbourhood at the latest electrical breakdown 
must begin to occur on account of cumulative “ ionization ” inside the crystal, 
which means the creation of free electrons and free holes. This, of course, is 
very crude and must be refined after the manner of von Hippel. It is easy to 
show that, for any current which can flow before cumulative ionization sets in, 
space charge effects can be neglected, and the potential gradient shown in 
fig- 2 is correct. 

§ 3. Surface Accommodation for the Electrons by Tamm's Levels .—We pass 
on now to consider how the state of affairs required and shown in fig. 2 can 
be brought about. It is interesting to argue thus (and this argument is in 
effect implied by Tamm): the interface charges may be thought of as held on 
the insulator surface. It is therefore necessary that at interface A there 
should be plenty of empty Tamm levels below the upper band of empty running 
levels, say at level X in fig. 2. These could then accommodate the electrons 
required to raise the electron energy levels at A. At the same time, it is 
necessary that there should be plenty of full Tamm levels above the full band of 
running levels, say at level Y. These could then supply electrons for removal 
to produce the positive charge necessary to depress the levels at B. Both sets 
are equally necessary to prevent entry of free electrons at A or entry of free 
holes at B, either of which would be equally fatal to the insulation. 

It is possible that Tamm’s levels might exist and fulfil both these conditions. 
To see this clearly, it is necessary to examine the origin of these levels somewhat 
more deeply than Tamm has done, using for this purpose a finite linear chain 
of N atoms, in regular spacing, each of which provides one orbital wave function 
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capable of accommodating one or two electrons. When the spacing constant 
of this array is reduced, the atomic states of course fuse together in the well- 
known way into the lattice states, but in so doing the number of available 
states derived from the given set of N atomic states, cannot change. Tamm 
has shown that for a semi-infinite array there may be in any forbidden band, 
a surface state, which is not a periodic state running right through the array. 
But this state, even if it has special properties, cannot be an extra state and 
must be an outlying lattice state, one of the states into which the atomic states 
have fused. It is easy to overlook this point unless one considers a finite 
chain of atoms. In that case, generalizing Tamm’s argument, the conditions 
for a special surface state can be satisfied at either end of the chain, so that if 
the given set of N atomic states gives rise to Tamm’s surface states at all, it 
will give rise to them in pairs. Moreover, the lattice states arising from one set 
of atomic states can only give rise to Tamm’s levels m the two forbidden bands 
immediately on either side of their own band of running levels. Otherwise 
the approximation which confines attention to one set of atomic wave functions 
breaks down. There are therefore a priori four alternatives. The set of N 
atomic states may give rise (1) to no surface levels, or (2) to upper surface 
levels above the running levels and no lower surface levels below the running 
levels, or (3) to lower levels and no upper levels, or (4) to both upper and lower 
levels. If Tamm's conclusions for the semi-infinite chain can be carried over 
unchanged to this finite chain, which is not quite certain, then alternatives (1) 
and (3) cannot occur, but either (2) or (4) may. A full band (2N electrons) 
will fill up all its running and surface levels, upper and lower alike. All the 
levels of an empty band must normally be empty. 

In the conditions of fig. 2, the full upper Tamm levels of the full lower band 
will always be available at Y, as a source of supply of fixed positive charge. 
The empty lower Tamm levels of the upper empty band may or may not be 
available at X. 

The Tamm levels, if present, could obviously do the work of accommodating 
the necessary interface charges closely localized to a plane. 

§ 4. Surface Accommodation by the Levels of the Metal.—It is, however, quite 
unnecessary to cast the duty of accommodating these electrons on the surface 
levels of the crystal. The ordinary levels in the metal at the top of Sommcr- 
feld’s distribution will themselves act in exactly the necessary way. Since, 
however, we are going to add to or subtract from the electrons of a neutral 
metal, space charge effects will become important and must be brought into 
the theory. The first approximation can bring in the space charge effects, 
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in pushing the extra free electrons (or holes) to the surface by using Thomas' 
method. This will give a sufficiently good approximation. Provided it 
turns out that these levels, when concentrated to the surface by the space 
charge, accommodate the extra electrons or the extra holes close to the level 
of the top of the undisturbed Sommerfeld levels, then they will for all our 
purposes function exactly like Tamm's levels at X or Y respectively, and 
Tamm’s levels will be irrelevant to this particular problem. 

Let V (x) be the electrostatic potential inside the metal at a distance x from 
the surface, which may be treated as plane, and e the algebraic charge on one 
of the extra electrons (holes). The zero of V (x) may here conveniently be 
taken to be at the top of the undisturbed Sommerfeld levels infinitely deep in 
the metal. V satisfies Poisson's equation 

d?W 

— - - 4tt P = - 4tw«, 

where n is the volume concentration of the electrons (holes). We assume 
with Thomas that n may be determined by taking 2 electrons per A 3 of that 
phase space belonging to unit volume of metal at depth x in which the electrons 
have negative total energy. This condition on the kinetic energy is 

K E. < - eV + (K.E.) 0 , 


where (K.E.) 0 is the kinetic energy at the top of Sommerfelds distribution. 
Thus 


v*max = — 2 tV/m + V 2 , 

and the momentum p max is given by 

Pina* — rnv max = m (v Q 2 — 2 z\jm)K 


The total extra volume of momentum space is therefore 
Vim 3 {(vf — 2 eV/w)* — vf}. 

It will prove that | eV j < Therefore the extra volume reduces 

sufficiently nearly to 

— irmhQtV, 

and the extra electrons to --87wA; 0 eV/A 3 per cm. 3 . Poisson’s equation is 
therefore 

!£V » v / 1 _ 32 tA»VV 

i** v h « r 


(C 
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The required solution of (2) is 

V = Ae“°* (a > 0), 

in which A must be fixed by the total excess charge per cm. 2 of surface. If 
is the surface density in electrons (holes) per cm. 2 , then 



We may take r 0 for an ordinary metal to correspond to about 10 volts—the 
value is not important. Then a = 2 X 10 8 cm. -1 . The surface charge <r 
is related to the field strength by F = 4 toj. Thus if F* is the field strength 
in volts per centimetre 

a - F*/1200 tt, 

and n a — 5*5 X 10* F* electrons/cm. 2 We thus find 
V = ±l*7x 10” 11 F* e~ 2 * 30 '*. 

A field of 1() 8 volts/cm. is an absolute upper limit at the surface of a metal. 
For such a field the surface charge by spreading into the metal produces a 
potential difference between the inside and the surface of only 2 X 10~ 3 volte, 
and the surface effect dies away very rapidly, being insensible a few Angstroms 
from the surface, that is, within two or three layers of atoms. 

From the point of view of providing surface electrons for the surface charge, 
any possible surface charge, positive or negative, can therefore be accom¬ 
modated m the levels of the metal, strongly concentrated to the surface and 
without any significant departure in energy level from the top of the Sommer- 
feld distribution. Such electron concentrations will do everything that is 
required of surface charges and allow a crystalline insulator to behave aa 
described in section 2. 

By every canon of physical theory, we are therefore compelled to conclude 
that Tamm’s surface levels should not be considered in the problem of la ting 
crystals. At most they can play a trivial part. But this conclusion in no way 
implies that they may not be important in some of the other connections, such 
as triboelectrical phenomena, suggested by Tamm. 
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§ 5. Conduction through an Insulator with a Small Natural Conductivity .—It 
is of some interest to extend the considerations of section 2 to the case where 
in any volume of the crystal there is a supply of free electrons and holes, small 
but sufficient to give a conductivity which is large compared with the con¬ 
ductivity arising from the electrons and holes entering from the outside elec¬ 
trodes. This is another limiting case in which the passage of the current only 
slightly perturbs the normal distribution. In such a case when the field is 
applied, the internal free electrons and holes at once move, but at first no entry 
of new ones from outside is possible. The movement therefore builds up space 
charges near the boundaries which flatten the internal gradient and steepen 
the boundary gradients until the external electrodes can supply by the strong 
field effect just as many free electrons and free holes per second as the internal 
gradient can carry through the body of the crystal by its ordinary conductivity. 

The (idealized) arrangement which must result when the steady state is 
reached is shown in fig. 3. Actually, of course, the space charges will not be 



localized in a geometrical plane, and the gradient will change from F' 0 to F x 
and F x to F" 0 continuously. If a', a” are the conductivities of the crystal by 
free electrons and free holes respectively, then the problem is defined and soluble 
giving the total current I as a function of V, the total applied potential, via 
the following six equations 

I(F'o) = o'Fi, I(F%) = a''F 2 , (7) 

where I (F) is the function of F given by (1) or (2), 

d'F' o — d” F" 0 — x> 

F x (d - d' - d") + F'o d! + F" 0 <T - V, 

I = I (F' 0 ) + I <F"o), 


from which d\ d ", F' 0> F" 0 and F x can be eliminated. 


( 8 ) 

(•> 

( 10 ) 
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As the natural conductivity is diminished, the gradient F x must become 
steeper to carry the given currents until eventually it becomes equal to F' 0 
and F" 0 . But before this limit is reached, it is no longer possible to regard the 
current-carrying electrons as a small perturbation in the equilibrium dis¬ 
tribution and the foregoing approximation breaks down. 

§ 6. Other Types of Boundary Conditions .—In formulating the boundary 
conditions shown in fig. 3, section 5, we have ignored any potential hills which 
may exist on the interface—such hills are shown diagrammatically m the 
figure, but no account is taken of them in the calculations. It is, in effect, 
assumed that the free electrons all go through the right-hand boundary and 
the free holes all through the left-hand boundary for any reasonable adjustments 
of potential there. Such adjustments are then made as are required by the 
free electrons on the left-hand boundary and the free holes on the right-hand 
boundary. 

This is an ideal limiting case. If there are potential hills of importance on 
the interfaces, the adjustment will be modified. On either boundary such a 
potential must build up that the combined movement of free electrons plus 
free holes across the barrier will carry the total current. At the same time the 
local space charges in the insulator must build up by adjusting the relative 
number of free electrons and free holes until the rates of dissociation and 
recombination thereby distorted strike separate balances between the incoming 
and outgoing free electrons and the incoming and outgoing free holes. There 
are just sufficient conditions to enable the requirements of the problem to be 
satisfied, but we shall not go into further details. 

Similar considerations can be applied to insulators with weak conductivities 
which are due to free electrons alone, the holes being fixed and making no 
contribution to the conductivity. Again space charges must build up just 
inside the two boundaries sufficient to enable the boundary layer to transmit 
the proper number of free electrons. There will be a negative space charge of 
importance inside the insulator at the face where the electrons emerge only 
when there is a potential hill of some importance at the interface. At the 
other face where the electrons enter, there must always be a positive space 
charge to get the electrons in. 

These a prion considerations as to the necessary nature of crystalline 
insulators can be satisfactorily related in a general way to the electrode 
phenomena of photoconducting crystals, f A photoconducting crystal is in 

t See Hughes and Du Bridge, “ Photoelectrio Phenomena,” MoGraw Hill, 1932, chap. 2, 
especially $ 8.5. 
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general a fair insulator in the dart, to whose electrodes the foregoing theory 
will apply. Light produces free electrons and perhaps also free holes in those 
parts of the crystal to which it has access. They can then travel to other parts 
of the crystal, which may be in the dark, under the influence of an electric 
field. The effects described by Hughes and Du Bridge, in the paragraph 
quoted, can mostly be satisfactorily accounted for in terms of the theory here 
expounded. It is not necessary to repeat their descriptions, but one point 
must receive additional comment:—in order that electrons should enter or 
leave the crystal it is essential that the mobile charges should be able to reach 
the electrodes and there build up the necessary boundary fields Thus in 
particular, if a current is to continue to flow for a given voltage and illumination 
and not fade to zero, electrons must enter and leave the crystal and the boundary 
charges must be established 

On the theory here developed, a continued current can always flow' if the 
whole crystal is illuminated. This appears to agree with the facts. But if 
only a small portion of the crystal is lllurmnated not in contact with the 
electrodes, the final steady current is stated to be still non-zero for some 
crystals diamond, zincblende), but zero for others ( eg ., yellow rock salt). 
In cold yellow rock salt the positive charges are isolated sodium atoms*)* and 
certainly immobile. Thus the necessary positive space charge can never be 
built up at the left-hand electrode of fig. 3, and electrons cannot enter, and the 
final current must be zero. In the other crystals on the other hand, such a 
positive charge must build up in what is claimed to be a dark region. This is 
possible so long as the positive charges are to some extent mobile (free holes). 
They are known to be sufficiently mobile m zincblende,J but are almost 
certainly immobile in diamond.§ If, therefore, any theory of this general form 
is to apply there is here a difficulty which needs further examination. It 
may be that it is difficult to ensure that the part of the diamond near the 
electrode from which electrons must enter is sufficiently in the dark. 

An application of the same theory explains at once the great difference 
between the photoconduction by single crystals of selenium (red variety) and 
sulphur and that of zincblende, yellow rock salt, or diamond. In selenium 
and sulphur, practically no sign of saturation can be found for any ordinary 
field strengths for a given time of illumination, and the total charge flowing 
through the circuit may vastly exceed one electron per quantum of light 
absorbed. In the other substances the charge saturates as the voltage is 

t Wilson, * Nature,’ vol. 130, p. 913 (1932). 

J Hughes and Du Bridge, he. cU„ p. 297. 
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raised at one electron per quantum (or less). This can at once be understood 
as an electrode effect. In selenium and sulphur we can suppose that sufficient 
space charges are immediately and easily built up near the electrodes (the charge 
required may be very small), so that the photoconductor will carry temporarily 
a current obeying Ohm’s law. But in the other substances we must say that 
space charges are required near the electrodes which arc not available for short 
illuminations and no new electrons can enter the photoconductor, except to 
neutralize a free hole. The best that can be done is to use all the electrons and 
holes set free by the light, which is the best that is observed. 

It is perhaps of interest to suggest that in view of the complications intro¬ 
duced by the electrodes, it might be of interest to attempt to develop a technique 
in which photoconductivity is measured in a circuit without electrodes, lying 
entirely within the body of the crystalline photoconductor. It might in this 
way prove possible to study effectively the steady (or time-variable) con¬ 
ductivity maintained m the crystal by steady illumination over a long period 
of time, freed from the complications introduced by space charges and electrodes. 
It seems from the tentative theoretical considerations of the succeeding sections 
that there is important information about the nature of crystalline insulators 
to be gained by such studies, at any rate m crystals where the secondary effects 
of the passage of current are not too complicated. It is not, however, suggested 
that this information will prove comparable with the information already 
obtained from the study of the transient phenomena of short-time illumination, 
a study which has been so successful m the hands of Gudden and Pohl. 

§ 7. Photoconductivity freed from Electrode and Space-Charge Effects .—In 
this section we shall discuss the conductivity which would be exhibited by 
model crystals with certain specified properties if they were subjected to 
constant uniform illumination and the conductivity were measured free from 
effects of electrodes and of space charges. We shall also consider to some 
degree the rates at which the equilibrium value of the conductivity would be 
attained when the constant illumination is suddenly changed to a new value. 
We do not aim at accountmg for the properties of any actual substance in 
particular because the conductivity has never been measured under conditions 
strictly comparable with those we shall have to assume. But in fact, the theory 
seems to reproduce in a general way some of the peculiar properties of the 
conductivity of selenium. 

Consider a model crystal normally an insulator or intrinsic semi-conductor. 
The sensitivity to light is probably to be derived from the following primary 
process described by Wilson ( loc . ci/.). The light is absorbed by a molecule, 
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NaCl, C g (in diamond), Se a (in selenium), producing a molecule in a new type of 
state, which acts as an impurity in the lattice. This impurity is probably 
Na + Cl vice Na + Cl - in rock salt, and the polar states C^C”, Se + Se~ vice the 
homopolar states in the other examples. From these impurity states so formed, 
which in themselves give rise to no conductivity, conducting free electrons and 
(or) free holes are produced either by thermal effects or by further illumination 
as in rock salt. This conductivity may make use of all the electrons supplied 
by the impurities or only of a small temperature dependent fraction of them, 
according to the relative positions of the energy levels. All these points have 
been sufficiently discussed by Wilson (loc cit.) to show the type of effect to 
be expected. We shall discuss here the conductivity as a function of the 
illumination I when the illumination controls only the primary production of 
the impurities in the lattice. 

The energy levels, the important transitions and their frequencies of 
occurrence, are Hhown in fig. 4. The dependence of the transition probabilities 
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on the concentrations is shown explicitly . The coefficients £, X, p, are functions 
of the temperature only (for a given crystal) ; k might conceivably depend on 
the temperature, but is probably effectively a constant. The concentration 
n is the number of free conducting electrons per cubic centimetre, n 0 the 
number of free holes, so that the conductivity a is an + ! n ~ * s coa " 

centration of impurity atoms ready to pass up an electron to the running 
levels {i.e.y the concentration of C“ or Na) and n + is the concentration of the 
other type of impurity (C + or Cl). The creation of an impurity pair does not 
produce holes in the full band of running levels. It merely diminishes the 
number of levels and the electrons in the full band by equal (insignificant) 
amounts. The + and — impurity levels are created and destroyed by re¬ 
combination in pairs at rates k1 + p u> pdW*“n + respectively, and send electrons 
to and receive them from the upper levels at the rates X^nW*". Besides 
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these processes based on the illumination, there must be a connection of 
ordinary collision type between the upper and lower running levels, leading 
to the probabilities ^<jnn Q for the upwards and downwards transition 
respectively. These processes do leave free holes in the lower levels. The 
equations governing the concentrations are then 

3? = - W-, (11) 

at 

( ^~ = kI + p u — \n~ — p d n~n + , ( 12 ) 

at 

— ~ k ! + p u — Xd»m + — (13) 

n = n {) + (14) 

The conductivity is 

(t = an ~f P'W 0 , (15) 

in which it will often be accurate enough to omit the term £n 0 and take a n. 
These equations are valid only so long as all the n y s are small compared with 
the number of electron levels in a band 

The equilibrium state for constant illumination is given by the equations 


(16) 

- ?rf»n 0 , (17) 

*1 + ?U — p4»“» + + V r > (18) 

« — « 0 + n * — w“. (19) 

These lead to the quartic equation 


££(»• - \‘J + - n) (.■ - jj) - M + P.) . (£ - nj = 0. (20) 

The other ns arc all uniquely deternunable in terms of the proper root of n 
from this equation. 

A variety of behaviour is now possible. But the most natural type to expect 
is one in which p u is very small, so that the “ polar states ” are only produced 
by light absorption. In that case when p u = 0,1 — 0 then n 2 = £Ji; d and 
we find the ordinary conductivity of an intrinsic semiconductor a = <j 0 e~ iW/kT , 
where W is the energy gap between the two bands. It is easy to see the origin 
of the factor e~ lw/ * T in this presentation. The are collision probabilities 
and ^ will depend on T primanly though the Boltzmann factor e" w/w since 
is the probability that a collision between an electron in the lower band 
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and a lattice vibration will raise the electron to the upper band for which 
prooess the lattice vibration must have energy at least equal to W. 

When I beoomes fairly large, the last term in (20) will dominate, and we get 

I 60 > n 0 - h . (21) 


The value of n saturates and a saturates at a value m general much larger 
than the dark value The values are related by the equation 
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( 22 ) 


The temperature dependence of X u /X d will mainly depend on W', the energy 
difference between the n~ levels and the upper band. Roughly 

X tt /X d oc e-*'***. (23) 

The temperature variation of (<rn R ht) *at itself is given by 

blight),at oc (24) 


If W' is fairly small, as it well may be, this equation shows that (<Tn K iit)sAt 
may only vary in a trivial way with the temperature unlike the large variations 
Of ^dark* 


More important than the light saturated conductivity is the extra conduc¬ 
tivity for small light intensity. It is easily verified that this is given by the 
formula 


8a qc 8u 



1 

(W ’ 


(25) 


or 


Sax —— 

^clnrk 


(26) 


approximately. This is a very striking temperature variation, but it holds 
only so long as the extra conductivity is small compared with the dark con¬ 
ductivity. For larger values of I such that the conductivity is large compared 
with the dark conductivity but at the same time small compared with the 
saturated light conductivity, we can neglect all the £-terms and also n compared 
with Xy/X* in (20), obtaining 


This gives 


p dtt 9 + X tt n 2 = kIXJX* 

flight a W QC I*, 


and aught is roughly independent of the temperature in this range. 


(27) 

(28) 
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The variety of behaviour found for the proposed model may prove to represent 
the facts for some substances, but, if the facts for steady illumination as at 
present recorded can be relied upon to apply to the electrodeless conduction 
here discussed, it seems certain that in some substances at least the extra 
conductivity is proportional to the illumination over a wide range and does not 
satisfy (28) m the range to which the theory should apply. For such substances 
the model must be modified. 

§ 8. A Modified Model —Let us assume that a primary function of the light 
is to excite electrons from the “ negative ” polar impurities to the upper band 
of running levels. The same light may or may not play a part in continually 
creating the polar impurities. The only modification of the model is that we 
must replace A u by X tt + *'1 and possibly may then neglect Equation (20) 
becomes, neglecting X u , 

P-il I (ft 2 — yt + x'ln - M ) U - i?) = («I + p) n (*1 - «)' . (29) 

Under certain conditions when I is fairly large, we may repeat again the 
solution (21), which gives o x n oc I, These conditions are rather com¬ 
plicated and require that k ^ k so that the right-hand term in (29) remains 
dominant unless n * *T/X d . We shall not investigate further the large 
variety of situations here possible. It is sufficient to have shown that a x I 
is not impossible.! 

Quite other types of model must certainly be used also. The rock salt type 
of photoconductivity as ordinarily investigated for the yellow form depends 
on the presence of atomic impurities which are not being steadily created 
during the expenment. To deal with this case, one can obviously set up other 
modified models in which allowance may or may not be made for a slow 
destruction of the atomic impurities during the illumination. But until the 
facts corresponding to the theory have been determined further elaboration 
is out of place. 

§ 9. Rate of Approach to Equilibrium. —There remains one point which can 
be investigated in a very general way for all models of the type here con¬ 
templated, so that perhaps its consideration is justified. If a steady state has 
been attained for a given value of I and I is then changed to a new constant 
value, how quickly will the new equilibrium state be approached ? We shall 
be able to show that the rate of approach to a large conductivity (aught) is 
much more rapid than the approach to the small <7 rt ark \ this is a general feature 

t Cf. Teichmann, ‘ Proc. Roy. Soo.,’ A, vol. 139, p. 106 (1933). 
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of our models and appears to be in good agreement with the facts for selenium 
and zincblende-t 

If we write w = n + 8, etc., in equations (11) to (14) and study the way in 
which the S’s tend to zero, it is easily seen that we shall obtain three equations 
of the form r 

S = A 1 * + B 1 «- + O l *» > (30) 

-= A 2 8 + B 2 S~ + C 2 8 + , (31) 

^ - A 3 s + B s S- + C a S + , (32) 

m which in general the coefficients A v ..., C 3 are linear functions of the 
equilibrium concentrations n. The solutions of these equations must, of course, 
be of the well-known form Ej 3 where the X’s are the roots of the cubic 

determinantal equation. Now since all the A 1? ., C 3 are linear functions of 

the n’s, they will in general for large increases of the n* s by illumination be 
roughly proportional to the n’s, and so also in general will the X’s. Thus the 
rate of approach to any equilibrium state mil be proportional (roughly) to the 
concentrations of free electrons , etc. f in that state. It is an observed fact that 
this rate is much faster in the light than in the dark, for example, for selenium, 
and it is possible that the model has here suggested the correct explanation. 

Summary. 

The paper is a critical survey of certain current views on the nature of 
crystalline insulators and their electronic properties. In particular Tamm’s 
theory of surface levels on an insulator is analysed and is shown not to be of 
importance in the theory of the passage of current through the insulator. It 
is shown that the necessary charges at an interface between a metal and a 
crystal can always be accommodated in the metal at levels very close to the 
top of the Fermi-Sommerfeld distribution. The manner in which a poorly 
conducting crystal carries a current between metal electrodes is also discussed, 
and the results of the discussion applied to the properties of crystals rendered 
conducting by light. It is suggested that certain experiments on photo¬ 
conductivity should be carried out for constant illumination by a technique 
which uses no electrodes and creates no space charges in the crystal. The type 
of theory which should apply to such cases is briefly outlined. 

t Nix, * Rev. Mod. Physics,' voh 4, p. 723 (1932) esp. p. 739. See also Hughes and 
Du Bridge, he. cit p. 323 (molybdenite). 
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The Relationship between Viscosity , Elasticity and Plastic Strength 
of a Soft Material as Illustrated by some Mechanical Properties 
of Flour Dough.—III. 

By Robert Kenworthy Schofield and Georoe William Scott Blair. 

(Communicated by Sir John Russell, F.R.S.—Received January 2, 1933 ) 

The equation 

yj — n . t r (l) 

connects the viscosity, yj, with the rigidity modulus, w, and the time of relaxa¬ 
tion, t r . In the case of simple fluids, for which the equation was originally 
given by Maxwell, the dissipation of shearing stress is so rapid that neither 
n nor t r has been measured, so that the relationship has only a theoretical 
interest. 

In the first paper of this series* it was shown that in flour dough stress 
dissipation proceeds at rates that can readily be followed experimentally 
The “ time of relaxation,” t r , was given an extended significance, and defined 
in such a way as to be applicable to plastic materials like dough for which r t 
is not a constant. A senes of values for the viscosity was obtained with the 
aid of equation ( 1 ). 

In the second paperf a description was given of a method by which a record 
or “ rheogram ” can be obtained showing the amount of flow that lias occurred 
in a given time under stress. In this way another series of viscosity values 
was obtained. A comparison of the tw r o sets showed a satisfactory agreement 
so far as order of magnitude was concerned, but it revealed quantitative dis¬ 
crepancies which made a further investigation desirable. 

In both papers the fact that the viscosity is dependent on the total strain as 
well as on the stress was the subject of comment. Flour dough thus exhibits 
a behaviour reminiscent of “ work-hardening ” in metals, and it is evident 
that we can only expect agreement between values of in cases where the 
“ history ” of the specimens has been the same. Further study has revealed 
the existence of two more effects which have close parallels in the behaviour 
of metals, namely, elastic after-effect and elastic hysteresis.J It is shown 

* 4 Proc. Roy. Soc.,’ A, vol. 138, p. 707 (1932), referred to as Paper I. 
t * Proc. Roy. Soc./ A, vol. 139, p. 557 (1933), referred to as Paper II. 
t Of, Nadai, “ Plasticity,” MoGraw Hill Book Co., New York (1932). 
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below that by taking due account of these properties the seemingly con¬ 
flicting results of Paper II fall into line. 

Elastic After-effect. 

The apparatus was a modification of that used to follow the relaxation of 
stress and described in Paper I. A cylinder of dough, about 15 cm. long and 
0*7 cm. diameter, was floated on a mercury bath. Two small scales, graduated 
in quarter centimetres and tenths, were attached one at either end of the dough 
by means of cork “ chairs ” which adhere readily to it To one scale (scale 
A) was fastened a thin strand of rubber, about 20 cm long, the other end being 
anchored to a stout pin sticking up in the trough. To the other scale (scale B) 
was attached a piece of sewing cotton, the other end of which was wound on a 
small winch controlled by a worm and crank. Two low-power microscopes 
were trained one on either scale. One-tenth part of each small division could 
be estimated, so that a movement of 0*0025 cm. could be detected with 
certainty, fig. 1. 



The position of scale A is a direct indication of the stress. Calibration was 
effected by placing the trough erect, when empty, and hanging weights on 
the lower end of the scale, due allowance being made for the weight of the scale 
and rubber in obtaining the zero. The elastic properties of the rubber, although 
not perfect, were found to be sufficiently satisfactory. For extensions up to 
10 per cent, a constant factor of 690 dynes per scale division was found. To 
obtain the extension of the dough cylinder, the shift of scale A must be sub¬ 
tracted from the corresponding shift of scale B. 

The doughs were made up in the way described in Paper II, the moisture 
content being so adjusted that the dough did not stick appreciably to a glass 
plate when pressed firmly against it. The doughs were allowed to stand for 
1 £ hours before use, and the cylinders were formed by extrusion from a t£ gun/* 
The part of the mercury trough occupied by the cylinder was flanked by a 
strip of wet felt and covered by a glass-topped frame to minimize drying. 

When the tensile stress on a dough cylinder is increased, a point is reached at 
which the plastic strength is exceeded and plastic (non-rccoverable) extension 
occurs. If the tensile stress is below the plastic limit, an extension, due to a 
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small increase in stress, appears to be wholly recoverable on restoring the stress 
to its former value, provided that sufficient time is allowed. Fig. 2, a and b y 
is the record of such an experiment. The dough had been under a stress of 
4700 dynes/cm. 2 for some minutes (the plastic limit in this case being about 
5000 dynes /cm. 2 ) and neither scale was moving appreciably. The handle of 
the winch was then given a turn which caused the scale B to move 0*41 divisions. 



22*58 i 


( 6 ) 



£ 22 54 

ho 

C 

<L> 



After two minutes a reverse turn was given to the crank which restored the 
scale to its original position. Fig. 2, a shows the movement of scale A which, 
as already noted, is a direct indicator of the stress, and of which the shift must 
be subtracted from 0-41 (the shift of scale B) during the first 2 minutes, and 
from zero subsequently, in obtaining the elongations shown in fig. 2, b. It 
will be seen that the value obtained for the rigidity modulus by dividing 
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one-third of the change in tensile stress by the corresponding elongation, 
depends materially on the time allowed. If the first reading obtained after 
turning the winch is used, the value is n — 7*7 x 10 4 ; after 2 minutes it is 
n = 4*3 X 10 4 . It will be seen that both the stress and the strain returned 
to their original value so that no perceptible plastic flow occured during the 
period occupied by the experiment. The phenomenon exhibited is essentially 
that of elastic after-effect. 

Fig. 3 shows the same thing at a higher stress, namely, 5400 dynes/cm. 2 . 
Here the effects of slow plastic flow and of elastic after-effect are superimposed. 



Fig. 3. 


Elastic after-effect was also studied by first extending a dough cylinder at a 
uniform rate by driving the winch from a suitably geared electric motor and 
then suddenly releasing the stress altogether by burning the cotton. Fig. 4 
shows the variation of length with time in a typical experiment. According 
to the Maxwellian theory, the rate of fractional elongation dejdt is related to 
the shearing stress, S (which is one-third the tensile stress, s, for this material), 
thus 


de_ ^ 1 rfS 1 g 

dt n dt t) 


(ii) 


At the point B in fig. 4 the stress was suddenly reduced to zero. Equation (ii) 
indicates that a large negative dejdt is to be expected momentarily, but that 
dejdt should immediately afterwards become zero. Actually dejdt maintained 
an appreciable negative value for many minutes during which both S and 
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dS/dt were zero. Such a case can only be covered by an extension of equation 
(ii), such as 


de_ _ /I _ dot\ . 1 o 
dJ \« ’ dt dt f tj * * ’ 

in which a reprevsents the influence of elastic after-effect. 


(iii) 



Applying this relation to the case illustrated in fig 2, - . S, which represeni 
the rate of plastic flow, may be neglected, and we obtain by integration 


Ae = - AS - A*. 

n 


As a steady condition is approached when the system is left undisturbed, it is 
reasonable to regard a as tending to zero under these circumstances. Inter¬ 
preted in this light, fig. 2 indicates that on rapidly increasing the stress, a 
assumes a positive value which falls gradually towards zero so long as there is 
no further abrupt change in stress. Conversely, a rapid decrease in stress 
imparts a temporary negative value to a. 

The fact already noted that in fig. 3 the effects of plastic flow appear simply 
to be superimposed on the elastic effects shown in fig. 2, is reflected in the 
form of equation (iii) which shows de/dt to be the simple sum of an elastic 
part (within the bracket) and a plastic part. A particularly interesting feature 
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of fig. 3 is the spontaneous rise of the stress to a maximum from D to E. An 
unthinking use of the expression 

/ ds 

(at constant elongation) (iv) 

at 

would suggest that the relaxation time had a negative value in this region. 
Reference to equation (in) shows, however, that when de/dt is zero, t r = 7]/n is 

— when dxjdt is zero ; and this only occurs when no rapid 
dt 

change of stress has taken place for some time. The definition of t ri adopted 
in Paper I and embodied in equation (iv), is therefore subject to this limitation. 
Furthermore, of the two values for », given in connection with fig. 2 for the 
modulus, it is now clear that the lower one, 4*3 X 10 4 , must be preferred when 
relatmg to t f . 

Elastic Hysteresis. 

An experiment such as that of fig. 4 can also give a value for n if, in addition 
to a determination of the total contraction, a measurement is made of the 
stress just before burning the cotton. Table I summarizes the results of three 
such experiments. The striking fact to be noted is the smallness of the values 
found for n in comparison with that deduced above from fig 2. The difference 
cannot be put down to elastic after-effect. 


Table I. 


9. 

h- 

h- 

! ». 

5200 

181 

16 0 

1 40 X 10‘ 

5400 

197 

17-4 1 

1-46 x 10* 

5200 

20 3 

18*1 

1-61 X 10* 


6 is the tensile stress, n, the rigidity modulus, and l x and l 2 the lengths of the dough under 
stress, and after recovery respectively. 


The origin of this discrepancy became apparent from a further experiment. 
A dough cylinder was first extended at a slow uniform rate by about 2*5 cm. 
so as to remove any tendency to curl, and was then held extended for about 5 
minutes to allow the stress to fall to a value in the neighbourhood of the plastic 
limit, at the end of which time its rate of decrease was quite slow. This 
condition is indicated by the point A on fig. 5. 
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The stress was then released by stages. Fifteen seconds was allowed 
between each turn of the crank, the stress recorded being that at the end of 
each 15-seconds period. It was necessary to fix some time interval of this 
kind in order that the small influence of elastic after-effect should be spread 
evenly over the experiment. At B nearly all the stress had been released and 
it was then increased in the same way to C; and the cycle twice repeated. 
The lateral shift of the loop at each repeat is evidence that plastic flow ocourred 



at the higher stresses. It appears safe to assume, however, that this com¬ 
plication does not arise in the lower portion of each loop. In following any 
continuous curve it is found that the modulus connecting the change of stress 
with the corresponding change of length always decreases , but that at each 
discontinuity where the sense of the stress change alters, the modulus abruptly 
increases very considerably. At the points B, D and F the modulus changes 
from about 1 X 10 4 to 4 X 10 4 . 

The modulus obtained from fig. 2, using 15 seconds as the time interval, 
should evidently be compared with the highest values obtained from fig. 4 
since both refer to the condition just after a change in sense of stress variation. 
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The moduli quoted in Table I, as well as those cited m the earlier papers of this 
aeries, are in a sense mean values corresponding to a change such as that from 
A to B, C to D, or E to F on fig. 5, and we should expect these values to be 
small. The exact magnitude of such a mean value will evidently depend, 
among other things, on the magnitude of the stress change, and will tend to 
decrease as this increases. The recognition of this phenomenon, which is 
essentially a case of elastic hysteresis, enables a rational explanation to be 
formulated for the marked inconstancy of the modulus It also makes it 
necessary to reconsider the value previously adopted for the modulus when 
deriving the viscosity from the relaxation time. 

Test of the relation i) = nt r . 

The presence of elastic after-effect and elastic hysteresis adds considerably 
to the difficulty of devising an experimental check on equation ( 1 ). The only 
satisfactory way would appear to be to measure all three quantities in rapid 
succession on the same piece of dough. A number of experiments of this 
kind were carried out with the apparatus slightly rearranged in the manner 
shown in fig. 6 . A scale (scale C) was inserted at the right-hand end of the 
rubber strand and held by a cotton wound on a hand-controlled winch. The 
winch at the left-hand end (off the diagram) was connected to an electric motor 
through a suitable gearing provided with a “ clutch ” by means of which the 
winding could be started or stopped at will. 

C U Hand 
Rubber « winch 

. . 

Fig. H 

During the first part of each experiment the motor-driven winch was allowed 
to pull the dough out slowly, the rate of extension being determined by observing 
the motion of an index on the cotton as it moved over a suitably placed milli¬ 
metre ruler. At the same time, scale A was kept under observation. With this 
arrangement the stress is given by the difference of the readings of scales A 
and C, but since during this part of the experiment the position of scale C was 
not altered, the movement of scale A was a direct indication of the rise in the 
stress. After a while the increase of stress became very slow, and then when a 
suitable division of scale A exactly coincided with the cross-wire of the observing 
microscope, the clutch was thrown out, the time being noted. Simultaneously 
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the hand-winch was released by one turn. This caused both the 
scales to shift. Scale C moved in direct response a distance of 0*19 scale 
divisions ; scale A first moved rapidly to the left and then more slowly returned 
towards its former position. As soon as it reached its old position the crank 
was given a further turn, the time being again noted. The process was repeated 
a number of times. The method used here is essentially the same as that 
adopted earlier in following the relaxation of stress and already described in 
Paper I, but there is one important addition. With the former apparatus the 
movement of the end of the dough attached to the rubber strand could be 
observed but not measured. By measuring the extent of the rapid elastic 
reaction of the dough to the movement of the hand-winch a value can be 
obtained for the modulus The evaluation of 73, t r and n is most readily explained 
by taking a single experiment and working it out in detail. 

Evaluation of 7 ).—In a typical case the dough was first pulled out at a steady 
rate of 0*0154 cm. per second until its length was 25*3 cm. At this point 

~ - 6*1 X 10" 4 sec. -1 . Although the pull of the rubber strand had 


become steady, the cross-section of the dough was diminishing, so that the 

stress per unit area was rising. From the geometry of the case, I ^ — — ; 

S at at 

1 d$ de S 

hence the elastic part of the elongation, namely, - —-, equals —- X - . S, the 

n dt at n 

shearing stress which is one-third the tensile stress per unit area of cross-section, 
was found from the scale readings and the dimensions of the cylinder to be 
2-7 X 10 8 dynes/cm. 2 . The appropriate value for n we do not know exactly, 
but as the stress had been slowly rising from zero it was certainly low and 


1 jq 

probably not greater than 1 X 10 4 . This gives - — — 1-6 X 10 -4 sec. -1 . 

n dt 

Owing to the comparatively steady stress conditions, d&jdt of equation (iii) 
will be negligible ; hence the rate of plastic flow is simply 


(6*1 -1-6) X 10 -4 = 4*5 X lO^sec.- 1 . 

Dividing into S we have 

2*7 X 10 8 n c w , _ a 

7i = —-- = 0-6 X 10" dynes . cm. 8 . secs. 

i 4‘5 X 10“ 4 J 


Evaluation of t r . —Equation (iv) for t r holds as we have seen when there is 
no appreciable change in ou As soon as the clutch is thrown out the stress 
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starts to fall, somewhat rapidly at first and more slowly afterwards. After 
the first turn of the hand-winch 9 seconds elapsed before scale A returned to 
its original position. The stress change as given by the shift of scale C was 
0*19 scale divisions and the mean stress m the same units was 2*67, hence 


8 


/ffi 

/ dt 


2-67 X 9 
0*19 


— 126 sees. 


As a must have been taking on an increasing negative value during this time, 
this figure will be a little below the true value for t r . Reference to fig. 2 
indicates that 0*19 scale divisions in 9 seconds is not an excessive rate, and 
suggests that the discrepancy will not be large. The series of values thus 
obtained were 

126, 275, 445, 760, 1280, 1980 seconds. 

These are mean values, and an estimated value of 


t r — 100 seconds 

for the relaxation time immediately after throwing out the dutch seems reason¬ 
able. 

Evaluation of n .—In calculating n from the rapid elastic reaction of scale A 
to the movement of the hand-winch, the influence of elastic after-effect is 
more serious. After the turn of the crank which immediately followed the 
throwing out of the clutch, the leftward movement of the scale was arrested 
by plastic flow in the dough after about 1 second, a time interval which must 
have been insufficient to allow the full elastic movement to occur. After the 
sixth turn more than 20 seconds elapsed before the scale resumed its rightward 
movement. It is not therefore suqinsing to find that n apparently changes 
from 11 X 10 4 at the first shift to 6 X 10 4 at the sixth. Owing to elastic 
hysteresis some fall m n is to be expected, but there can be little doubt that the 
second figure is nearer the true value of n immediately after the clutch was 
thrown out. This conclusion is confirmed by the value 

n = 6x 10 4 dynes/cm. 2 

obtained from the ratio of the estimated values of vj and t r . The closeness of 
the agreement is partly fortuitous as round figures have been used throughout. 
In some of the other experiments of the same kind the concordance was not so 
close, but no case was found which, when due allowance had been made for the 
numerous uncertainties, provided clear evidence in conflict with the equation 


(i) 
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In the last analysis it appears doubtful whether this equation is capable of 
direct proof, seeing that >], n and t f are all variable quantities, and it does not 
appear possible to measure all three actually simultaneously. It is perhaps 
true to regard equation (i) as defining t r m terms of tj and n which in their turn 
are defined by equation (iii). We may then take the above experiments as 
indicating that by using equation (in) we do* not obtain values for 73 and n 
which show inconsistant or unreasonable fluctuations. 

The lack of agreement between the values obtained for 7 } from the rheograms 
in Paper II and those calculated from n and ( r using the data of Paper I is no 
longer surprising Undoubtedly the chief cause of the discrepancy is to be 
found in the value 2 X 10 4 used throughout for n. This is certainly a good 
mean value for the doughs used, but it is now clear that the conditions under 
which 1 T is measured correspond to a part of the hysteresis loop in which n 
has a value appreciably above the mean. A value m the neighbourhood of 
5 X 10 4 would accord better with the findings of this paper and also bring the 
two sets of figures into line. It will be noted that the viscosity found above, 
namely. 0 * 6 X 10 7 , is lower than the general run of the values given in the table 
in Paper II. This is to be expected since the tensile stress was 8100 dynes/cm. 2 , 
which is higher than for any viscosity included in the table ; the extension 
m the units used was 0*43. 

Conclusions . 

Taken together, our experiments seem to show that the mechanical properties 
of flour dough can be described by the equation 


(le — /l ^ _ d*\ 1 1 a 
dt “■ U dt dfi -V 


(iii) 


n varies in a manner characteristic of elastic hysteresis. Consequently it is 
liable to increase abruptly when d8/dt changes sign, and is generally dependent 
on the history of the specimen. Direct measurements of n have been only 
possible at stresses below the limit of plastic strength, but indirect determina¬ 
tions obtained by dividing yj by ( r have been made above it, and there is no 
evidence of any change in n in passing across this limit other than that to be 
anticipated from hysteresis. 

a, as we have seen, is only of importance when abrupt changes have recently 
occurred in S. Like n } it does not appear to depend on the absolute value of 
S, but rather on its value relative to those which have obtained in the immediate 
past. 
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Y) shows quite a different behaviour. It is extremely sensitive to the absolute 
value of S. So rapidly does it increase as S is reduced, that only a narrow 
margin of stress separates the condition in which plastic flow is dominant from 
that in which it can scarcely be detected. Herein lies the justification for the 
use of the words “ plastic limit ” and “ plastic strength. ” For, although a 
precise limit could only be defined by arbitrarily specifying a certain viscosity 
as marking the limit, no soriouH misunderstanding is likely to arise in practice. 
Furthermore, although 7 ) is strongly influenced by the previous history, it 
appears to be affected by factors quite distinct from those which control n. 
As we have seen, n is largely determined by the previous movements of S ; 
Y). on the other hand, is mainly affected by the amount of flow that has taken 
place, and increases for a given value of 8 as the elongation proceeds. A 
senes of experiments, of which the results are shown in fig 7, showed clearly 
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that the extent of this hardening is controlled by the amount of the elongation 
as well as by its rate. The apparatus as shown in fig. 1 was used, and the 
winch was driven at a steady rate by the electric motor, a different speed being 
used in each experiment. The similarity of the curves, for which the extreme 
speeds were as two to five, provides clear evidence on this point. 
It is interesting to note how similar is the behaviour exhibited in fig. 7 to that 
shown by soft metals, particularly at high temperature ; the same can equally 
be said of fig. 5 (Nadai, loc . cit.). 

In conclusion, an electrical analogy may prove helpful to some when con¬ 
sidering the meaning of equation (iii), and its use in the various special cases 
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considered above. Using the formal analogy which exists between viscosity 
and electrical resistance, and between elasticity and electrical capacity, it 
may be said that the electrical behaviour of the system sketched in fig. 8 
reproduces the essential mechanical properties of dough. Fig. 8, a represents 
the condition after the point B of fig. 4 at which the stress on the dough is 
suddenly released. In the electrical case it is supposed that an e.m.f. was first 
applied between A and B and that the system was then short-circuited. The 
current in R would cease at once and the condenser, C, would instantly dis¬ 
charge. The charge in c would take some time to leak through the high 
resistance, r. The branch cr is evidently responsible for the “ after-effect 99 
and will give a finite “ a ” whenever the e.m.f. across C differs from that across 



Fia. 8. 


c, which will be the case after any abrupt change m the external e.m.f. In 
fig. 8, b the system after being subjected to an e.m.f. has been disconnected. 
This condition corresponds with stress relaxation at constant elongation. 
The condensers discharge through K ; unless R is large compared with r, 
“ a ” will make its appearance. In fig. 8, c we have the analogy to conditions 
which furnished data for fig. 7, namely, the steady application of stress. To 
make the analogies closer, the resistances and capacities should be considered 
to be variable. 

There is, however, an important contrast, in that the three elements which go 
to make up the mechanical system must be regarded as linked end to end and 
not “ in parallel ” as in the electrical case. The elastic elements in the dough, 
the behaviour of which is described by the symbols « and a, are presumably 
formed by the protein constituents, while the plasticity embodied in the symbol 
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v) must be associated with the linkage between the elastic elements. The 
individual elastic elements appear to possess mechanical properties similar 
to those which Shorter and others* have found in hairs. 

Summary. 

A further study of the mechanical properties of flour dough has revealed 
the presence of two properties in addition to hardening, both of which are well 
known in the study of metals ; namely, elastic after-effect and elastic hysteresis. 

The first necessitates the addition of a term dxjdt to the Maxwell equation, 
which then becomes 

+ I s. 

di \n dt dtj y] 

This term is only important when abrupt changes of stress have recently 
occurred. 

The second property causes n to decrease steadily whenever dS/dt preserves 
the same sign for some time, and to increase abruptly when the sign of dS/dt 
is changed. 

In Paper II it was shown that the viscosity, as determined from the rate of 
flow, agreed roughly, but not exactly, with that calculated as the product of 
the rigidity modulus and the relaxation time. It is now clear that the value 
adopted for n was a mean value, and differed somewhat from that appropriate 
to the conditions during stress relaxation. Due appreciation of this point 
renders the agreement quantitative. 

* 1 J. Text. Inst / vol. 15, p. 207 (1924); 1 Trans. Faraday Soo./ vol. 20, p. 228 (1924); 
‘ J. Soc. Dyer Col. (Bradford)/ vol. 41* p. 212 (1925). 
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The Behaviour of Electrolytes in Mixed Solvents. Part V.—The 
Free Energy of Lithium Chloride m Water-Alcohol Mixtures 
and the Salting-out of Alcohol. 

By J. A. V. Butler, D.Sc., and D. W. Thomson, Ph.D., University of 

Edinburgh. 

(Communicated by J Kendall, F R.S —Received January 25, 1933.) 

The Salting-ont of Alcohol by Lithium Chloride . 

In Part II of this series of papers* are recorded measurements of the partial 
vapour pressures of solutions of lithium chloride in water-ethyl alcohol mixtures, 
the alcohol contents of which extended from 6*4 to 100 mols. per cent. It has 
seemed desirable to extend this range so as to include some smaller concentra¬ 
tions of alcohol, and accordingly measurements have now been made of solutions 
containing 2 and 4 mols. per cent of alcohol and in each case 0*5, 1-0 and 
4-0 m. lithium chloride. The experimental method was the same as that 
previously described, except that m these cases the viscosity method was less 
suitable for determining the composition of the condensate, which was obtained 
by comparison with known compositions in the interferometer The final 
values of the partial pressures, each being the mean of at least two deter¬ 
minations, are given in Tabic I. a, ( /a„,° and <x a j<x a ° are the relative activities, 
the ratio of the partial pressure in a given solution to the partial pressure 


Table I.—Partial vapour pressures and activities of water and alcohol in 
water-alcohol solutions of lithium chloride. 


N«. | 

1 

m. j 

Pw j 

/>€** | 

a it>/ a w; 0 * 

a 0 /a a °. 

2 0 

00 

23 00 

4 08 

1-000 

1 000 


0*5 

22 73 

4 48 

0 988 

1 098 


1 0 

22 14 

4 83 

O 963 

1183 


4 0 

18 40 

6 45 1 

0 800 

1 681 

40 

0*0 

22*40 

8*16 

1 000 

1 000 


0*5 

22*11 

8 84 

0 987 

1083 


1 0 

21 58 

9 36 

0 964 

1 * 148 


2*0 

20*52 

10*42 

0*915 

1*276 


4-0 

17 71 

12 11 

0 791 

1 485 

6-4 

0*0 

21 91 

12 32 

1-000 

1-000 


4 0 

10-64 

18 03 

0-760 

1-462 


* ‘ Proc. Roy. Soc A, vol. 129, p. 519 (1930). 





Behaviour of Electrolytes in Mixed Solvents . 


87 


of the corresponding solvent. Two of the solutions containing 6*4 mols. 
per cent, alcohol were also redetermined and gave values in close agreement 
with those previously obtained. 

We are now in a position to discuss in more detail the behaviour of these 
solutions. It was shown in the previous paper that while the salt increased 
the partial pressure of alcohol in solutions containing smaller proportions of 
alcohol, it caused a lowering of the pressure in the more alcoholic solutions, 
but the relative lowering of the vapour pressure of alcohol was always less 
than that of water, indicating that in all solutions the alcohol was salted out 
with respect to the water In order to assess this effect more precisely it is 
necessary to consider what will be the behaviour of a solute which interacts 
equally with the two solvent molecules. 

We will consider first a solution of a solvent S x and a binary salt S 3 . If n x , 
w 3 are their amounts m mols. and ¥ v F 3 , their partial molar free energies, the 
variations of the latter at constant temperature and pressure are conditioned 

i>y 

n x dV x ntfl F 3 = 0. (1) 

When w 3 is small compared wit h n v the variation of F 3 is given by 

F a -F,° |- 2RT log 

bo that 

d¥ x /dn 2 = - 2RT/*!. (2) 

In the case of a mixed solvent containing the components S v S 2 and the 
binary salt S 3 , we have 

-j- ^2^2 H“ ^3^3 “ t), (3) 

and if « 3 is small the variation of F 3 is again given by F 3 = F 3 ° -|- 2RT log n 3 , 

so that __ 

n x {d¥ x jdn z ) -f n 2 (d¥ 2 /dn 3 ) = — 2RT, (4) 

or dividing by (n x + rc 2 ), 

N x (d¥Jdn H ) N 2 (rfP Jdn 3 ) -= - , (5) 

n x j- n 2 

where N x = n x /n x + n 2 , N a = n 2 /n x + n 2 are the molar fractions of the 
components of the solvent. If the solute S 3 has an equal effect on both of the 
components of the solvent, we must suppose that 


^ dF 2 
dn 3 dn z 


2RT 
n x + n 2 ’ 


(6) 
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or writing, 

d#! = RT d log (pilpi*)* dFj = RT d log (p*/p 8 °). 


the vapour pressure lowerings of the components of a binary solvent produced 
by a salt which interacts equally with both components are given by the ex¬ 


pressions 




2 

+ «2 


(7) 


We shall regard this as the normal ” behaviour of a salt in a mixed solvent, 
neither component of which is salted out. 



Fxo. 1 . —Effect of lithium chloride on the partial procures of alcohol and water. (Upper 
curves, alcohol; lower curve, water ) —©— 1 m. LiCl. — A — 0-5 m. LiCl. 


In fig. I the line AB shows the molecular lowerings of the vapour pressure 
in the normal case, expressed as d log 10 (pljfi)/dn z and calculated by (7) for 
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a binary salt in water-alcohol mixtures. The experimental values of 
Alog 10 (p/jp)/&n z evaluated for the intervals CM)-5 m. and 0-1-0 m. are also 
shown. These values are considerably displaced from the normal curve, the 
alcohol positively and the water negatively. Equation (7) is only strictly 
applicable to the normal case at very small salt concentrations, and a correction 
for the activity coefficient of the salt would be necessary for a large concentra¬ 
tion interval. But the observed displacements are much greater than can be 
accounted for in this way, and it is necessary to conclude that alcohol is salted 
out from the whole range of solutions. 

The extent of the salting out is properly measured, not by the change of 
the activity of the non-electrolyte produced by the salt, which has hitherto 
been the practice, but by the difference between the observed effect and the 
normal effect. In concentrated salt solutions the value of the latter given by 
(7) is not accurate, but nevertheless an approximate measure of the salting 
out may be obtained by the use of this value. Table II gives values of the 
quantity s, defined by 

log s = A log (p 2 /p 2 0 )/Aw 3 — 2/(«! + w,), 
for 1 m. lithium chloride solutions. 

Table II.—Salting-out of alcohol from water-alcohol solutions by lithium 


chloride (m = 1). 


N.. 

A 

N,. 

1 

4 

0 02 

1 23 

0 25 

1 12 

0 05 

1 19 

0 50 

i n 

0 10 

lie 

0 70 

1 08 

0 15 

1 14 

0 90 

1 04 


Cases of negative salting out by certain salts which have been reported are 
apparently caused by neglect of the normal effect of the salt on the activity 
of the components of the solvent. For example, Sugden* found that while 
most salts increased the activity of acetic acid in dilute aqueous solution, its 
value in 1/N potassium mtrate was 0*998 that in water. He regarded this as 
an example of negative salting out; but since the theoretical lowering of the 
activity of the components of the solvent by a salt in 1/N solutions is 0*965, 
it is evident that the activity of acetic acid is in fact greater than if there were 
no salting out. 

* ‘ J. Chem. Soc./ vol. 128, p. 174 (1926). 
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The changes of the partial pressures of water and alcohol produced by the 
salt are related by (4), which may be written in the form 

n x d log (pilpi°)!dn% + Wjjd log (p 2 lp*)/dn z = — 0-87. (4a) 

Table III gives the values of these quantities obtained from the smooth curves 
of fig. 1, for the interval 0-1*0 m. Exact agreement cannot be expected for 
this range of concentration, but the sum of the quantities on the left of (4a) 
is approximately constant and near to the theoretical value. 


Tabic III. 


J 1 

N.. 

log 

I 

| n,d log(ft/p, 0 )/dnj. 

Sum. 

0 

0 0 

0 75 ' 

—0 - 75 

O 25 

! +0 20 

1 05 1 

-0 70 

o r»o 

\ 0 27 

-1 12 | 

-0 85 

0 70 

+ 0 06 

- 0 ©1 

-0 85 

0 SO 

-O 11 

— 0 65 I 

-0 76 

O MO 

-0 30 

-0 34 1 

-0*73 

1 00 

-0 72 

. 

0 0 

-0 72 


The Free Energies of Lithium Chloride in Water-Alcohol Mixtures . 

A direct determination of the free energy of transfer of lithium chloride 
from water to alcoholic solutions has not been feasible owing to the irregular 
behaviour of lithium amalgam electrodes in alcoholic solutions. However, if 
the variation of the free energy of two components of a series of ternary 
solutions is known, that of the third can be calculated by means of (3). Writing 
Fj = F^ |- RTlog^ 2 , F a = F 2 ° + RT \ogp 2 , this takes the form 

RT . n x d log p x -f RT . n 2 d log p 2 -f %dF 3 = 0, 

but since 

n x d log p + n^d log p 2 ° = 0, 

where p x °, p a ° are the pressure of the corresponding solvent, we may make use 
of the more convenient expression 

RT . n x d log (pjpi 0 ) + RT . n 2 d log (p 2 /p 2 °) + n 2 df % = 0. 

This may be integrated for a constant value of n 3 . The free energy of transfer 
of lithium chloride from its solution m water to that in any given solvent is 
then given by the integral: 

AF, = - 51 f n x d log (ft/ft 0 ) - — I ' ngd log 
W S ^3 Jo 


( 8 ) 
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where n\ and n' a are the number of mols. of water and alcohol in the given 
solution containing the constant amount n s of lithium chloride, and is the 
quantity of water in the corresponding solution in water. These integrals 
have been evaluated graphically by plotting n x and w a against log (pjpi) 
and log (Pt/Pt) respectively, and determining on squared paper the areas 
bounded by the smoothed curves to various points. The values obtained are 
given in calories in Table IV, and are shown plotted against the molar fraction 
of alcohol in fig. 2. 



FiO. 2 —Free energies of transfer of lithium chloride from water to ethyl alcohol solutions 
(25°). —0— Akerlhf’a data for methyl alcohol solutions. 

Table IV.—Free energies of transfer of lithium chloride from water to alcoholic 


solutions (calories) at 25°. 


N,. 

4Vv 

0 • 5 in. 

1 10m 

1 

4 0 m. 

01 

250 

560 

750 

0 2 

840 

1160 

1620 

0 3 

1520 

1740 

2350 

0 4 

2140 

2350 

2950 

0-5 

2660 

2900 

3480 

0 « 

3090 

3360 

4000 

0-7 

! 3500 

3760 

4610 

0-8 

3910 

4130 

6210 

0 9 

1 4430 

4580 

6840 

10 

1 4860 

t 

5070 

6410 
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An error m the experimental data at any point will affect all subsequent 
points in the process of integration. The probability of error is greatest for 
the 0 • 5 m. solutions containing small proportions of alcohol. The small vapour 
pressure lowerings of water in these solutions have not been determined with 
sufficient accuracy for this purpose, and it is probable that the first point on 
the 0* * * § 5 m. curve is too low. A correction of this point would affect the whole 
curve, which is otherwise nearly parallel with the curve for 1 m. solutions. 
Taking these facts into account, it is probable that the free energies of transfer 
of 0*5 m and 1 *0 m. solutions are nearly the same. 

The curves of AF a against N 2 are nearly linear, and it is probable that the 
divergence from linearity does not exceed the experimental error. This is 
in marked contrast to the behaviour of hydrogen chloride in these solvents,* 
where the greater part of the free-energy change occurs in high proportions 

o 

of alcohol. Akerloff has recently determined by electromotive measurements 
the free energies of transfer of the chlorides of lithium, sodium, potassium and 
hydrogen between water and methyl alcohol solutions and has found that 
whereas the alkali metal chlorides give an approximately linear relationship 
with the molar fraction of the alcohol, hydrogen chloride diverges widely 
in alcohol-rich solutions. His curve for lithium chloride (w = 1) is given for 
comparison in fig. 2. ScatchardJ calculated from solubility data the free 
energies of transfer at infinite dilution of sodium and potassium chlorides from 
water to ethyl alcohol solutions and found a similar Imear variation. Lithium 
chloride is too soluble to permit similar calculations from its solubility, but the 
calculations given above show that the behaviour of lithium chloride is approxi¬ 
mately similar. 

According to the simple electrostatic theory, regarding the ions as charged 
spheres, the free energy of transfer of a salt from a medium having the dielectric 
constant D 0 to a medium with dielectric constant D, at infinite dilution, is 
given by _ # 

AF 3 °--SL(1/D 0 -1/D), (8) 

o 

where e is the charge and r the radius of an ion.§ Akerlof derived from his 

* Part I, ‘ Proc. Roy. Soc.,’ A, voJ. 125, p. 694 (1929). 

t * J. Amer. Chem. Soc.,’ vol. 52, p. 2353 (1930). 

I ‘ J. Amer. Chem. Soo.,* vol. 47, p. 2098 (1925). 

§ We may observe that the free energy of transfer of lithium chlonde between water 
and both methyl and ethyl alcohols is less than that of the chlorides of sodium and potassium 
requiring according to (8) a greater radius for the lithium ion. This might be ascribed to 
the greater degree of solvation of the lithium ion, but a satisfactory theory ought to include 
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measurements values of AF 3 at infinite dilution, and concluded that they were 
at least in approximate agreement with this equation. It is not possible to 
derive values for infinite dilution from our data, but it is of interest to compare 
the behaviour of lithium chloride at m = 1 in methyl and ethyl alcohols. 
Fig. 3 shows AF S for the two cases plotted against 1/D. Except in solutions 
containing a high proportion of methyl alcohol the slopes of the curves are 
approximately the same, showing that the free energies of transfer, at least 



Fig. 3.—Variation of AF with 1/D. — A— LiCl, l m. in water-ethyl alcohol solutions* 
— O— Lid, 0*5 ni in water-ethyl alcohol solutions. — x— Lid, 1 m. in water- 
methyl alcohol solutions. 

up to 60 mols. per cent, alcohol, are to a first approximation dependent only 
on the dielectric constant of the medium and not on its nature. 

the effect of solvation, at least so far as it is caused by electrical forces. Equation (8) 
cannot be regarded as satisfactory for it takes no account of the variation of the dielectric 
constant of the solvent in the vicinity of the ions. Webb (‘ J. Aruer. Chcm. Soc.,’ vol. 48, 
p. 2589 (1926)) has calculated the electrical energy of charging spherical ions in water 
taking into account the electrical saturation of the solvent near the ions and has obtained 
values which differ considerably from those calculated by the simple formula Le 2 /2r . 1/D, 
using the ordinary dielectric constant of water. It is thus evident that (8) cannot have 
more than a limited application. Although Xkerl6f concluded that his values of AF 3 for 
water-mothyl alcohol solutions were in agreement with (8) within the errors of extrapolation, 
an examination of his curves shows that there is in fact a systematic divergence from the 
requirements of this equation, which becomes considerable in high concentrations of the 
aloohol. A more complete theory would have to take into account not only the electric 
saturation near the ions, but also the tendency of the more polarizable ions to congregate 
round the ions. 
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Fellowship, during the tenure of which most of this work was carried out. 

Summary . 

(1) The measurements of Shaw and Butler of the partial pressures of water 
and ethyl alcohol in solutions containing lithium chloride have been extended 
to solutions containing 2 and 4 mols per cent, of ethyl alcohol. 

(2) A discussion is given of the thermodynamics of saltmg out. It is 
pointed out that the salting out is properly measured, not by the change of 
the activity of the non-electrolyte produced by the salt, but by the difference 
between this quantity and the normal effect, which is defined. 

(3) The partial free energies of transfer of lithium chloride from water to 
alcoholic solutions have been calculated from the partial pressures of water 
and alcohol. The variation is approximately linear with the molar fraction 
of alcohol. 


Contributions to the Mathematical Theory of Epidemics . 

III. - Further Studies of the Problem of Endemicity . 

By W. 0. Kermack and A. G. McKendrick. 

(From the Laboiatory of the Royal College of Physicians, Edinburgh ) 
(Communicated b> Sir Gilbert Walker, F R S —Received January 27, 1933) 

Introduction. 

In a previous paperf (Part II of this series) an attempt was made to treat 
from a general point of view the problem of a single disease in a population 
which consisted of three categories of people—namely, never infected, sick 
and recovered—and in which the infeetivity of the disease was a function of the 
period of illness, whilst the susceptibility of a recovered person was a function 
of the period which had elapsed since the time of his recovery. New individuals 
entering the population either by birth or by immigration naturally entered 
the category of the never infected which for convenience we called u virgins.” 
It was pointed out that the results obtained were subject to two important 
limitations: (1) that the disease under consideration was the only cause of 

t ‘ Proc. Roy. vSoc.,’ A, vol. I3S, p. 55, (1932). 
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death, and (2) that the age of the individuals did not affect their infectivity, 
susceptibility or reproductiveness. 

It is the purpose of the present paper to remove the first of these limitations 
by the introduction of constant non-specific death rates, which for the sake 
of generality are assumed to be different for virgins, sick, and recovered. It 
may be stated at once that the introduction of this additional factor produces 
surprisingly little change in the general nature of the results previously obtained, 
and that the conclusions of the previous paper hold with very little modifica¬ 
tion. 

In the previous paper the results were first of all worked out for constant 
infectivity, recovery and death rates, and the more general problem, in which 
these rates were variable, was thereafter considered. The algebra for constant 
coefficients was relatively very simple. It is now found, however, that with 
the introduction of non-specific death rates, the simple case increases in com¬ 
plexity relatively much more than does the general case, so that the advantage 
of treating it separately largely disappears. In particular, whereas the various 
expressions for steady state levels previously came out explicitly as fairly 
simple functions of the constant coefficients, they are now dependent on a 
somewhat complicated quadratic equation. On the other hand the equations 
which refer to the case with variable rates, although they now contain a few 
extra terms, remain qualitatively similar in type to those previously obtained, 
and the same method of treatment leads at once to identical or closely similar 
results. We shall not therefore, m the present communication, treat in detail 
the case of constant rates but only give some of the mam results. It may be 
mentioned, however, that the general equations have been cheeked at the 
various points by the introduction of constant rates, and comparison has been 
made between the formula) so obtained and those found when constant rates 
were used throughout. 

As in the previous paper the equations which describe the progress of small 
variations about the steady state are formulated, but their fuller discussion 
has at present been reserved. 

It will be recalled that in Part II a number of special cases were discussed 
either because they had some special practical importance, or because they 
exhibited peculiarities from the mathematical point of view. With the intro¬ 
duction of non-specific death rates, a number of new special cases requiring 
detailed consideration came to light, To appreciate the relationship between 
all these cases it became necessary to adopt a scheme of classification, which 
although multiplying the total number of special cases considerably, made 
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their treatment much simpler, and except in two instances only very brief 
discussion was required. The five special cases of Part II are readily accom¬ 
modated in the new scheme. 

A question of some practical importance is the effect upon the size of the 
population, the number of sick, and the relative incidence of the disease, of 
changes m the various parameters which characterize either the population 
or the disease. These points were investigated to some extent in the previous 
paper, but are more fully considered in the present communication both in 
connection with the general case, and with a number of the special cases 
referred to above. The results obtained are not always in accordance with 
expectation. 

General Case. 

General Equations .—A detailed description of the population under dis¬ 
cussion will be found on pages 59 and 63 of the previous paper (Part II). The 
nomenclature and notation previously adopted remains unaltered, and to 
economize space will not be explained again here. The new death rates, which 
are now introduced, are denoted by rt, n and p for virgins, recovered persons* 
and sick, respectively, so that certain equations in Part II have to be modified. 
For convenience of reference the same numbers are used to denote the equations, 
an asterisk being added where alteration has been necessary In the case of 
equations which do not correspond to numbers in Part II, index numbers 
consecutive to those in that paper have been employed. It is to be noted that 
the variables employed refer throughout to population densities, but if the 
area be considered as fixed, the population size may be employed in place 
of the less usual conception of population density. 

Equations (15), (16), and (17) become 


(Tx , — — - 

+ TZX= U, - V,. 

(15*> 

dx . 

— + TO = u, - V„ 

(16*) 

^ + W = v t -w, - u t , 

(17*) 


equations (19) to (27) remain unaltered. 

To express u iX in terms of u t we have the equation 


(28*) 
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whence 


u t ,= u t .,e Joi7*-*') + .j*'. 

(32*) 

In a similar manner it can be shown that 




(29*) 

whence 

ri0, where N ( = e“Io , V +< V +p),w ' 

0 

/<0 = J 

(30*) 


f« — _ — 

K e v t _ e d6, where K* — 

Jo 

(31) 

By equation (19), 



x* [*«,_, e -Jof/Vv, +S ) rf A- 

(33*) 

Also 

u„ = u t _ T e‘l 

J 0 

(37*) 


— t, t), where F (t — r, t) = e~)o^ ( “ 7 u) “* 

, (38*) 

whence by equation (20) 



x — J F (J — t, t) ?q_ T fix. 

(39) 

Equations (40) to (45) remain formally unaltered. 


Equatwns for Steady State. —In finding the conditions for a steady stale 

certain modifications are necessary. 


Clearly 



L + I) + P N = (?„ + d, + p) ■*'V+*>'“'d0 == l. 

(46*) 

while as before 




U ~ jxX + ptX + vY -f~ m - 

(47) 

The other relation! 

a in equations (47), (48) and (49) no longer hold. 


By (33*) 



but 

x = 0 *>+*»*' d*, 

J 0 



7 (0 = KV, 

(50) 

whence 

X = U J w c -(K'+S)*dx 

Jo 

u 

(51*) 

VOL. OXL1.—A. 

KV + Tt' 

H 
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By (39) 

X 

= U 1 F (< — x, r) dx. 

Jo 


But 

F (t — 

x, t) = e-lo f/<t-T+t> "t + ’ r,l<< , 


and 

(52) 


/W = *v, 

hence 




Tf((- 

t, x)dx = 1 dx, 



Jo 

Jo 




= F(V), 

(53*) 

thus 


X = UF (V) 

(54) 

As previously 

Y = NV, 

U = LV and X = LVF (V). 

(55M57) 

Also 


V = <DVG (V) U, 

(58) (in part) 

where 

0’t(V) = j 

G (t — x, x) dx, 

1) 



= 

j co T F (t — T, t) dr, 

*0 



“j 

l” w r e“J| T | , * v "J + " ) dx, 

'<) 



Thus 
As before 


1-kF 
<DV ' 


V = U(1 — tcF). 


V = XKV and W = DV. 
From these relations it follows that 

U = LV. ' 

V = LV (1 - 7tF), 
y- KVU 
KV + i’ 

W = DV, > 


KV + rt’ 
X = LFV, 

Y = NV. 


(59*) 

(58*) 
(60) and (61) 


(62*) 
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The condition for a steady state of the total population is by equations 
(15*), (16*) and (17*) 

u = W + itX + TtX + pY, 

whence after substituting the above values of X, X, Y and W, 


fj = (D + ttLF + pN) (KV + 5) 
K 


But by equation (47), 


U = m + [IX + (iX + vY, 


whenoe, on substitution, 

f T _ (m + (xLFV + vNV) (KV + jc) 
KV + w — jl 


Continuing these two expressions for U, we have, for the steady state, V 
given by 

©(V) = LF j (i-n+ + vN-D-pN + ’f* -f = u. 

I KV 1 v KV 

(65)* 

Also the total number of individuals u 


n = X + X 4- Y, 

= D + ^LF + P N + LFV + NV, 

K 

= 1 ~ MIzlZED + (LF + N) V. (64*)t 

K 


We shall now consider the nature of the real positive roots of equation (65*), 
and we shall assume that ]x > S, and (x > it. 

Clearly as V -* 0, 0 (V) -► + <*> . It is also obvious by inspection that 0 (V) 
decreases, as V increases. Thus the equation 0 (V) = 0 will have one real 
positive root or no real positive roots, according as 0(V)v-*.® is negative or 
positive. 

Clearly 

0(V)v->® - {LF([x — tt) + vN — D — P N}v-.«. 

[ D 
Erratum: Equation (64) of Part II should read n » — + (LF + N) V 
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As in Part II, p. 70, we shall assume that has the following properties. 
It is equal to zero between t = 0 and t = e, it increases monotonic&lly, and 
it has a constant value w when r > tj. Then 


F = J* e -1,T dt + jV‘* v “*+"> dr + j* e -*vio,+- (r-,)i-^ ( 67 *) 

n, = j’ Wf di), 


/ where as before 


--£IT -j- (yj _ e ) e -(*vu,+w) 4_ e 


OVo> + 71 1 


(where a is some value of t between £ and 7]). 
Thus 

1 — e ’ 


and 


F (V)vh*. = 
0<V)v->* = <H -tt)L 


7T 

(1 — fi’"*) 


+ vN - D - P N. 


Therefore 0 (V) = 0 has no real root if D -f- pN — vN — ({X — 7c) L 


( 68 *) 


:h negative, and has one real root if this expression is positive. If it is zero 
then there is a root V = cc. 

Thus the sufficient conditions that there should be one and only one real 
positive root are 

£ > 7C, (X > 71 

and 


D + P N — vN — (|i — w) L —i-T) > o. 


(103) 


The third condition may also be written m the form 


1 — L — vN — (jx — ti) L 


-„i i. (■-«'"> 


> 0 . 


It may be remarked that these conditions although sufficient are not 
necessary. When e is zero the third condition becomes 5 + p > v, and 


in the case of constant coefficients this gives d + p > v, This means that the 
total deaths amongst the sick are greater than the births among the sick, and 
this is clearly necessary to balance the excess of births over deaths in the 
healthy, if a steady state is to be maintained. 
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As has been remarked in the introduction, we do not propose to give the 
detailed working for the case with constant coefficients. It may, however, 
be shown cither by working from first principles, or by using equation (65*), 
calculating all the terms in it for constant coefficients, and substituting 
V = Y (d + l + p), that Y is given by the quadratic 

Jfc*(d + p-v)Y*-fcjfc |m + ( ^— *L {d + ±J L Z v) . + (tx - it) i} Y 

l fc fC / 

— 7 x (km + (£ — tc) (d + l +* p)} = 0. (104) 

The quadratic has one real positive and one real negative root if > 7r, 
and d + p > v. On account of the complicated nature of the quadratic, it 
happens that it is in some respects easier to deal with the general case than 
with this very special case of constant coefficients. 

Effect of Variations of Parameters on Steady State . —Having assumed that the 
three conditions found above are satisfied, we shall now investigate the varia¬ 
tion of the absolute rate of incidence of the disease V, and of the proportional 

rate of incidence T = —, with changes in the immigration, birth and death 
n 

rates. 

From equation (65*) we have 

3© 30 

3V din 3V /1AP » 

a^ = - 3©’ al = _ 3<5’ etc - (l05) 

av av 


Also 30 _ 1 
dm V 9 

s— = LF, 
dp 


D + P N + LttF _ 1 - L{1 - jcF) 


30 N a© _ 1 — L (1 — 7tF) 
3v ’ 3 tt K’V 


g = -LF (KY -| ,+ -^ + Lf(^-»)+»<Ji^i(p'. (107) 

07Z gy \ j^y 

Sn Jo 


and is therefore negative ; and, by (15*) 

sx = u-v 


= w + {ZX+ vY-KVX (by (47) and (60)), 
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hence 

X (KV — IX + S) = m + pX + vY, 
which is a positive quantity, so that 


KY — li + n (108) 

is necessarily positive. 

Thus cQjdm, 30/8p, 00/0p and 00/3v are each positive, whilsc 30/0 tE 
and 00/ctt are negative. As p is contained in the expressions N, L, D, F, etc., 
the value of 80/3p does not seem to be unambiguously either positive or 
negative. 

Further 


00 

0Y 


= LF' | [i — 71 + 


7t (\L~ 7t) l 

KV / 


m 

V 2 


{1 -L(l-7tF))(p-w) 
KV* 


, (109) 


and must be negative since F is positive, and F' is negative. 

Hence dVjcm, 0V/0p, 0V/0p, and 3V/3v are each positive, whilst dV/dn 
and 0 V/ 07 C are negative. 

[The sign of dVjdp may be either positive or negative. It may readily be 
shown that if p = n and p = 71 , 00/0p is negative, whilst if p > n, p > it, 
v = 0 and h = 0, 00/0p is positive ] 

Let T = V/n, so that, as before, 100T is the percentage rate of incidence of 
fresh cases of the disease, then 


and 


1 

T 


X , X Y 
y ' v V 


1 - L (1 - 7tF) 


+ LF + N, 


KV 

J_ 0T _ - {1 - L (1 - ttF)) 
T* 0V KV 2 


+ LF' + 


ttLF' 
KV ‘ 


( 110 ) 

( 111 ) 


Since F' is negative, 0T/0V is positive. 

Consequently as T does not contain m, p, p, v or n except implicitly in V, 
0T /dm, 0T/0p, 3T/0p and 0T/0v are positive, whilst 0T/07t is negative. 

The variation of T with it requires further consideration. 

3T = 0T , 3T 0V 
07T 0'7t 0V Sit’ 


where d'T/d'it refers to partial differentiation with respect to it directly, and 
apart from V. 



Thus 
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0' 1 

0 1 



T 

T 

0T _ 

qi2 

VZ” 

w 

07C 

(5(3 

0© 

00 


av 

chi ’ 

0V 


Alter substituting in the Jacobean and reducing, we find 


0T 

071 


0V 


L*F 0F 


[A — 7t 


H-Tt + jr 

KV 3V KV 


_ 1 - L (1 - tiF) lf L a (KV + 7i) v 0F KV - £ + n ] 
K\ 2 KV 3V KV f 

- { kJ- + L ™ - l~ M ~ nil ly, |g~|. (112) 

KV KV Sn J V 2 KV 2 07tJ 7 


The terms within the curly brackets are readily seen to be negative, whilst 
the last term is positive or negative according as 


n — ^ n) — (\i — tc), 


(113) 


is greater or less than zero. Hence if m — 0, and a ^ 0, 0T/0?r is negative. 
If <r > 0, or if m is not zero, the sign of 0T/07I is not certain. By considering 
the extreme case to — 0, it may easily be shown that the coefficient of m is 
not necessarily negative. 

So far we have been investigating the effect on the steady state of the 
disease of changes in the parameters which characterize the population. It 
is of interest to find the effects of alterations m the parameters which character¬ 
ize the disease. These are k, <f >, co, l , and d . Owing to the fact that l and d 
(like p) appear in N it does not seem possible to obtain any simple general 
result as to the effect of alteration of these parameters. 

As the factor k enters into the equations for 0 and T only in the form of 
it is sufficient to investigate 0V/0K and 0T/0K. 


00 ___ (1 - Ljl - ttF)) 

0K K 2 V 


(t* — *)> 


(114) 


and is necessarily negative for zero if {x = 7 u], hence 0V/0K is negative (or 
zero if ]x = i). 
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Now 


3T _ 3'T 3T 3_V 
0K = 0'K + 3V 3K ’ 



0' i 


T 

T 2 

0K’ 


00 

0V 

3K ’ 

T 2 1 

-L(l - 


5© K 2 V 

av 



(115) 


which is positive if a — (jx — i£) — (p — it) is negative or equal to zero. If 
or is positive, the sign is ambiguous unless m = 0, in which case 3T/3K is 
negative. If m = 0 and a = 0, 3T/3K = 0, that is, T is independent of K. 

Similarly as <f> occurs in 0 and T only in the form of 4> it is sufficient to 
investigate 3V jd d> and 3T/34>. 


00 = 30 3F 
0<P 3F 3<D 

— L{[X — 7t + 7t([I — ir)} 


3F 


(116) 


Thus as 3F/0d> is negative, 00/0 <1> is negative, so that 3V/3 <t> is negative. 

Also 


0T 

3<J> 


0V 


3'^ 

T , 


0 — 

T 


7$ W 


00 

sv’ 


00 

3V 


T*8F_ 

7Qd<t> 

sv 

T* 0F 
3$3<D 
0V 


0'I 

0 — 

T 

T 

Wf 

*3? 

30 

30 

3f ’ 

Fv 

1 ii 

KV + 


m —=— 
KV 


-f- <T (1 — L(1 — 7tF)}J . 


( 117 ) 


Similarly it may readily be shown that 3V/3o» is negative, and that 3T/3o> 
is equal to the same expression as the above for 3T/3C>, except that 3F/3o> 
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takes the place of 3F/3<I>, where 3F/3o> like 3F/3<I> is necessarily negative. 
It follows that 0T/3O and 3T/3o> are positive if rr is positive or equal to zero. 
If a w negative 3T/30 and 3T/3co are ambiguous in sign unless m is zero, in 
which case they are of negative sign. If m is zero and <r is zero, 3T/30 and 
3T/3co are both zero. It may be noted that if there is a general increase in 
infectivity or susceptibility, T will increase provided that a is zero, unless m 
is also zero, when T will remain constant. If o is not, zero the net result would 
appear to be ambiguous. 

From equations (65*), (110) and (46*) we may obtain T in the form 


T 


JX-7I 


m 


1 - L f N (ji - k - v) + <jLF - S 


or 


> (US) 


T — 


_ H- - * _ 

D + N(jZ-it- v + P ) + aLF-^ 


It is at once evident that if m = 0, and a or L --- 0, T is independent of X, 
and to, thus verifying the above somewhat unexpected result. If in addition 
p — S = v — p, that is if the differences between birth and death rates are 
the same for all three categories—virgin, recovered and sick—then 


T - 


|X — 7t 

“D~* 


(119) 


The conclusion that, if ji — re = jx — (a condition which, it might be expected 
will probably be satisfied in many cases), T is independent of the infectivity 
of the disease and of susceptibility to it, is one which would scarcely have been 
anticipated. 

It is to be noticed that when V is zero, the equation 


becomes 


.= 1 ~ L C —-|- (LF + N) V 



( 120 ) 


In this case X = 1 /K, X = 0, and Y = 0. It follows that no eademic disease 
can exist in a population which has a density of less than 1/K This conclusion 
may be compared with the result found in the first paper of this series,f viz., 


t * Proc. Roy. Soc./ A, vol. 105, p, 700 (1927). 



106 


W. 0. Kermack and A. G. McKendrick. 


that no epidemic can take place in a non-multiplying population provided that 
the density is less than 1/A. If it be noted that K is essentially equivalent to 
A, it is clear that the two results in a general way agree with one another. 
Actually the threshold value n 0 = X — I /K can only exist as a steady state 
when ]i = 7 T. If pt = n + e, where e is a small quantity, and if m = 0, the 
following approximate results are readily found :— 


where 


V = 

Y = 

X = 

X = 



e 

(121) 

K (l - 

- vN-L£)’ 

71 


Ne 

(122) 

K|l- 

- vN-LS)’ 

71 


Le 

(123) 

7tf(l 

1 

< 

a 

I 

1 _ 

L<J>Q7tc, 

(124) 

K 

K*(l-vN-LS)’ 


7t 


- If* 

ft = - <o T e " w7 dz. 

7t Jo 


There are two possibilities :— 


(1) 1 — vN — L -^ > 0. In this case, when e is small, V represents the 

unique positive solution known to exist, when the three conditions mentioned 
above are satisfied. When t tends to 0, V tends to 0, and n tends to 1/K, 
so that 1 /K does in fact constitute a threshold value for n. 

(2) 1 — vN — L < 0. In this case, when e is small and positive, the real 

7t 

positive root which necessarily exists does not become zero with e, so than 
t -* 0 does not imply that V -* 0. It is, however, true that n is never less than 
1 /K, so that in this case 1/K may be regarded as a lower limit to the density of 
a population m which there is an endemic disease in a steady state. 

It is readily found that 


X + X = L + --—- [° (K - <l>w T ) tT” dr, (125) 

* K*(l — vN — i, if:) J » 

7T 
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and therefore must exceed 1/K, provided that <Dto T never exceeds K, that is, 
as long as those recovered from the disease are not at any stage more liable 
to infection than the virgins. 


Equations for Variations about Steady State. 

The equations relating to the stability of the steady state are as follows 


(Ex — t — f —/ 

= u t — V t — TZX , 


(74*) 

dx i / / 

_ = U t — 0 t — 7tx , 
at 


(75*) 

du tit t 

JL^v t — w t -u t - py, 


(76*) 

u\ = 'jH' + \lx! + vy, 


(77) 

= | L„ dQ, (P = 00) 


(78) 

= t>' t + v'j, 


(79) 

z'KV + X f K^V,d6, 

Jo 

(P = oo) 

(80) 

= ( D e v f t _f,dd y (p =r <30 ) 

j 0 


(81) 

re f** 

(p= 00) 

(82) 

y* = Ny < _ fi d6+ v de i> 

Jo Jo 



re - — r/9 

fA r£-A'_ 

.x'_.d0<iX'dA 

z' = m' _ A e~ lK ' ts >*dX-U «■ 

-(KV + W) A K^\_ 

Jo Jo 

J 0 J 0 



rtt> 



+ Uu t 

Jo 

(84*) 

= 0>VU f to T F'(«-T, T)dT+ ev f u t F,«' l _,4r 


Jo 

Jo 



+ UG f 

Jo 

d%. (86)f 


t In the previous paper a alight omission occurs in equation H5, which should read 
as above. 
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so that 

and 


and 


r _ f* (♦V*»t + ir) dr 

(P — oo ). I where F r = e 

and F'(« — t, t) = — F, [ f <t>, d6<o f di;, 

J 0 J 0 

F = (*F T dT f 

Jo 

■ - U fV(l - t, r )dt+ f'pix, (H - »)• (86) 

Jo Jo Jo 

v=, 

1 ' -ia). (*» 

l) 

_„»,. e -C T (91*) 


Also we have 


(87*) 

( 88 *) 

(89*) 


, - „ FC-T-^.t + T + Tt) 

,r ' ° T ‘ F (— T — Tj, T,) 


Equations (84*), (86), (82), (78), and (79) (using (85) and (80)) with upper 
limit p = t + T, correspond to the five equations (92) to (96) of the previous 
paper. 

Special Cases . 

So far the problem has been considered in its most general form. In the 
previous paper certain particular cases were discussed which appeared to be 
of special interest from the practical point of view. With the increased 
generality of the results now obtained, the number of special cases to be studied 
has naturally increased, and it becomes desirable to classify them according to 
some general scheme. It will be noted that in the theory as elaborated above, 
the conclusions arrived at depend upon certain relationships between jl, (*, 
v, 7t, 7t and p. It is therefore convenient in the first instance to classify the 
special cases according to the values of these six rates. We thus have the 
following five cases :— 

Case 0 : general case, with conditions jl S, (jl tc, and 
D + pN — vN — (LZj£lZl L ((* — w) > 0. 
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Case 1: p = jx, n — 7t, v — 0. 

Case 2 : ]l = tz, \i ~ it and v = p. 

Case 3: jI=(x=»V“S = Tc = p=0. 

Case 4: ft = jx = v = 0. 

It will be seen that the general conditions are satisfied in cases 0, 1, 2 and 3, 
and all the above theory holds. Case 4, however, is different in that the 
conditions and (j. 7i are definitely not satisfied, so that the question 

of the number of steady states in this instance requires special investiga¬ 
tion. 

If in the above classes we put m =- 0, i.e., exclude immigration, we have 
another set of special rases which we shall denote by O', ]', 2', e<r Cases 0' 
and 1' involve no new features and no special comment is necessary, but case 
2' is characterized by the fact that the births balance the deaths from causes 
other than the disease under consideration, so that a steady state cannot 
exist unless d 9 = 0. The same applies to case 3'. Further, case 4' does not 
in any condition give a population in which a disease may exist m a steady 
state. 

It is thus seen that, by considering the values of ft, |jl, v, w, p and m, nine 
types are obtained of which only one requires special investigation from the 
point of view of the number of steady states which are possible. 

It is, however, of special interest to subdivide each type according to the 
nature of the disease, which may be either fatal or non-fatal, and may or may 
not allow of recovery. Each type therefore gives rise to four varieties, namely: 

(а) i # 0, 

(б) J 0, d 0, 

(c) l zfr 0, d = 0, 

(d) l = 0, d = 0. 

These will be denoted by 0, 0 r , 0 rf and 0 {(i , etc. We have thus 36 different 
cases, but, as will be seen, certain of them do not give steady states corre¬ 
sponding to a finite population with endemic disease. For example, 3,, is 
obviously of this nature, as, by hypothesis, there are no deaths so that the 
population necessarily increases continually as the result of immigration. A 
steady state is therefore impossible. These cases will be indicated m the 
mathematical working by the emergence of values V = 0 or oo . 
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The various cases are indicated in the following table, in which, for convenience of 
reference, the case numbers used in Part II are given in brackets. Where a blank 
occurs no steady state is possible. 


i o, d o 


/ a 0, i 0 


l ^ 0, d = 0. 


/ a 0, rf *■ 0. 


General oaae, m 0 
General oa*e, m « 0 


*= /i, w = 7r, v = 0, m 0 
*'“0, m — 0 
» n, fi =» it, y — p, m O 
— TT, fl ** a P, TO -a 0 

^/i=v«ff = »r = /> = O r ift=!() 

ft ** v =» 0 

0 , It 0 , 0 J m ^ ® 


0 

0i 


Old 

0' 

oq 

O'd 

O'li 

t 

U 

Id 

lid 

V 

l'l 

I'd 

1 'id 

2 

2 1 

— 

— 


— 

2'd 

2'u 

3 (3) 

3, (4) 

— 

— 

— 

— 

3'd (5) 

3'Id 

4 

*1 

4d 
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Another contingency may arise, as in cases 2' d , 2' Ief , 3' rf and 3' id , in which 
the equation for V becomes indeterminate. In these cases the size of the 
population cannot alter, so that the total population is fixed by the initial 
conditions. A new equation for V has to be obtained by equating the sum of 
X, X and Y to this fixed number n. The conditions under which this equation 
yields a definite and unique steady state require special investigation. It 
is sufficient to examine case 2' d as the other three are particular cases of it 
It may be remarked that case 3' d corresponds to case 5 in the previous paper. 
In the next two sections we shall therefore investigate the equations for V 
relating to cases 4 and 2' d . In addition a few remarks will be added m certain 
cases in which l = 0, a condition which makes the equation for V relatively 
simple, so that more definite results can be obtained than m the general case. 

Case 4. —In case 4, £ — (jl = v = 0, and m ^ 0, that is to say there is 
immigration but no reproduction. It is obvious that the conditions (I> 7 c 
and (x n are not satisfied (except when re and n are both zero), so that the 
conclusions drawn above for the general case do not necessarily hold. It was 
pointed out above that the conditions for a definite and unique steady state 
were sufficient but not necessary, so that it is possible for definite and unique 
steady states to exist when these conditions are not satisfied. It happens, as 
will be shown below, that with certain assumptions the present special case 
is an example of such an exception. 

The equation for V is in this case 

V0(V) = -LF* (KV -^ -(D + pN) V + m - | (D + P N) =0, (126) 
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hence when V is zero, 


But when V is zero 


hence in the limit (V -*• 0) 
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Ve(V)--^ + »-|(D + P N), 
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Also 


(V0 (V)} v ^ x -- - LFttV - (D + P N) V, 

- - LV (1 - -(1 - L) V (above (68*) ) f 

- - V (1 - (130) 

but L cannot be greater than unity so that her 1 " < 1, hence 

{V0(V)} w *- -oo. (131) 

Thus there will certainly be one real root, and there may be an odd number 
of real roots if w > rc/K, whilst there may be no real roots or an even number 
if m < 7c/K. 

We shall now find the conditions which will ensure that V0(V) decreases 
monotonically with V. 
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where co 0 is the value of <*> T when x is zero. We shall temporarily assume that 
w 0 is not zero. We shall also assume as in the previous paper that d<3i T /dx is 
never negative, and further that <J>u> T is never greater than K ; that is to say, 
that the mfectivity of the recovered never decreases, and that it never exceeds 
the infect]vity of the virgins. If these conditions are satisfied the expression 


/ jj __ i \ j K dti> 
n Ow T / 4>w 2 f dr 

is never negative. 

We have in the above assumed that o> 0 is not zero. It may, however, easily 
be shown by a method similar to that employed in the previous paper (p. 79) 
that this assumption is not essential. 

If, further, 7 c is not less than S, the term — (tz — tc)F will increase with V (or 
remain constantly zero) so that F (KV + tc) will increase with V. Also the 
term (1 — L)V cannot decrease with V, since L < 1, so that —V@(V) increases 
with V, or V©(V) decreases with V provided that 


and 


71 > 7C, (133) 

Tj 

' J: for all values of x, (134) 

doi/dx (135) 


is never negative. 

If these three conditions are satisfied a unique steady state will exist provided 
that m > S/K, whilst no steady state in which the disease is endemic will 
exist if m < 7c/K, Conditions (133) to (135) imply that the chances of death 
of the members of the population from general causes are not decreased by an 
attack of the disease ; that the susceptibility after an attack remains steady 
or increases monotonically but never exceeds that which exists in the virgin 
individual. 

We shall now investigate the dependence of V upon m, n, n and p. As 
V@(V) constantly decreases with V, provided that the above conditions are 
satisfied, 

a VQ(V) 

is always negative. Also 0V 


A V0(V) -= 1 ; A V0(V) = LFn 

cm on 
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and is therefore negative ; 


i.ve(V) = -L<lXjiS) ( F + ,g) 
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dn 


(136) 



Mathematical Theory of Epidemics. 


113 


But 


SF 


- - r««-ro* v -*V"*r 

Jo 


= | TtJ 


_ |‘ T —itt | 50 f 40 _ ffT _f T *V«tdi , 

Jo r e ! — I e nT e Jo r di 

I o Jo 

+ [ 

J 0 


(137) 


V -+- a positive quantity. 


Hence F + n — is positive, and consequently — V0(V) is negative. 
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hence 1 — nF 0, and 


SV0 (V) 
0L 


is positive (or zero m the particular case 


where <o T ih always zero). 
Again 


3V0 (V) _ 
0F 


-i*kv±h. 
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which is negative. 

As 0K/0p and 0L/0p are negative, whilst 0F/0p is zero, 0V0(V)/0p is always 
negative. 
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It follows from the above that dV/dm is always positive, whilst 3V/3rc, 3V/3r 
and 3V/3p are negative provided that the conditions (133) to (135) are satisfied. 
Also since 3T/3V is positive (111), it follows that 3T/3m is positive, and 3T/3 tc 
is negative. The signs of dT/cn nas 3T/3p appear to be ambiguous. 

In this case then, when the conditions (133) to (135) are satisfied and m > tc/K, 
the absolute rate of infection V, and the proportional rate T both increase with 
the rate of immigration m t but decrease with increase in the general death rate 
<7c) of the virgin group If m * H/K no disease will exist in the community, 
so that m = rc/K is the threshold immigration rate. 

As regards the dependence of V upon K, <I> and co, we find 


3V0(V) 

3K 


i{l-L(l—*F)}, 


and 
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which arc each positive, hence 
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where a reduces in this case to re — n, and 
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3T/3w is equal to the same expression as the above for dT/d $ except that 

3F/0O) takes the place of 3F/30, where 0F/3to like 3F/3<6 is necessarily 
negative. 
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It follows that 3T/3® and 9T/9co are positive, whilst 9T/0K is positive if 
a is positive or zero, and ambiguous whon a is negative (m ^ 0). 

In the special case 4 t where l e = 0, that is to say where there is no recovery 
from the disease, we have V = m — 7 t/K, and all the quantities X, X, etc., 
are given explicitly in terms of the various constants. The results are in 
general the same as in case 4, except that the conditions (133) to (135) are now 
meaningless, as the constants concerned do not enter into the problem. 

Case 2' d .—This caso which calls for special consideration refers to a com¬ 
munity in which there is a non-fatal disease, but which does not form a com¬ 
pletely closed system. Births and deaths from other causes are taking place, 
but at such a rate as to balance each other, so that the total number of the 
population remains constant. Immigration is excluded. The conditions are 
m -= 0, p = 7r, (jl ----- tc, v -- p and d = 0 (whence L -f- pN — 1). The equation 
for V vanishes completely, and we find that if n = X + X + Y, dn/dt = 0. 
V is thus defined by the equation n — X -f- X + Y where n is the total 
number of individuals m the system. Thus 

1 —L(1 -tuF) 

n -- ~- + LVF + NY. (147) 


We have to examine the nature of the roots of this equation. Let 


V (V) -= h (KV + n) F + + NV - « 
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It is readily seen that 
also 
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as by assumption <o T is always finite. 

Hence 

/t A L . 1 — L J 

x(V) V -><>^ - 4-=- n = — n. 
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(148) 


(149) 


There may thus be an even number of roots if n < 1 /K, and there will be 
an odd number if w > 1/K. Clearly n 0 = 1/K represents a threshold density 
in the same sense as n 0 = I/Oco represented a threshold density in case 5 
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of the previous paper (p. 79), i.e n 3' rf according to the present system of 
classification. 

We shall now find the conditions under which x (V) increases monotomcally 
with V, so that there will be one root or none at all according as n is greater or 
less than 1/K 

We have shown above (132) that (KV + 7t) F is never negative provided that 
do> T /dT is never negative, and Oco T is never greater than K, that is to say that 
the infcctivity of the recovered never decreases, and that it never exceeds the 
infectivity of the virgins. We have in fact 


X (V)=1 + (JL - l) - f j,( - 1 1 + K. *•! , " ii 

*■ ' J„ l \<&w r / Ow 2 drl 

(160) 


+ + NV - n, 

K 


and, as the expression within curly brackets within the integral is never negative 
on the above assumptions, it is readily seen that % (V) always increases with V. 
Thus the equation x(V) — 0 has one and only one real positive root provided 
that n > 1/K, whilst if n < l/K there is no real positive root. When n — 1/K 
there is only one root namely V — 0 

In case 2'^, t.e an incurable but non-fatal disease, 

V = p(n-I). (151) 

K 


The more general conclusions arrived at above hold, except that the condition 
K <J><o T is now meaningless, and therefore unnecessary. The threshold 
density w 0 = 1/K exists as before. 

Other Special Cases.— As when l s 0, V can always be expressed explicitly 
in terms of the various constants, it is desirable to consider the most general 
case of this type, namely 0 t . We have 


V- 



(152) 


This is certainly positive provided that ]x ]> n 9 and vN < 1. The latter 
condition is the third condition for the existence of a unique steady stale 
(103), when L is zero. The second condition, namely p > n, becomes meaning¬ 
less, and is therefore unnecessary. 
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It is still impossible to determine unambiguously the sign of 3V/Sp, but if 
v — 0, it may readily be shown that 3V/3p is positive, and 3S/3p is negative, 
Y 

where S — =-; ?.c., the proportion of sick These results may be verified 

X Y 

for constant coefficients, and it may also be shown that in this case the equili¬ 
brium is a stable one. 


A few remarks may be added regarding a special group of cases, which are 
important in practice but do not require special treatment as no fundamentally 
new consideration arises. When permanent and complete immunity is conferred 
by an attack of the disease, — 0, and F —- \/n The equation for V becomes 



t: 


(153) 


These cases are closely related to the group in winch l 9 = 0 and are probably 
of considerable importance as describing the group of virus diseases in which 
immunity appears often to be permanent and complete. 


Discussion* 

The main results detailed in the above investigation may be summarized 
by saying that the existence of a death rate from causes other than the particular 
disease which is operating, does not materially alter any of the results obtained 
in Part II of this investigation We have not yet taken into account the effect 
of variation m age-constitution, nor have variations in natural immunity been 
allowed for. 

The chief feature of the systems treated here, and in the previous paper, is 
the existence of a steady state, which is unique provided that certain conditions, 
which are likely to exist in nature, are satisfied (equation (103), also (133) to 
(135)). This steady state is naturally a function both of the parameters 
characteristic of the disease—the infectivity, death and recovery rates—and 
of the other parameters which refer more particularly to the |>opulation— 
the birth rate, the immigration rate, and the non-specific death rates. 

The incidence of disease is raised when the immigration or birth rates are 
increased (p. 102). This statement holds whether the incidence of disease 
is measured by (1) the number of sick Y; (2) the relative number of 
sick 8 = Y /n; (3) the incidence rate V; or (4) the relative incidence rate 
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T = V/n. Further, the incidence constantly decreases with increase m the 
death rate of the virgins, but whereas Y and V decrease with increase in the 
death rate of the recovered, the behaviour of S and T is more complex and 
depends upon the value of a (112). The effect of the non-specific death rate of 
the sick (p) is complicated, and obscure. 

When we turn to the effect on the incidence of the characteristic features of 
the disease (p. 103), the most interesting results are those relating to the effect 
of variations in infectivity. It is found that by such an alteration both the 
total population and the number of diseased persons in it are changed For 
example, increase in the susceptibility of the virgins, leading to an increase m 
K, causes a decrease in the size of the population n, and also a decrease both 
of Y and of V. The effect on T and S is more complicated and depends upon 
the value of ct (113). If there is no immigration and a = 0, then change in 
susceptibility does not alter T or S (p. 105). Likewise Y and V both decrease 
with increase in w T , the susceptibility of the recovered, as well as with <t> 
which measures the infectivity of the disease ; whilst the changes undergone 
by T and S again depend upon the value of a. As before, when m ■= 0, and 
or = 0, T and S do not alter with changes in susceptibility or infectivity. It 
follows that an increase in infectivity resulting in greater chances of infection 
of both virgins and recovered will decrease both V and Y, but will not alter 
T and S provided that m = 0 and <j = 0. If, however, these latter conditions 
are not satisfied, it does not appear possible to predict in a general way what 
alteration in T and S will ensue. It is to be noted that the condition <y = 0 
means that the difference between the birth rate and the non-specific death 
rate is the same for virgins as for recovered, a condition which is usually 
approximately fulfilled. It is at first sight surprising that in these circum¬ 
stances (m == 0 and a ~ 0), alterations in infectivity or susceptibility should 
be without effect on the relative prevalence of the disease in the community, 
but the fact is that the relative prevalence can then be expressed by a formula 
which does not involve either K <l>, or a> T (equation (118)) so that changes m 
these parameters do not affect the result. 

It will be seen from the above that, other things being equal, decrease m 
infectivity or susceptibility is always an advantage since it enables a larger 
total population density to exist. If, however, the goal desired is to reduce 
the relative disease rate in the community to a minimum, then it is far from 
certain that decrease in infectivity or susceptibility of the disease will bring 
about the desired result, whilst it would appear certain that the absolute 
number of the diseased, as well as the absolute rate of incidence, will actually 
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increase as the infectivity or susceptibility falls. There seems, of course, 
little doubt that the immediate effect of a reduction in infectivity or suscepti¬ 
bility is to bring about a fall in all these numbers, but the population density 
then begins to increase and when a steady state is again reached the increase 
is of such a magnitude as to more than compensate for the immediate effects 
It must be emphasized that, when the effect of the variation of a parameter is 
considered in the present section, the comparison is between the steady state 
which is possible after the parameter has been varied, and that which existed 
before the variation took place. We are not concerned with the immediate 
effect of the parameter variation on the system, which will temporarily have 
been disturbed from a steady state. 

It has been shown (p. 105) in the general case that when disease exists m a 
community the population density is necessarily greater than 1/K. The 
existence of a threshold value m relation to an observed quantity implies that 
the process under consideration (e.q , the existence of disease in a steady state) 
may exist whenever the quantity m question exceeds that value, whilst it 
cannot exist when the quantity is equal to or less than that value. Let us 
consider a system in winch the quantity m question is initially below the 
threshold The system may be such that the quantity cannot change its 
value, and therefore the process or event to which the threshold refers, can 
never under any circumstances occur. A threshold of this nature may be 
called a threshold of the first type ,. On the other hand the system may be such 
that, when the magnitude in question is below the threshold, the system gradually 
alters until the threshold is exceeded. The process to which the threshold has 
reference may then appear, but it could not possibly have appeared until this 
adjustment had taken place That the magnitude should initially exceed the 
threshold value is not then necessary in order that the process should ultimately 
exhibit itself, nevertheless the process will not exhibit itself until the magnitude 
has exceeded its threshold value. Such a threshold may be called a threshold 
of the second type . It is (dear that the population density 1 fK referred to above 
is a threshold of the second type, whilst the threshold in ease 4 (p 114) referring 
to immigration, and that in case 2' (i (p. 115) referring to the total population, 
are of the first type. 

In case 2'^ the population though not really a closed one is virtually of this 
nature, because the births just balance the non-specific deaths, and here a 
threshold value (1/K) of the total population exists which is such that no 
disease can occur if the population density is less than this quantity. This 
result may be compared with that obtained in ease 5 of the second paper of this 
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series, that is to say in case 3' rf in the present classification, where a threshold 
value of 1/ was found. This latter case is obtained from case 2',, by putting 
p, p, v, k, 7 i and p equal to zero, so that one would at first sight expect that the 
threshold would continue to be 1/K. However, as there are no births, K, 
which refers to the virgins, comes ultimately to have no significance, and the 
result shows that under these conditions the threshold alters to l/<I>a>, which 
by hypothesis, is either greater than or equal to l/K. 

[n case 4 it is the rate of immigration m which lias a threshold value If 
the immigration rate fails to reach the value 7t/K then the disease cannot exist 
in the community in an endemic form. If n is very small, the threshold value 
will also tend to be very low. that is to say. very slow immigration would keep 
the disease going, but it would appear that if, as in most cases, non-specific 
deaths cannot be absolutely excluded, and if the population density is sufficiently 
great, then the threshold immigration rate, though small, will be finite. 

In a series of interesting papers Greenwood and Topley and their collaiioni- 
tora* have investigated the progress of disease m communities of mice under 
various experimental < onditions. Amongst their conclusions they emphasize 
the influence on the progress of the infection of immigration of healthy animals 
into the community For example! “ The sole condition required for the 
indefinite propagation of an endemic disease is a continuous immigration of 
susceptible individuals.” The conditions of the experiments of these authors 
would seem to be approximately represented by case 4 above, as the mice weic 
not increasing in number by reproduction, anil at the same time were subject 
to a certain number of non-specific deaths. Further they come to the con¬ 
clusion that the increase m resistance of exposed animals as compared with 
that of fresh individuals, is caused by active immunization as the result of an 
attack of the disease, rather than to selection working upon individual differ¬ 
ences originally present This is accommodated by the condition that 
is less than K, which we found it necessary to assume, p. 112 It would there¬ 
fore be expected that a threshold rate of immigration would exist under these 
conditions, but their figures do not actually reveal its existence However, 
as shown above, the threshold immigration rate is equal to tc/K, and it is (dear 
that in their experiments tc was relatively small (probably about I per cent, 
per day) so that the threshold immigration rate is probably also quite small. 
The lowest rate employed was one mouse in three days, and it is to be noted 

* Topley and Wilson •• Principles of Bacteriology and Immunity.’* vol IJ, p, 767 (1920), 
and related papers, especially * J Hyg.,’ vol. 24, p. 45 (1925). 

t Joe. cit„ p. 782 
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that in thus experiment, the di8ea.se remained practically quiescent for a period 
of 70 to 80 days, apart, from a small increase in deaths at one point. During 
the whole period the size of the population was rising slightly, so that it seems 
clear that the rate of immigration was just slightly too high to allow the non¬ 
specific death rate to keep the population at a constant level, and thus to 
render a steady state possible An experiment on a larger scale with a pro¬ 
portionally smaller immigration rate would probably reveal the existence of a 
threshold. 

We realize that the discussion of epidemics developed m tins and in the 
previous papers is at best only a schematic representation of the invasion of a 
community by an infective disease, and is tar from giving a representation at 
all adequate or complete The mathematical analysis so far presented may, 
however, be regarded as first step in the elucidation of the problem from the 
theoretical point ol view. The experimental work of Greenwood and Topley 
and others gives another complementary method of approach So far the two 
lines of attack can lie brought into relation with each other only verv incom¬ 
pletely, but it is to be hoped that as the experimental material becomes more 
extensive, and the mathematical investigation becomes more comprehensive, 
a relatively complete understanding of the processes mvolved in endemic and 
epidemic invasion may emerge 


Summary 

(1) The mathematical investigation of the progress of an infectious disease 
in a community of susceptible individuals has been extended to include the 
case where members of the community are removed as the result of some general 
cause of death acting according to constant non-specific death rates, as well 
as by death from the disease itself. Under the more general conditions here 
dealt with the mam conclusions arrived at in the previous paper remain 
qualitatively unaltered The limitations which remain are that the suscepti¬ 
bility and the infective power of the individual an* supposed to be independent 
of his age, and further that specific individual immunity does not exist m the 
sense that the part of the population which escapes infection is assumed to be 
just as susceptible as the whole population would have been if it had not been 
infected. 

(2) In the general ease a unique steady state is found to exist provided that 
certain relatively simple conditions are satisfied. In the special cases con¬ 
sidered a unique steady state in general exists when these conditions continue 
to be satisfied; but in particular instances, when these conditions are not 
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satisfied, unique steady states will exist provided that certain other require¬ 
ments are fulfilled. 

(3) Increase of birth rates, in general, increases both the absolute and the 
relative prevalence of the disease in its steady state. The effect of increase 
in the non-specific death rates is less simple, but has been worked out at some 
length. 

Decrease in the infeetivity of the disease or in the susceptibility of the un¬ 
infected results in an increase in the whole population density as well as in an 
increase in the number of infected. The effect upon the relative incidence of 
the disease cannot be simply expressed, but it has been worked out in detail 
in the text. In the absence of immigration, and with the birth rates and also 
the non-specific death rates equal for virgins and recovered, variation in in¬ 
fectivity or susceptibility will not alter the relative incidence of the disease 
The total population, however, will increase with decrease of either of these 
two factors, whilst the number of diseased will also increase proportionately 

(4) Two types of threshold values have been encountered. In the first type 
the quantity in question must initially exceed the threshold value if the event 
or process is to occur in the population. Two examples of this type have been 
found, namely, in cases 4 and 2' d . In the second type the quantity in question 
need not initially exceed the threshold value, but may gradually change as 
the system developes. The event or process to which the threshold refers 
can only take place when the threshold value has been exceeded. The total 
population density has a threshold value of this second kind with reference to 
the existence of steady states. 
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The Velocity of Round in Gases in Tubes . 

By G. W. C. Kaye, O.B.E , M.A., I).Sc., and G. G. Sherratt, B.A., Physics 
Department, National Physical Laboratory, Toddington. 

(Communicated by Hir Joseph Prtavel, F.R S.— Received January 27, 1933 ) 

Introduction* 

The main objects of the series of experiments described m the present paper 
were two-fold : (a) to make precision measurements, over a moderate tempera¬ 
ture-range, of the velocity of sound-waves in gases contained in resonating 
tubes; (6) to investigate the applicability of the Helmholtz-Kirchhoff expression 
for the relation between the “ frce-space ” velocity and the “ tube ” velocity 
in a gas. 

As regards (6) different observers in the past have readied diverse con¬ 
clusions as to the dependence of tube-velocity on the frequency, on the roughness 
of the wall surface, and on the nature of the material of the tube. 

With a view to a fresh examination of the influence of the several factors, 
six gases of widely differing viscosities and densities were experimented with. 
Six tubes were used, of various diameters, and of three different materials 
(glass, copper and carbon) chosen to provide a varied range of such quantities 
as thermal conductivity and roughness of surface. A comprehensive series of 
frequencies (500 to 27,000) was available from a valvc-oscillatoi circuit con¬ 
trolled by means of a quartz crystal vibrating piezo-electrically. In order to 
keep the investigation within reasonable bounds, it was decided to work at 
two temperatures only, viz , at room temperature and at the steam point. 

These experiments form a continuation of previous work at the Laboratory* 
in which one resonating tube only was used. 

Description of Apparatus. 

The apparatus consisted essentially of a fixed source of sound mounted 
immediately opposite the open end of a resonating tube, the acoustic impedance 
of which could be varied by means of a movable piston. Resonance was 
detected by means of the reaction on the source. The arrangement has many 
advantages over the aural method of detecting resonance by means of a 
listening side-tube and obviates the experimental inconveniences which arise 

+ Sherratt and Awbery, ‘ Proe. Phys. Soc.,’ vol. 43, p. 242 (1931). 
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when a movable source is employed. A further advantage lies in the informa¬ 
tion that jh afforded about the form of the sound-waves in the tube 

A section of the main portion of the apparatus is shown in fig. 1. The 
resonating tube was mounted by means of brass rings inside a longer brass 
tube, one end of which carried a gastight cylindrical enclosure withm which was 
mounted the source of sound The other end of the brass tube was fitted 
with a hollow cylindrical “ trap ” provided with two packing glands which 
permitted the traversing of a steel u piston " rod. This 14 trap ” served the 
purpose of reducing the possibility of air leakage past the two glands into the 
main body of the apparatus 



Kn. I Sectional <luigr.uu of apparatus 


The inner end of the steel rod earned a cylindrical reflector having its face 
accurately plane and perpendicular to its axis, while to the outer end was 
attached a vernier moving over a steel centimetre scale. The accuracy of 
this scale was verified in the Metrology Department of the Laboratory as being 
abundantly adequate for the present purpose. The range of movement of 
the reflector, amounting to f>0 cm., was restricted to the central portion of the 
resonating tube so as to ensuro that measurements taken at the steam point 
were well within the uniform temperature region. The apparatus was enclosed 
for almost the whole of its length within a lagged steam -jacket and was mounted 
on an optical V-bench for ease of assembly and adjustment. The long brass 
tube enveloping, as it did, a considerable length of the piston rod served to 
minimize undesirable heat loss by conduction along the rod when observations 
were being taken at the steam point. 

Temperature measurements of the gas under experiment were made by 
means of two calibrated copper-constantan thermocouples P x and P 2 soldered 
on to brass sleeves cemented in good thermal contact with the outside of the 
resonating tube, except for the copper tubes when the couples were soldered on 
to the tubes themselves. The sleeves were situated one towards each end of the 
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range traversed by the reflector. Two similar thermocouples P s and P 4 were 
also mounted inside the steam-jacket itself. 

The design of the apparatus permitted the ready interchange of the various 
resonating tubes without affecting the alignment of the essential parts. Two 
experimental precautions may be mentioned here It was pointed out m the 
discussion which followed the paper by Sherratt and Awbery (loc ctt.) and 
also in a recent paper by Henry* that the gas behind the piston, as well as 
that in front, may form a vibratory system. As a result small errors may be 
introduced if the piston is not a good fit in the tube. Another possible source 
of error lies in the longitudinal vibration of the piston rod To prevent 
appreciable errors from these sources the reflecting cylinders were made 
especially heavy and with no more clearance than was necessary to allow them 
to be traversed in the tubes. The several cylinders used were between 3 
and 5 cm. long, and the weights ranged from 8 to 245 grams 


So u ml Prod net ion . 

Sound waves wore produced by either of two methods — 

(i) By means of a telephone supplied with alternating current from an 
oscillatory valve-circuit, controlled in frequency by a quartz crystal 
vibrating piezo-electrically , 

(n) By means of the same quartz crystal operating directly on the resonating 
column. 

The quartz crystal used for the purpose was cut in the form of a square 
sectioned rod (10 X 1*5 X 1 '5 cm.) the optic axis being along the length of 
the rod, and two of the longitudinal faces being at right angles to one of the 
electric axes. 

Fig. 2 shows the circuit diagram for the telephone method. It consists 
essentially of four separate circuits, marked off by dotted lines m the diagram. 
Circuit I is a two-valve master-oscillator and is an adaptation of the Abraham- 
Bloch multi-vibrator circuit controlled in frequency by the quartz crystal 
vibrating in a flexural mode as described by Harrisonf and others. For the 
purpose the crystal rod was clamped between two pairs of parallel metal strip 
electrodes mounted along the longitudinal edges. The practical advantage 
of this two-valve over the more usual one-valve circuit lies in the fact that 

* ‘ Proc. Phyn Sex*.,’ vol 43, p. 340 (1931). 
t ‘ Proc. Inst Kodio Engrs.,’ vol. 16, p. 1040 (1927). 
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much smaller inductances and capacities an' required when comparatively 
low frequencies are being dealt with. 

Circuit II is a multi-vibrator circuit similar to circuit I and serves to provide 
an alternating current which is rich in harmonics and is controlled in frequency 
by circuit I. If n is the natural frequency of oscillation of the crystal, the 
frequencies obtainable m circuit II by variation of the condensers Cj and C # 
(fig. 2) are n/2, w/3, nj 4 and so on down to w/15. It was found m practice that 
the condenser settings required to tune the circuit to any one of the sub- 
harmonics were not critical. 



I - Master-oscillator circuit ITT—Rectifying circuit. 

II—Multi'vibrator circuit. IV—bow-paas filter. 


Circuits I and II together thus constitute a means of producing a senes of 
accurately known frequencies. These are fed into the telephone, the e.m.f. 
across the telephone terminals being rectified by circuit III which is a single¬ 
valve circuit employing anode-bend rectification. The main part of the plate 
current was balanced out by means of a potentiometer, the remainder bemg 
passed through a sensitive galvanometer. Changes in the rectified plate- 
current are a measure of variations in the e.m.f. across the telephone, which 
e.m.f. will in turn depend on the amplitude and frequency of the oscillations 
in circuit II, and on the mechanical impedance of the telephone diaphragm as 
well as on the acoustical impedance of the gas enclosures in front of and behind 
the telephone diaphragm. During a particular experiment the frequency was 
kept constant, the only quantity varied being the length and so the impedance 
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of the gas column* If these variations in the impedance form an appreciable 
fraction of the gross impedance of the vibrating system they will be rendered 
evident in the plate current in circuit III, In effect this means that as the 
reflector is moved along the resonating tube, the galvanometer deflection will 
pass through a series of maxima and minima, the distance between positions 
corresponding to successive maxima or minima being equal to half the wave¬ 
length of the sound in the tube at the particular frequency used. 

Fig 3 is a typical curve showing the galvanometer current plotted against 
the position of the movable reflector. The greater sharpness of the maxima 
compared with that of the minima is because the impedance of the vibrating 
system changes most rapidly with the reflector setting when resonance occurs. 



For frequencies below n/8, it was found necessary to include a simple low- 
pass filter (circuit IV) to ensure an approximately sinusoidal wave form which 
otherwise was vitiated by the presence of the first harmonic. Frequency n/‘2 
could not be used on account of the lack of sensitivity of the telephone at such 
frequencies. 
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The second method of sound production was to use the quartz crystal itself 
as a source of sound. The crystal was mounted in the same manner as the 
telephone, opposite the end of the resonating tube. Two modes of vibration 
were employed: the flexural mode described above and the “ transverse ” 
mode. In the flexural mode the quartz rod was mounted “ broadside on,” 
while in the case of the “ transverse ” mode the rod was mounted “ end on ” 
opposite the end of the resonating tube. 

For the flexural mode of vibration, circuit I of tig. 2 was used as before. 
Circuits II and III were dispensed with, the galvanometer and its associated 
potentiometer being included directly in circuit I to indicate variations in the 
plate current. Curves similar in shape to fig. 3 were obtained, except that the 
maxima were now even sharper. 

In the “ transverse ” mode of vibration, the crystal was clamped between 
metal electrodes placed on the two faces perpendicular to the electric axis. 
The motion consists of longitudinal vibrations along the length of the quartz 
bar, with a node at the mid-point. For the purpose a simple one-valved circuit, 
such as was first used by Pierce, was employed, the crystal being connected 
between the grid and filament of the valve with a tuned inductance in the 
plate circuit. 

The natural frequencies of the two modes of vibration of the quartz crystal 
were determined with high precision in the Electrical Department of the 
Laboratory. The natural frequency in its first flexural mode was 7907*95 
cycles per second, and in the transverse " mode 27,422 cycles per second. 
It was verified during the determination that the frequency of vibration of the 
quartz was unaffected by changes in the acoustic load. No special precautions 
are required to keep the frequency constant, except that the gaps between the 
crystal and its electrodes must be maintained constant, this being ensured by 
means of ebonite spacers which also serve to clamp the crystal. The tempera¬ 
ture coefficient of frequency was very small (a few parts in a million per degree 
Centigrade). 


Resonating Tubes and Gases Used, 

Six resonating tubes were used in the present experiments. Particulars of 
the material, bore and wall thickness are given in Table I. 

Tubes A I and A II were of Wood’s soda glass. B I and B II were solid 
drawn copper tubes. Carbon tube C I was included because it represents the 
type of tube which is to bo used in forthcoming experiments on the measure- 
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ment of the velocity of sound in various gases at high temperatures. Neither 
C I nor CII was perfectly straight. 


Table I. 


Material: 

Glass. 

Copper. 

Carbon. 

Tube: 

A J. 

A 11. 

BI. 

BU. 

Cl 

Oil. 

Mean internal diameter 
Mean wall thickness 

cm. 

2 89, 

0 19 

cm. 

1 04 T 

0 10 

cm. 

2 21 4 

0 16 

cm. 

0 92 4 

0 18 

cm. 

1 20, 

0 61 

cm. 

0 38, 

0 45 


The internal diameters of the tubes were measured by the method devised 
by Holt, Wilmotte and McPetrie.* It consists in effect in measuring the 
distance between the centres of two accurate steel balls of known diameter 
when pressed lightly in contact with each other and with the walls of the tube. 
The method permits the accurate determination of the bore of the tube at any 
point along its length. Measurements were made at intervals of 1 inch over 
the range traversed by the movable reflector. The means of these are given 
in Table I. The maximum deviations from the mean diameter in the order of 
the results given m Table I were :— 

0-01, 0-02, 0-005, 0-003, 0-02 and 0-03 cm. 

The glass and carbon tubes were slightly oval in section, the copper tubes 
being much more uniform in diameter. 

The gases used were dry air free from carbon dioxide, hydrogen, carbon 
dioxide, sulphur dioxide, ammonia and ethyl chloride. With the exception 
of the air they were all contained in gas cylinders. The air was passed through 
soda lime, caustic potash, calcium chloride and phosphorus pentoxide to remove 
any carbon dioxide and moisture present. The ethyl chloride was supplied 
as containing no impurity, and the ammonia as containing less than 0*005 
per cent, impurity. The remaining gases were analysed by the Chemistry 
Division of the Laboratory. The sulphur dioxide was found to contain less 
than 0*01 per cent, impurity, while the analyses of the carbon dioxide and 
hydrogen were as follows :— 


x 


VOL. OXLI.—A. 


* * J. Sci. InBtr.,’ vol. 6 , p. 379 (1929). 
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Carbon dioxide. Hydrogen. 


co„ . 

per cent. 

... 99-08 

H a .. 

per cent. 
... 99-34 

N* •• 

... 0*85 

N a . 

... 0-58 

H a ... 

0-04 

() a . 

0-07 

0 2 . . 

... 0-02 

CO . 

. . 0-01 

CO .. 

0-01 




Experimental Procedure 

The apparatus was first exhausted by means of a vacuum pump connected 
to the gas outlet tube, the exterior packing-gland round the piston being 
temporarily waxed over to prevent leaks through the packing material. To 
assist in drying out the apparatus steam was passed through the steam-jacket. 
The pump was then stopped and the pressure mside the apparatus raised to 
atmospheric by admitting a supply of the required gas. The procedure was 
repeated several times and finally a slow stream of gas was passed through 
the apparatus continuously, thus maintaining the pressure slightly above 
atmospheric, and so preventing the entrance of air via the exterior packing gland. 

By the use of an exploring shielded thermocouple inside the resonating tube, 
the effect of the gas flow on the temperature distribution along the tube was 
determined, and also the difference between the actual temperature of the gas 
and that measured by the thermocouples 1^ and P 2 attached to the outside 
of the tube. At room temperature no difference on this score was, of course, 
to be anticipated. At the steam point, also, it was verified that the tempera¬ 
ture of the gas within the range of motion of the reflector was satisfactorily 
uniform, there being a small progressive drop in temperature towards the 
telephone end amounting to about 0*2° C. except for the copper tubes and 
hydrogen gas, when the temperature drop was about 0*5° C. The readings of 
the thermocouples P t and P a differed by less than these amounts from each 
other and from the readings of the exploring thermocouple inside the tube. 
Thus the mean temperature of the gas at the steam point could be assumed to 
be known to 0*2° C. even under the least favourable conditions. 

The apparatus having been filled with gas and the temperature being every¬ 
where steady, the valve circuits were excited and the telephone or crystal was 
set in vibration. The galvanometer reading was adjusted to a convenient 
amount by means of the potentiometer, time being allowed for the battery 
voltages to become steady. The piston was then slowly traversed and the 
resulting galvanometer deflections noted. The procedure found best for 
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determining the positions of the maxima was to approach each of them first 
from one side and then from the other, as exemplified in the two adjacent 
columns of readings for each node enumerated in Table II. The true position 
of a maximum was taken to be the mean of the two readings so obtained. These 
differed by about 0*5 mm. for the shortest wave-length (about 3 cm.) and by 
not more than 5 mm. at the longest wave-length (about 80 cm.) used. Several 
pairs of such readings were obtained for each maximum. No attempt was 
made to determine the exact positions of the comparatively broad minima. 

The “ end correction ” was avoided by the usual method of differences, for 
which purpose attention was normally confined to a relatively few nodes 
situated towards the two ends of the range traversed by the reflector. For 
each new condition of temperature or frequency, however, the positions of 
a number of nodes distributed over the complete range were first determined. 
This was done to verify that the wave-length did not vary with distance as 
might happen if the sound-intensity were too large. Actually it was found 
that the nodes were equidistant within the limit of error over the whole range 
for all the gases and for all the frequencies which could be employed under 
the particular conditions. 

Two practical points may be noted here. With hydrogen, the velocity 
of sound is so high that even the highest available frequencies (7908 and 
27,422 cycles per second) only yielded barely sufficient maxima for purposes 
of wave-length measurement. But the use of these very high frequencies 
proved to be restricted for another reason. With any other gas than hydrogen 
it was not possible, with any of the tubes, definitely to locate the maxima when 
using the highest frequency (27,422). A similar state of things obtained with 
the two widest tubes (i.e. y A I and B I), and frequency 7908 except when the 
tubes were filled with hydrogen or ammonia. The “ nodal ” curves no longer 
displayed single sharp maxima, as in fig. 3, but rather a number of secondary 
maxima. The presence of such “ satellites ” with very high frequencies was 
attributed by Pielemeier* to successive reflections at the quartz crystal and 
the reflector, the velocity of propagation of the sound decreasing with the 
amplitude. That this cannot be the explanation in the present experiments is 
indicated by the fact that the satellites disappear if the diameter is reduced, 
or if the wave-length is increased (either by lowering the frequency or by 
changing the gas to one in which the velocity is higher). 

We are thus led to think that the effect owes its origin to the fact, first 


* ‘ Phys. Rev./ voi. 34, p. 1184 (1929). 
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indicated by Rayleigh,* that a non-plane wave of sound entering a tube does 
not become plane as it travels along the tube, unless the wave-length exceeds 
3 * 4 times the radius. If the ratio of wave-length to radius is smaller than this, 
radial vibrations of the gas column are set up to the detriment of precise nodal 
location. 

In all experiments the observed velocities at room temperature and the 
steam point were reduced to those at 18° C. and 100° C. respectively, by assum¬ 
ing the velocity to be proportional to the square root of the absolute temperature 
and neglecting any change in y, the ratio of the specific heats, over the small 
temperature ranges involved. The readings of the four thermocouples were 
taken both at the beginning and end of each experiment. 


Typical Experiment . 

The results of a typical experiment are reproduced below in full.— 


Carbon dioxide in Carbon Tube C I. 
n 7908 

Frequency = — = —— — 1977 cycles per second. 



Microvolts. 

Thermocouple. 

— 



Initial 

Final. 

p, 

637 

637 

i>. 

639 

639 

p. 

641 

642 

p. 

642 

642 


Mean temperature (from P x and P 2 ) — 17*0° C. 


Table II. 


Position of 1st node. 

Position of 2nd node. 

Position of 3rd node. 

11 -90 cm. 

12*04 cm. 

18 59 cm. 

18 76 cm. 

25*24 cm. 

26 40 cm. 

11*92 „ 

12*03 „ 

18 60 „ 

18 80 

25*24 „ 

26*40 „ 

11 90 „ 

12 05 „ 

18 57 lp 

18-77 „ 

25 25 

25*41 „ 

11*91 „ 

12*05 „ 

18'58 „ 

18-76 „ 

25 26 „ 

25 40 „ 

11 92 „ 

12*03 „ 

18 68 „ 

18-76 „ 

25*23 „ 

25 40 „ 

11*92 „ 

12 04 „ 

— 

— 

— 

— 

11*91 cm. 

12*04 cm. 

18 58 cm. 

18 77 cm. 

25 24 cm. 

25*40 cm. 

Mean 11 

975 cm. 

Mean 18 675 cm. 

Mean 25*32 cm. 


* “ Theory of Sound/* vol. 2, p. 161 (1894). 
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Table II.—(continued). 


Position of 7th node, 

Position of 8th node. 

! 

Position of 9th node. 

62*11 cm. 

52 12 „ 
52*12 „ 

52 12 „ 

52 12 „ 

52*30 cm 

52 34 „ 
52*30 „ 
52*29 „ 

52 30 „ 

58 78 cm. 58 95 cm. 

58 82 „ 58*97 ,» 

58*79 „ 58*95 „ 

58*79 „ 58 95 „ 

55 49 cm. 

65 50 „ 

55 49 „ 

55 49 „ 

55 49 

65*56 cm. 
65*57 „ 

65 65 „ 
65*65 „ 
65*64 „ 

52 12 cm. 

52 31 cm. 

58 79 cm. 58*95 cm. 

55 49 cm. 

65 65 cm. 

Mean 62 

215 cm 

Mean 58 87 cm. 

Moan 65*57 cm. 


52-215 - 11-975 = 40-24 cm. 
58-87 - 18-675 = 40-195 cm. 
65-57 - 25-32 -= 40-25 cm. 


Mean = 40-228 cm. 

Half wave-length at 17-0° C. = = 6-705 cm. 

Correcting to 18° C., half wave-length = 6-705 X . 

\290' 

= 6*716 cm. 

Tube-velocity in C0 2 at 18° C. for a frequency of 1977 cycles per second 
= 6*716 X 2 X 1977 cm per second = 265*6 metres per second. 

Results . 

The whole of the tube-velocity results are given below in Tables IIIa and 
IIIb, each value being the mean of several determinations derived as exemplified 
above. The deviations from the mean are of the order of 1 part in 1000 for 
the lowest frequencies and 1 part in 2000 for the highest. 

Discussion of Results . 

The theoretical equation obtained by Helmholtz and modified by Kirchhoff 
states that if V 0 represents the velocity of sound of frequency n in free space 
and V that in the same gas m a tube of radius r, then 


(i) 
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Table IIIa. 

Tube velocities (V) (metres/sec.) 
(m = 7908 cycles/sec.) 


Tube. 

Fre¬ 

quency 

Air. 

co„. 

HO, 

NH,. 

CjHgCl. 

18 & C 

100 ° c 

18° C 

100 ° c 

18° C 

100° 0. 

18° C 

100° c 

_ _ 

18° C 

100 ° c. 

Glass 

n 





_ 


427-7 

481 7 

__ 

_ _ 


n/3 

341 <8 

386 4 

206 4 

297-7 

210 0 

244 1 

427 5 

480 9 

203 7 

230 4 


n /4 

341 6 

386'3 

206 3 

297 7 

215 8 

343 8 

427-6 

481 2 

203 5 

230-1 


n/5 

341 7 

380 0 

266 4 

297 7 

215 8 

243 8 

427*4 

480 5 

203 5 

230-2 


n/6 

— 

386-2 

266 2 

207 0 

210 0 

243 8 

427 0 

480 8 

203 5 

— 


n/7 

341 4 

.—. 

266 2 

297 6 

216 9 

243 6 

427 3 

480 2 

— 

— 

A I 

n/8 

— 

385-7 

.— 

297 4 

210 0 

243 7 

— 

480 2 

— 

230 1 


n/9 

341 -4 

— 

— 

— 

— 

— 

— 

— 

203 3 

— 


n/10 

341 2 

385 7 

206 2 

297 4 

215 7 

243 5 

427 1 

479 9 

203 0 

230 1 


n/11 

341 0 

— 

— 

— 

215 7 

243-7 


— 

203 3 

230 1 


n/12 

— 

385 4 

260 0 

297 3 

215 8 

243 4 

— 

479 6 

202 9 

— 


n/15 

340 8 

— 

— 

— 

— 

— 

426 9 

480-1 

— 

229 7 


n 

341 3 

385 9 

260 2 

297 5 

215 8 

243 7 

427 2 

480 0 

203 3 

229 9 


n/3 

340 4 

384-8 

206 7 

290 9 

215 0 

243 3 

426-1 

479 3 

203 4 

229 9 


n/4 

340-5 

384 3 

205*7 

296 9 

215 4 

243 1 

426 1 

478 2 

203 1 

229 7 


n/6 

340 1 

384 0 

265 6 

200 6 

215 5 

243 3 

425 9 

478-3 

203 1 

— 


n/0 

339 8 

384 0 

205 6 

296 3 

215 2 

242 9 

425 5 

478 0 

— 

229 3 


n/7 

— 

383 5 

265 5 

— 

— 

243 1 

— 

477 5 

202 5 

229 4 


n/8 

330 4 

383 3 

— 

290 1 

— 

— 

124 8 

— 

202 6 

— 

All 

n/9 

339 0 

— 

265 2 

— 

215 2 

.— 

— 

— 

202 4 

229 2 


n/]0 

/i i 

339 1 

382 8 

265-2 

296 0 

215 2 

242 7 

425 0 

477 3 

202 5 

229-2 


n /1 i 
n/12 

338 7 

_ 

205 0 

295 7 

214 8 

_ 

424 0 

476-3 

_ 

228 7 


n/ 15 

— 

— 

■ 

- 

214 9 

-* 

— 

— 

201 8 

— 

Copper 

n 

341-9 

386 7 

_ 

_ 

_ 

_ 

427 0 

481-1 

_ 

_ 


n/3 

341 5 

386 0 

206 4 

297 0 

215 0 

243 9 

427 4 

480 6 

203 5 

230-1 


n/4 

341 2 

380 0 

266 1 

297 5 

216 8 

243 7 

427 0 

480 6 

203 5 

230 0 


n/5 

341-3 

385 4 

206 2 

297 5 

215 7 

243 7 

427 1 

480 1 

203 2 

230-0 


n/6 

341-2 

386-5 

266 1 

297 3 

215 7 

243 6 

427 0 

.— 

203-2 

229 9 


n/7 

— 

385 6 

— 

297 4 

— 

243 7 

426 7 

—. 

— 

— 

B I 

n/8 

341 0 

—• 

266-0 

— 

215-8 

243 5 

- ! 

479 4 

203-2 

230-0 


n/8 

— 

— 

— 

297 3 

— 

— 

426 4 

— 

202 9 

229 8 


n/10 

n / I 1 

340 8 

385 1 

266-0 

297 2 

216 0 

243 6 

426 4; 

479*7 

202 8 

229-8 


71/ 11 

n/12 

340 6 

384 7 

265 8 


215 7 

243 2 

426 5 

479 7 

202 6 

229 7 


n/16 

340 3 

- - 

— 

296 9 

— 

243 3 

— | 

*— 


229 4 


n 

341 2 

38G 6 

266 1 

297-4 

216-7 

243-6 

426-9 

480 2 

203 2 

229 6 


n/3 

340-4 

384 3 

205 7 

290 9 

215 5 

243 2 

426 0 

479*0 

203 2 

229*5 


n/4 

340 0 

384 0 

205 5 

296 5 

215-4 

243 2 

425 5 

478*5 

203 0 

229-5 


n/5 

330 9 

383 6 

205-4 

296 3 

215 4 

242 8 

425 4 

478 0 

202*9 

— 

BIT 

n/6 

339 4 

383 4 

265 1 

— 

215 2 

242-9 

425 2 

. — 

— 

229-1 


n/7 

— 

— 

265*1 

296 0 

— i 

242 8 

424 9| 

— 

202*5 

229-2 


n/8 


382 5 

265-1 

295 7 

215 2 

242 5 

424-4 

— 

202 3 

229.1 


n/9 

339 0 

— 

264 8 

— 

— 

— 

— 

_ 

— 1 

— 


n/10 

338 e 

382 3 

264 9 

295 4 

215 0 

242 3 

424 7 

476*4 

202 0 

228 8 


n/11 

— 

— 

— 

— 

— 

242 1 

— 

— 

201 9 

228-9 


n/12 

338 2 

381-8 

204 5 

295-5 

214 7 

242 5 

— 

— 

201 7 

228.6 
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Table IIIa—( continued). 


Tube 

Fre¬ 

quency 

i 

! Air 

CO,. 

so a . 

, 

NH,. 

C.H.Cl. 

18°C. 

100° 0 

18° C 

100 ° c 

18° C 

100 ° c 

18° r 

100 ° c 

i 

18° C. 

100 ° c 

Carbon 

n 

341 2 

385 5 

266-2 

297 4 

215 8 

243 7 

426 9 

480-2 




»/3 

340 4 

384 5 

265 6 

296 7 

215 4 

243 2 

426 7 

478 5 


—* 


nj 4 

330 81 

384 1 

265 6 

296 8 

216 5 

243*1 

426 8 

; 478 6 

; — 

— 


ft/5 

330 8 

383 4 

265*2 

296 3 

216 4 

242 8 

425 4 

1 478 0 


— 


ft/0 

- 

383*5 

265*4 

296*2 

216 0 

243 1 

425 1 

1 477 3 

i — 

— 


njl 

— 

— 

265 1 

295 6 

215 1 

242 5 

— 

476 5 

~ 

.— 


nj 8 

339 1 

382 6 

265 0 

295 6 

—. 

242 5 

424 9 

1 476*5 

— 

—. 

Cl 

n/9 

338 7 

382 5 

— 

— 

— 

— 

— 

- 

— 

— 


«/10 

338 5 

382 0 

264*9 

295 A 

215 1 

242 5 

423 7 

: 470 4 

— 

— 


nf II 

338 5 



— 

-- 

— 


476 1 


— 


n/VJ 

337*9 

381 3 

— - 

295 0 

215 0, 

241 9 

424 3 

474 9, 

— 

— 


ft/15 

— 

380 5 

264 1 

294 9 

214-4 

— 

422 5 

— 


—. 


« 

340 8 

384 9 

265 9 

297 0 

215 6i 

243 4 

426 3 

479 2j 

■ 

_ 


ft/3 

339 2 

383 0 

265 2 

296 1 

216 1 

242 7 

425 0 

477 a 

- - 

— 


ft/4 

339 0 

382 3 

265 1 

295*8 

214 9 

- 

424*3 

476*3 

— 

— 


ft/5 

338 5 

382 1 

264 6 

295 2 

215*01 

242 51 

424 1 

476 5 

— 

— 


n/tt 

i 337 9 

-- 

264 5 

295 3 

214 O' 

242 0 

423 1 

474 9 

— 

— 

CII 

njl 

337 6 

381 0 

264 2 

- 

214 6 

242 0 

422 8 

— 

... 

— 


nj H 

— 

380 4 

— 

294 9 

214 8 

- 

423 3 

— 

- 

— 


n/q 

337 2 

380 ] 

264 3 

— 

214 2 

241 3 

423 0 

— 

— 

— 


n/10 

336 3 

370 5 

264 0 

294 1 

214 3 

241 5 

422 6 

473 4 

-- 



ft/ll 

— 

379 5 


— 

— 

— 

421 6 

— 

- 

— 


»/12 

336 3 

379 3 

263 4 


214 3 


421 5 





Table IIIb. 

Tube velocities (V) (metres/sec ) 



Frequency j 

(cycles/sec ). ^ 

IfyOi ogen 

Tube 

18° C. 

100° c 

Glass— 

A 1 

27422 

| 

1296 

1457 


7908 

1292 

1455 

All 

27422 

1293 

1456 


7908 

1286 

1445 

Copper— 

B I 

27422 

1294 

1458 


7908 

1291 

1453 

B II 

27422 

1291 

1464 


7908 

1284 

1445 

Carbon— 




Cl 

27422 

1293 

use 


7908 

1285 

1442 

CII 

27422 

1290 

j 1454 


7098 

1280 

1437 
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where c is the Kirchhoff constant given by 

c = {A* + (^ )* (y ~ 1)» ( 2 ) 

where 

(x denotes the kinematic viscosity, 

Y is the ratio of the specific heats, and 
v is the thermal diffusmty of the gas. 

Now, although certain features of the Helmholtz-Kirohhoff equation have been 
subjected to criticism in the past, practically all experimenters are m agreement 
as to the linear variation of V with the reciprocal of r, provided that the com¬ 
parison is restricted to tubes which have as nearly as possible the same kind of 
inner surface. We may thus assume that for a given frequency, gas and 
temperature, two tubes of the same material and different radii (r v r a ) will be 
respectively associated with tube velocities (V lf V 2 ) which are related to the 
free-space velocity by the expression 

Vo = (V, - V/ a )/(r 1 - r 2 ). (3) 

The procedure adopted in applying this equation to the present results was 
to take one particular gas and to plot the frequency against the tube velocity 
at 18° C. for say each of the two glass tubes. The resulting smooth 
curves enable the respective tube velocity corresponding to each of a 
Beries of selected frequencies to be read off. We thus ascertain V 1 and V a 
for each frequency and, as r x and r a are known, we can calculate V 0 . Similarly 
by treating in turn the results at 18° C. for the two copper and the two carbon 
tubes, two other values of V 0 are obtained for each of the selected frequencies. 
If the assumed velocity-radius relation is correct, the various values of V 0 
Bhould show no appreciable variation with either frequency* or tube material. 
The same process is now repeated for the results at 100° C., and finally the whole 
procedure is carried out for each of the other gases, except that for hydrogen, 
smoothed velocities cannot be derived in view of the fact that only two fre¬ 
quencies could be used experimentally. 

In Tables IVa and IVb are given the values of V 0 obtained in this manner 
for a variety of frequencies. The probable accuracy is of the order of 1 in 
1000 except for hydrogen where it may be a little less. 

It will be seen that with none of the gases is there any significant variation 
of V 0 with frequency or tube material and so the truth of the linear variation 


* Apart, of course, from any possible variation of free-space velocity with frequency. 
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Table IVa. 

Calculated Free-space Velocities (V 0 ) (metres/sec.) 
(n = 7908 cycles/sec.) 


Tube. 

Fre¬ 

quency 

Air. 

eo 2 

HO,. 

NH,. 

0,H,C1. 

18° C. 

100 ° c 

18° C. 

100’C 

! 18° c. 

100° c 

18° C 

100° C. 

18° C. 

100° 0. 

Glass 

1 0 n 

_ 






428 2 

481 9 

_ 



0 4 n 

342 4 

387 5 

266 7 

298 2 

216 2 

244*2 

428*3 

482*1 

204 0 

230 7 


03» 

342*4 

387 4 

266 7 

298*3 

216 3 

244 3 

428 3 

482 2 

203 9 

230*7 


0 2n 

342 4 

387 3 

266 7 

298*1 

210*2 

244 2 

428*2 

482*0 

203*8 

230*5 


01 » 

342 3 

387*0 

266*6 

298 3 

216 2 

244 1 

428-3 

481 8 

203-7 

230*6 

Copper 

1 On 

342*3 

387 3 

_ 

_ ! 

_ 

_ 

428*2 

481*9 

_. 1 

— 


0 4 n 

342 4 

387 2 

266 6 

298*1 

216 1 

244 2 

428 2 

481*8 

203 9 

230 5 


0 3 n 

342 3 

387 2 

266 7 

298 2 

216 1 

244 2 

428 2 

481*8 

203 9 

230*6 


0*2 n 

342 2 

387 2 

266 7 

298 2 

216*2 

244*2 

428 2 

481 7 

203 7 

230 5 


0*1 n 

342*3 

386 9 

266*7 

298 2 

216 2 

244*2 

427 9 

481 6 

203 5 

230 6 

Carbon 

1 *0 n 

342 4 

387 3 

266 7 

298 2 

216 2 

244 1 

428 2 

481 8 

_ 

_ 


0 *4 n 

342 3 

387 7 

266 7 

298 2 

216 4 

244 3 

428 1 

482 0 

— 



0 3n 

342 3 

387 5 

266 7 

298 3 

216*2 

244 3 

428 1 

482 0 

—• 

- 


0 2 n 

342 5 

387 4 

267 0 

298 3 

216 0 

244 2 

428 2 

482 3 

— 

- 


0*1 n 

342*5 

386 8 

266 7 

297 6 

215 9 

244 0, 

428 5 

481 5 

— 

— 

Mean V 0 


342 4 

387 3 

266 7 

298 2 

216 2 

244 2 

428 2 

481 9 

203 8 

230*6 

Corrected meanV 0 | 

342 4 

387 3 

265 8 

297 2 

216 2 

244 2 

428*2 

481 9 

203 8 

1 

230*6 


Table IVb. 

Calculated Free-Space Velocities (V 0 ) (metres/sec ) 


Tube. 

Frequency 
(cyelea/sec ). 

Hydrogen. 

18° C. 

100 “ c. 

Glass 

27422 

1297*7 

1457-6 


7908 

1295 5 

1460 7 

Copper 

27422 

1296 1 

1460 8 


7908 

1296-9 

1458 5 

Carbon 

27422 

1299 7 

1460 5 


7908 

1296 2 

1453 2 

Mean V 0 

1297 

1458*5 

Corrected mean V 0 

1301 

1463 
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of V with 1 jr is amply confirmed, The last line in Table IV “ Corrected 
mean V 0 ” was obtained after applying a correction for the effect of the im¬ 
purities known to be present in the carbon dioxide and hydrogen. This 
correction was evaluated by applying the basic formula V 0 = yP/p in turn 
to the impure gas and the ideally pure gas. The density p at pressure P of 
the impure gas was calculated from those of its constituents, assuming the 
truth of Dalton’s law, whilst y the ratio of specific heats for a mixture was 
taken to be related to the values for the components, by the formula of 
Richarz.* 

Attention may be directed to the result for carbon dioxide at 100° C. in 
view of its bearing on the molecular structure of that gas. Two models have 
been proposed for the CO a molecule, a “ straight ” model with the three atoms 
in a straight line, and a u bent ” model in which they are placed at the corners 
of a triangle The specific heats corresponding to the two forms were calcu¬ 
lated by hucken,t whence it appeared that while at room temperatures the 
two values agreed too closely for experiment to differentiate between them, 
the results at low temperatures favoured the straight model. At high tempera¬ 
tures the experimental information was conflicting, calorimetric measurements 
supporting the straight model, while existing sound-velocity determinations 
afforded specific heats more m agreement with the bent model. Later 
RawlinsJ who reviewed the data provided by infra-red absorption spectra and 
other physical properties summed up in favour of the straight model, and 
recently Ibbs and Wakeman§ from their measurements of the viscosity of carbon 
dioxide and of the thermal diffusion in mixtures of gases containing carbon 
dioxide have inferred that the CO a molecule is straight at any rate at tempera¬ 
tures up to 145° C. The present experiments on the sound-velocity at 100° C\ 
are the first, so far as we are aware, to give definite support to the straight 
model. 

Having now derived for the different gases, the values of V and V 0 for each 
frequency and tube material, the next step is to calculate the constant c in 
the Helmholtz-Kirchhoff equation. This is done in Table V. Naturally no 
great precision can be anticipated in the value of c, depending as it does, on 
the difference of two nearly equal velocities. 

We have also included in Table V the u theoretical ” values of c derived from 

* * Ann. Physik/ vol. 19, p. 639 (1906). 

t' Z. Physik/ vol. 37, p. 714 (1926). 

t ' Trans. Faraday Soc.,’ vol. 26, p. 926 (1929), 

§ ‘ Proo. Boy. Soc.,’ A, vol. 134, p. 613 (1932). 
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Kirchhoff’s expression (2) given on p. 136. The values used for the viscosity, 
density, thermal conductivity and specific heat are those given in the Inter¬ 
national Critical Tables. No data for the viscosity of ethyl chloride could be 
traced for the temperature range required. Hydrogen is also omitted from 
the table in view of the impracticability of deriving smoothed values for the 
Bound velocities. 


Table V. 

Expenmental Values of the Kirchhofi Constant (c). 


(ft = 7908 cycles/sec.) 




Air. 

CO, 

80, 

NH, 

C a H»Cl 

Tube 

Fre* 


i 


1 


i 


i 

; 


quency. 

18° C 

100 ° c 

18° C 

100 “ c. 

18° C 

100 ° c. 

18° C 

100 “ c. 

18° O. 

100 “ c. 

Glass 

1 On 

0-49 

0 07 

0 31 

0 35 

0 31 

i 0 29 

0 40 

0 57 

0 62 

0 65 


0-4 n 

0 51 

O 52 

0 32 

0 39 

0 27 

; 0 29 

0 40 

0 48 

0 71 

0 08 


0 3 n 

0 51 

0 58 

0 28 

0 42 

0 23 

j 0 31 

0 41 

0 47 

0 02 

0 73 


0 2 n 

0 4tt 

0 63 

0-31 

0 41 

0 24 

0-33 

0 43 

0 55 

0 59 

0 65 


0 1 n 

0 55 

0 63 

0 32 

0 39 

0 27 

0 38 

0 40 

0 57 

0 65 

0 74 


Mean 

0 51 i 

0 61 

0 31 

0 39 

0 20 

0 32 

0 41 

0 53 

0 61 

0 69 

Copper 

10 n 

0 47 

0 07 

0 30 

0 44 

0 33 

0*39 

0 41 

0 00 

0 71 

0 89 

0 4 n 

0 51 

0 05 

0 33 

0-41 

0 30 

0 31 

0 44 

0 52 

0 65 

0 83 


03« 

0 53 

0-04 

0 32 

0 42 

0 31 

0 31 

0 44 

0 51 

0 01 

0 78 


02 ft 

0 54 

0 64 

0 32 

0 39 

0 29 

0 32 

0 43 

0 55 

0 70 

0 75 


0 1 n 

0 61 

0 65 

0 33 

0 39 

0 28 

0 34 

0 46 

0 65 

0 70 

0 74 


Mean 

0 51 

0 65 

0 32 

0 41 

0 30 

0 33 

0 43 

0 55 

0 69 

0 80 

Carbon 

1 On 

0 75 

0 93 

0 46 

0 52 

0 34 

0 51 

0 65 

0 85 

_ 

— 


0 4ft 

0 72 

0 84 

0 46 

0 57 

0 36 

0 48 

0 07 

0 78 

-- 



03ft 

0 76 

0 87 

0 40 

0 57 

0 36 

0 46 

0 63 

0 77 

- 

- 


02 ft 

0 75 

0 83 

0 45 

0 58 

0*38 

0 47 

0 62 

0 78 

— 

— 


0 1 n 

0 74 

0 90 

0 49 

0 63 

0 40 

0 53 

0 64 

0 81 

— 

— 


Mean 

0 74 

0 87 

0 46 

0 57 

0 37 

0 49 

0 04 

0 80 

— 

— 

Theoretical 

value 











of c 


0 56 

0 60 

0 37 

0 47 

0 27 

0 34 

0 48 

0 02 


~ 


Referring to Table V it will be seen that for the same gas at the same 
temperature and the same tube material the Kirchhofi constant shows no 
significant variation with frequency. This means that the tube reduction in 
sound velocity obeys the law as required by the Helmholtz-Kirchhoff 
formula. With reference to the influence of the tube material, we may note 
that for the glass and copper tubes the observed values of c are on the average 
some 10 per cent, smaller than the theoretical values, which in the circumstances 
may be regarded as reasonably fair agreement. Henry ( loc . c it.) in considering 
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the possible sources of error in the resonant tube method concluded that the 
effect in every case would be to decrease the observed value of the Kirchhoff 
constant; and it may be that the several factors in question are operative 
in practice to a greater or less extent. 

The Helmholtz-Kirchhoff formula would thus appear to be approximately 
valid for the glass and copper tubes which, though possessing very different 
physical properties in general, all have smooth surfaces. For the carbon 
tubes, however, the observed values of c for all the gases are, on the average, 
approximately 30 per cent, larger than the theoretical values. Support is 
thus given to the conclusions of previous observers who found that the speed 
of sound waves in gases in tubes with rough surfaces is less than in tubes of 
the same diameter with smooth surfaces. 

A possible explanation would seem to be that slight irregularities, such as are 
present in a rough-surface tube, may produce disturbances in the motion of 
the gas close to the walls. As E. G. Richardson pointed out in the discussion 
of the paper by Henry (loc. cit.) the amplitude of vibration may actually be 
greater at a small distance from the walls than at the centre of the tube, so 
that quite small surface irregularities may conceivably give rise to an annular 
region of irregular disturbance, which would have the effect of virtually 
decreasing the diameter of the tube. To explain the results obtained in the 
present experiments with carbon tubes, the thickness of tins annular layer would 
have to be of the order of 1 or 2 mm. We may compare the recent photographs 
by Andrade* of the tracks of small particles in a Kundt tube. These show 
that under certain conditions the whole interior of the tube can bo given up 
to an irregular motion, though presumably larger amplitudes than were used 
in the present experiments would be required to produce such an effect. In 
any event it is always possible that the phenomena observed by Andrade may 
be caused, in large part, by the presence of the dust particles themselves. 

With a view to throwing light on the matter the particle velocity in air was 
measured in the centre of the glass tube A I by introducing a Rayleigh disc, 
the determination being made under conditions of resonance. No observations 
were possible for the highest frequency (27,422 cycles per second), but for the 
frequency n = 7908 it was found that the r.m.s. particle velocity was 1 -4 cm. 
per second, and varied between 0 • 24 and 2 • 1 cm. per second for the frequencies 
n/3 to nj 15. The amplitudes corresponding to these figures ranged between 
2 X 10“ 5 and 7 X 10“ 4 cm. These amplitudes are small and were presumably 


* 4 Froc. Roy. Inst.,* vol. 26, p. 568 (1929-31). 
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smaller still in the narrower tubes, and it seems difficult to associate disturb, 
ances of such an order with the effects observed. 

To sum up, the Helmholtz-Kirchhoff equation receives strong support from 
the present results as regards the variation of tube velocity with radius and 
frequency. Equation (2) connecting c with the thermal constants of the gas, 
gives, however, results for c which though correct in order of magnitude are 
found, when used in the Helmholtz-Kirchhoff equation, to require a modification, 
taking account of the properties of the tube surface. To a first approxi¬ 
mation our observations suggest that this modification can take the simple 
form of a multiplying factor which amounts to a reduction of about 10 per cent, 
in the theoretical value of c for smooth-walled tubes, and an increase of about 
30 per cent, for a rough surface such as a carbon tube provides. Such a method 
of expressing tube correction was also used by Dixon, Campbell and Parker,* 
and by Partington and ShiUing.f 

Free-Space Velocities of Sound. 

We have set out in Table VI the free-space values of the velocity of sound 
for the temperature range 0° to 100° C. based on the work of a number of recent 
observers, all of whom used the resonating-tube method, with the exception of 
Ladenberg and Angerer who worked in the open air. We have considered it 
justifiable to reduce to 18° C. those values which arc reported by the various 
authors at temperatures from 15° to 20° C. Extrapolation to 0° C. has been 
made on the assumption that y, the ratio of specific heats, varies in a linear 
manner with temperature, the rate of variation being based in each case on 
the observer’s own results. This extrapolation is in great measure independent 
of the particular equation of state which is assumed to hold for the gas in 
question, although the actual values of y themselves vary very considerably 
according to the correction made for deviation from the laws of an ideal gas. 
All cases of extrapolation by us which extend over more than 2 or 3 degrees 
are indicated by enclosing the values in brackets. 

The Validity of the HebnhoUz-Kvrchhojf Formula . 

As remarked above, the Helmholtz-Kirchhoff formula has been subjected to 
a good deal of criticism both by earlier workers and more recently. % A review 

* 4 Proo. Boy. Soc.,’ A, vol. 100, p. 1 (1921). 

t 41 The Specific Heats of Gases/' p. 53 (London). 

X CJ . Partington and Shilling, 44 The Specifio Heats of Gases," p, 53 (1924), and Barton 
41 Text Book on Sound," pp. 542-550 (1908). 
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Table VI.—Free-Space Velocities in Dry Pure Gases. 



Velocity (metres/sec ) at— 


Gas. 

0° C. 

18° C 

i 

100“ c. 

1 

Observer and reference. 

Air (free from CO,) 

331 8 

342 6 

387*5 j 

Dixon, Campbell and Parker, loc . ctt. 


331 6 


| 

Oruneiaen and Merkel, * Ann. Physik,’ 
vol. 06, p. 344 (1921). 


330 8 

— 


Ladenberg and Arigerer, * Ann 
Physik,’ vol 66, p 293 (1921). 

Dixon and Greenwood, ‘ Proo. Roy. 

Soc ,’ A, vol. 106. p. 199 (1924). 
Shilling and Partington, * Phil. Mag.,' 
vol 6, p. 920(1928). 


(329 8) 

342 0 

(389 4) 


(331 0) 

341 8 

387 2 



(342 2) 

— 

Cornish and Eastman, ‘ J. Amor. 
Chem. Soc.,’ vol 50, p. 627 (1928). 


(331 6) 

342 4 

387 3 

Kaye and Sherratt, this paper (1933). 

Hydrogen 

1261 

_ 

— 

Gruneisen and Merkel, loc. ctt. 

1261 

— 

1408 

Cornish and Eastman, loc. ctt. 


(1261) 

1301 

1462 

Kaye and Sherratt (1033). 

Carbon dioxide 

2*8 3 

_ 

1 — 

Dixon, Campbell and Parker, loc. ctt. 


—■ 

266 1 

— 

Partington and Howe, ‘ Proc. Roy. 

Soo / A, vol. 100, p 27 (1921). 
Tornau, ‘ Z. Physik/ vol. 12, p 48 
(1922) 


258 8 

— 



(257 7) 

i 

266 0 

299 9 

Shilling, 4 Phil Mag./ vol. 3, p. 273 
(1927). 


(258 2) 

265 8 

_i 

297 2 

Kaye and Sherratt (1933). 

Sulphur dioxide 

(209-1) 

210 2 

244 2 

Kaye and Sherratt (1933). 

Ammonia 

(416 4) 

428 8 

(485 3) 

Dixon and Greenwood, loc. ctt. 


(416 0) 

428 2 

481-9 

Kaye and Sherratt (1933). 

Ethyl chloride 

(197 0) 

203-8 

230 6 

Kaye and Sherratt (1933). 


of the evidence leads us to believe that much of the criticism has little justi¬ 
fication. 

The earlier work has been summarized by Auerbach* and by Liibcke in 
Trendelenburg's Akustikf and need not be dealt with here. We need only 
refer to the more recent work of Griineisen and Merkel J and Cornish and East¬ 
man^ who studied air and hydrogen using smooth brass resonators of different 
lengths and diameters and valve-oscillator methods of frequency production. 
Griineisen and Merkel agreed with the form of the Helmholtz-Kirchhoff equation 
but obtained a value for c some 10 per cent, less than the theoretical, which is 
in accord with the present authors' results for smooth tubes. The results of 

♦Auerbach, “ Akustik/' Winkelmann’a “Handhuoh der Physik/’ vol. 2, 2nd edition 
<1909). 

f Geiger and Sctteel's ** Handbuch der Physik,*' vol. 8 (1927). 

J 4 Ann. Physik/ vol. 66, p. 344 (1921). 

§ ‘ J. Aroer. Chem. Soo./ vol. 50, p. 627 (1928). 
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•Cornish and Eastman also support the form of the Helmholtz-Kirchhoff 
■equation, though no values of c are given in the paper. 

The evidence against the validity of the Helmholtz-Kirchhoff equation rests 
in fact mainly on the work of the earlier observers, whose accuracy, especially 
in the matter of frequency measurement and control, was of necessity much 
lower than can be obtained nowadays. We may conclude that in general the 
Helmholtz-Kirchhoff equation is substantially valid for smooth tubes. 
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Summary . 

The velocity of sound at 18° C. and 100° C. has been determined by the 
resonating-tube method in six different gases contained in six tubes of adjustable 
length and of different diameters and materials (glass, copper and carbon). 
A series of frequencies from 500 to 27,000 cycles per second were provided by 
■a valve-oscillator system controlled by a vibrating quartz crystal which also 
served as a resonance detector. 

The results indicate that for all the gases the Helmholtz-Kirchhoff formula 
is quantitatively correct in its statement of the influence of tube diameter and 
frequency on the velocity. The formula does not, however, take cognizance 
of the influence of the wall surface. In the smooth tubes the reduction in 
velocity below the free-space value was on the average about 10 per cent, less 
and in the rough tubes about 30 per cent, more than the formula would indicate. 
An examination of the literature indicates that much of the criticism to which 
the Helmholtz-Kirchhoff formula has been subjected in the past was unjustified. 

The following free-space velocities for the pure dry gases have been deduced 
from the observations. The probable accuracy is of the order of 1 in 1000 
except for hydrogen where it may be a little less. 

Free-Space Velocity of Sound (metres per second). 


Gan. 

18° C. 

100° C 

Air (CO! free) 

342-4 

387 3 

Hydrogen 

1301 

1403 

Carbon dioxide 

205 8 

297 2 

Sulphur dioxide 

216 2 

244 2 

Ammonia 

428-2 

481 9 

Ethyl chloride 

203 8 

230 0 
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By W. G. Kannuluik, B.Sc., Fred Knight Scholar, and L. H. Martin, Ph.D., 

Melbourne University. 

(Communicated by T. H Laby, F.R S — Received January 30, 1933 ) 

Introduction . 

While regular use is being made m industry of the thermal insulating proper¬ 
ties of powders and other fibrous or cellular materials, the physical principles 
underlying the processes of heat transfer through such bodies have not received 
much attention. 

The problem, in regard to powders, has been studied by Smoluchowski* in 
1911, and later by Aberdeen and Laby.f Smoluchowski’s investigation 
included the effect of such factors as the grain size, the kind, and density of the 
gas on the conductivity of powders of different materials. The experimental 
procedure followed m his work is unfortunately open to serious objections, 
and in consequence the data obtained by Smoluchowski are probably not 
reliable. Further the method, a cooling one, could not be applied to powders 
having high conductivities. In this laboratory, Aberdeen and Laby have 
studied the conductivity of the insulating powder silox filled with several 
gases, as a function of the gas pressure. The powder was contained between 
two concentric cylinders and the heat transfer was measured across a central 
portion where the flow was shown to be strictly radial. Platinum thermo¬ 
metry was used so that reliable data are to be expected. Their experiments, 
however, were limited to a single powder, and, at the suggestion of Professor 
Laby, a more extensive investigation using powders of different materials and 
of various grain sizes has been undertaken. 

The essential phenomenon is one of gas conduction in cells, the linear 
dimensions of which may be (1) large compared to the mean free path of the 
gas molecules, or (2) with fine powders of the same order of magnitude. In 
this paper we have attempted to throw some light on the physical processes 
involved. 


* 4 Bull. Int. Acad. Sci, Cracovic,’ Ser. A, p. 129 (1910). 
t 4 Proc. Roy. Soc./ A, vol. 113, p. 459 (1926). 
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In the present work we have used a hot wire method. The conductivity 
of the powder is measured relative to that of a silver wire, the thermal and 
electrical constants* of which have already been studied by one of us between 
—183° C. and 100° C. While on general grounds, absolute methods are 
preferable the method outlined below is so convenient and rapid in amassing 
a large amount of data that the above objection w r as outweighed by the 
obvious advantages of the method. Satisfactory checks on the reliability 
of the method can be made by using it to find the conductivity of gases such as 
air and hydrogen. 


Method, 

A silver wire is mounted axially m a powder-filled glass tube which can be 
evacuated. The wire is heated by passing a known current through it, the 
heat generated being conducted along the wire and through the ends, and 
laterally through the powder. The heat is then dissipated in an ice and water 
bath in which the apparatus is totally immersed. Provided the thermal 
conductivity of the wire is known, the magnitude of the. lateral flow of heat 
through the powder can be calculated from the electrical energy supplied to 
the wire, and the change in resistance of the wire itself 

A thin glass tube, 16 (m. long and of internal diameter 1*00 cm , was closed 
at each end with thin plane copper caps, the seals being made with piceni 
The silver wire was approximately 06 mm. in diameter, and after being 
stretched along the axis of the tube was soft soldered into each cap. Several 
different wires were umxI during the course of the experiments. The tube was 
filled with, or emptied of, a powder by removing a small screw in one of the 
caps. 

All the electrical quantities were measured with a three dial pattern potentio¬ 
meter. The requisite measurements are the resistance R 0 of the wire at 0° (J M 
(R — R 0 ) the change m resistance when a heating current of I amp. is passed 
through the wire. Tins latter is determined in terms of a standard resistance 
of 0 01 ohm. 

A satisfactory feature of the method is the rapidity with which the data 
can be obtained and the general reproducibility of the results. The accuracy 
of the electrical measurements may best be judged from the curve given for 
hydrogen gas, fig. 1, for which the difference (R — R 0 ) corresponded to a mean 
rise of temperature of only 1 *5° 0. 

* Kftiinnluik, p. 159. 
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Theory. 

Let X be the thermal conductivity of the wire, k that of the powder and 
Po(l + <x0) the resistance per unit length of the wire at the temperature 0 J . 
The condition holding at the surface of the wire is 


izb 2 l ¥9 -j- 2nbk 1 + p Po( 1 + , «^ ^ 0> 

CZ 2 cr I r-b J 


(1) 


where b is the radius of the wire and J the electrical equivalent of heat. 

The first two terms multiplied by dz being the net rate of inflow of heat 
into the element dz along the wire and over the cylindrical surface, and the 
last term multiplied by dz being the rate of generation of heat in dz 

If the flow of heat from the wire to the ivalls of the tube is a radial one, (I) 
simplifies to 


tc6 2 X ~ + 2rM 0 + p p» ( L h _ a °) ^ 0. 
CZ 2 J 


( 2 ) 


The quantity h is usually called the 4 external conductivity.” It is easy to 
show that it, is related to k by the relation 

(3) 

where a is the external radius of the glass tube The quantity 6 log a ajb may 
be called the 44 space factor ” of the tube 
The solution of (2) has already been given * It is 


j 1 , 2 / - tanh pl 27t 6 2 JX (R — R n ) 

'pi/ 1 p/ '' R 0 2 l 2 ai 

with (4) 

= 2// _ I 2 R 0 a 
bX 2nb 2 J\l 

By solving (4) for p, the value of h can be obtained, and then k deduced from 
relation (3). For the solving of (4) it is convenient to draw up a table of the 
function 

/ 1_ | 2 . -j _ t anh pi \ 

1 [*/ \ pi J 

and to employ interpolation. 


* Kannuluik, * Proc. Hoy. Soo.,’ A. vol. 131, p. 320 (1931). 
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As stated above in the foregoing simple solution of the problem a radial 
flow of heat is assumed, but actually the lines of flow of heat are curved. To 
obtain a rigorous solution it is necessary to proceed from the general equation 
(1) and not from (2). We are indebted to Professor T. M. Cherry, of the 
University of Melbourne, for having carried out tins calculation for us. As the 
solution of (1) we have 
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Hence on substituting in (I) and equating coefficients of nnz/21, we get 



the sign being positive for n - 1, 5, 9 ... and negative for n = 3, 7, 11 .... 
The resistance of the whole wire is 


R = 


= j + | Po (1 + »6) dz = R 0 + ^ LC,N 01 - $C s No 3 + VC 5 N 05 (5) 


7T 


U 2 
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This formula (5) replaces (4) of the simple theory. The conductivity k of the 
powder is involved in the expression for C n and is the only unknown. The 
quantities N 0n and N ln depend only on the dimensions of the wire and of the 
tube and the numerical values can be calculated from the expansions of the 
functions I 0 , l v K 0 , and K v * 

A comparison of the rigorous formula (5) with the simple radial flow formula 
(4) for values of k between 6 X 10 5 and 250 X 1Q~ 5 cal. cm. -1 sec.^ 1 deg. -1 
discloses that the simple formula gives results which are approximately 1 per 
cent, too high. In order to (arry out the radial flow correction, it is expedient 
to get a value of k from the simple formula (4) and then to employ (5) to correct 
this value by the method of successive approximations. As the correction is 
a small one, it has not been applied to the powder data. The values of k for 
air and hydrogen are, however, corrected. 


Gas Conduction 

Although the simple apparatus used in this work was not designed with the 
intention of using it wuth gases, it was thought desirable to get a check on the 
foregoing theory by measuring k for air and for hydrogen. We wished, also, 
to obtain the form of the k, p (pressure) curves in order to compare these curves 
for gases with those obtained for powders. 

In fig. 1 the data of hydrogen and air are represented graphically. It will 
be seen from these curves that convection is almost completely absent over a 
considerable range of pressures The same result was obtained by Sophus 
Weborf who used a hot wire method under similar conditions. The value of 
k for air at 0° C. after applying the radial flow correction is 5-85 x 10~ 6 cal. 
cm, 1 sec. 1 deg. -1 and is in agreement with values found by other experi¬ 
menters using other variants of the hot wire method The similarly corrected 
valuefor hydrogen is38*0 X 10~ 5 cal. cm 1 sec. 1 deg 3 (commercial hydrogen 
having a purity better than 99 per cent, was used). This value is in good 
agreement with the mean value given in the International Critical Tables. 

The position at present is that the hot wire methods give systematically 
higher values of the conductivity of air than other methods among which the 
most fundamental is the “ parallel plate ” method. Measurements of gas 
conductivities using an improved hot wire apparatus are now being made, and 
by varying the experimental conditions it is hoped to discover if any sources 

* Whittaker and Watson, “ Modem Analysis,” chap. 17. 
t ‘ Ann. Phyaik,* vol. 54, pp. 325, 437 (1918). 
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of error in the “ hot wire ” method have been overlooked. For the time being 
the above values of k for air and hydrogen are regarded as tentative only, 
but we believe that they do serve to show that the method is a sound one. 



Fia. 1 —Conductivity of gases as a function of the pressure. 


Experimental Results. 

The following is a typical example of the calculations involved in deriving 

k :— 

C0 2 in MgO. 

2a = 1*002 cm. ; 2 b = 0*06095 cm. ; 2/ -•= 16*00 cm ; 

X = 0 ■ 999 cal. cm. -1 sec. ~ 1 deg. ~ x , a — 0 ■ 00400 ; J = 4 • 18 watt- 
sec. cal” 1 . 

R 0 = 0*0080123, ohm ; R — R 0 — 0*00011925 ohm , 

1 = 4*0016 8 amp. 


Substituting in (4) we get 

This is satisfied by (il = 2• 7455 , hence JS 2 = 0* 11778. From the second 
relation of (4) we get 






Table I.—Conductivity of Powders. 
1 . Hg, k , 10" 5 cal sec." 1 deg.* 1 cn 


150 W. G. Kannuluik and L. H. Martin. 



, 



-H 4© 

O 1© 

t- CD 

1© Ft 

© X 

t'S 

«8 

X © 



% 

a 

a 

‘s 

4 

© X 

Ft t> 

05 1- 

** X 

23 

X Cl 
Ft CO 

X l© 

1— 

X Cl 

*+ Ft 

1 1 


fi 

« 


X © 

X 'Iff 

— i© 

Ft tF. 

X S 

X 
ci r* 

© 

CO ^ 




5 


sa 

*© X 
»t t- 

■*P CO 

Ff X 
-t Cl 

CO CD 

Tt Ft 


CO 

6 © 

Cl 

1 1 

i 1 





CO CO 

CD M 

Ft Ff 

I** CO 

Cl co 

X X 

Ft O) 

ci 3* 





-5 

X X 
CO t- 

X "t 
CO CO 

X Cl 
CO >© 

S3 

CO rt 

X © 

CO Ft 

Ft a> 

CO 

© co 

CO 

1 1 


3 

<u 

* 

Cl -*t 

Ft *M 

^ cn 

© X 

|F CO 

F ^ 

4© Ft 

Cl 

Ft l© 

-8 





X 1 * 

X i© 

lO 05 
X CO 

CO If 
X Cl 

S3 

-t Ft 
|F Ft 

© |F 

X 

8” 

8- 

1 1 




« 

1- 05 

© t" 

Ft PM 

Cl o 

I© Ft 

X 

X © 

X S 

85 

© Cl 

CO CO 




O 

o 

Cl X 
« l' 

Cl 05 
CO to 

05 © 
Cl Fp 

Ff © 
N <N 

© © 

Ft 1© 

Ft d 

t- — 

*0 © 



o 

< 

Cl Ft 

co 1 © 

-t 1' 

i© o 

38 

i© Ft 

I" CO 
CO Ft 

CO Ft 

Cl 4© 
CO IN 

X x 

Ft © 

Cl 

x3 

FF F-l 

1^-4 

Ft X 

CO Ft 
• t- 
l' 

© 

S3 

Ft 

»© 

© 

! ! 




SB 

© 

X CO 

CO 

1© t- 
— lO 

4© FF 

10 © 
05 CO 

CO If 

Cl © 

r- ff 

t-F 

4© Ft 

CO X 
Ft 

23 9 

3 01 

12 9 
0*931 

4© Ft 

* eS 

X ► 

© 

! 1 





. »© ^ 

X CO 

1© © 

X Ft 

X X 

© s 

X 

X F-, 

X 
© t— 





O 

o 

CO © 

Ft l' 

—< IN 
-t »© 

© r- 

Ft CO 

CD Cl 
co ci 

Cl Ft 

CO Ft 

>© Ft 

’N 

© Cl 

co © 

! 1 



8 

Cl 

O 

Im 

05 X 

©1 Ft 

X r- 

59 2 
55 4 

Ft CO 

CD X 
1© CO 

© r- 

© Cl 
Ft Cl 

X X 

© © 
co 

t's? 

Ft Tt 

co 

16 8 

0 98 

X 

© *© 

CO © 

X 8 

Ft O 





i - 

© 

© 

Cl 

© Ff 

I- ^ 

© 

Ft Ft 

O J| 





a 

1© 
t- t- 

i- t- 
i© i© 

Cl © 

Ft "t 

© l© 
F-f <N 

© Cl 
X -t 


<N ci 

CO 

— © 

; i 





co 

i- 

X 

Cl 

-o 

l© 

X -t 

Cl 

CO 1© 

■o S 


1 



* 

33 

Cl 

"t Ft 
—* ^ 

Cl 

Cl Ft 
© CO 
Cl 

© © 
X Ft 

H s 


3* 1 

8* 

’ 1 

a 



e4 

i© CO 

— '© 

co ci 

Cl X 

Ft X 

X X 

Ft a£ 

Ft 

X CO 




9 

Ft CO 
-t «- 

38 

CO FI 
Ft Ft 

d X 

Ft Cl 

93 

10 1- 
co 

C| ?c 

CO 

Ft Ft 

Cl 

1 1 



© 

a 

u, 

Cl -f 

d © 
X i- 

3 >© 

X —1 

X -*0 
»© X 

© "0 

Ft CO 

l© Ft 

Fit 

© Cl 

CO 1© 
Ft 

39 0 

3 43 

4© g 
© 

d © 

C| 

© © 

Ft 

Ft O 

1 1 





Cl 

X 

Ft 

»0 

Ft 

|F 

3 

-s 

Cl 

Ft -£> 





s’ 

_|F 

1' © 
fF -t 

Cl 

o ci 
c» 

Cl Ft 

pt Ft 

Cl 

Ft © 

|F 

CO x 

Ft 

g N 

1© © 

CO 

1 1 





~t © 

.© CO 

1© Ft 

© © 

4© © 

© 

»© CO 

N 8 

1© 

Cl 






CO 4© 
-t t> 

9S 

-t Ft 

© »© 
-t Cl 

X Cl 
co ^ 

© (FF 

CO 

Ft Cl 

*o 

X Ft 
d 

! 1 



© 

Ft 

l-l 

*o © 

x © 

X Cl 

»© 1© 

X |F 

_ © 

Ft Cl 

X 

N © 

Cl 

Ft Cl 

Ft 

Ft Ft 



o 


33 

Ft Oi 
»© 1© 

CO Ft 
*0 Ft 

Cl X 
l© Cl 

© CO 

Tt Ft 

i? * 

Cl Ft 

Ff 

|F* Cl 

CO 

Cl Ft 

CO 




. 

_r 

© 

>0 

Cl 

Ft 

X 

Cl 

Cl 

CO 

© 

CO 

8 




w 

ss 

IF |- 

Ft 1© 

Cl 

© -t 
co CO 
Cl 

“t Ft 

Cl (N 
Cl 

© 2 

X X 

X 

Ft 

S’- -5 

X CO 

X Ft 



i 

•» 

© X 

1' © 

Ft IN 

X X 

© CO 

'F © 

tog 

"Ob'*© 

© Ft 



a 



-t ©1 

Ft t- 

*t <N 
Ft X 

Ft X 

Ft -t 

CO © 
Ft Cl 

CO -t 
Ft Cl 

Cl CO 

—t Ft 

Ft 05 

© X 

1 I 


p . 

5 £ 

11 


to r- 

i~ uo 

H I- 

© 1© 

t' (F 

Ft 1© 

Cl Ft 

•© © 
Ft -t 

rt X 

1© X 

Ft <N 

Cl 1- 

Ft |F 

t- Ft 

CO Ft 

Ft Ft 

X © 

Cl © 

Ft Ft 

11 9 

8 20 

N S 

Ft (© 





CD Cl 

X l© 

If CO 

CO 00 

X CO 

© 1-1 

X F* 

xS 

X 

05 X 




sT 

X CD 
Ft l' 

3S 

3S 

Og 


PM 1© 

CO Ft 

© 

Cl Ft 

SS" 9 

Ft pm 


^4 cx. 

•n a, 

■V ft. 

■tl Cs 

ft. 

t* ft. 

•M ft, 

■* ft. 

•* »1 


'-V-' ^v' v -v-' i -yr J '-v-' '-v' 






Conduction of Heat in Powders . 


151 


finally 

k — 2 • 3036 log 10 a/6 X A 
— 15-7 X 10~ 5 cal. cm. -1 sec. -1 deg.^ 1 . 


Table I gives the collected values of k for the different powders investigated. 
The relevant particle dimensions and densities are shown in Table II. 


Table II.—Densities of powders (p), materials (p 0 ), and linear dimensions of 

particles (/) 



('luhoiundum. 

Magnetmim 

oxide 

Glam Diphenyl- 

amine. 

No. 40. 

No 90 

No. 280 

No. 000 

p, g cm 
p 0 , g cm ' * 
l t cm 

1 83 

3 20 

0 055 

1 89 

3 20 

0 0194 

1 84 

3 20 

0 0091 

1 54 

3 20 

0 0027 

0 20 

3 08 

0 001 

1 94 0 566 

2 98 1 10 

0 U3‘ 0 0027 


General Considerations of the Data. 

The experimental results can be represented graphically by plotting k either 
directly against the pressure p or against logp. The latter alternative is 
adopted by both Smoluehowski and by Aberdeen and Laby, and has the 
advantage of giving a better Npacrng of the results at low pressures. For their 
results Aberdeen and Laby obtained a linear relationship between A and logp. 
The dotted curve in fig. 2 which gives their results for hydrogen in silox shows 
that if full weight be given to each of their points, a S-shapcd curve is obtained. 
This, we have shown to be the typical form of k , log p curves for gas-filled 
powders. For example, fig. 2 contains representative k, logp < urvo.s for air- 
filled carborundum powders of different gram sizes obtained by us. The 
general form of these curves is an S-shaped one, but within the range of pres¬ 
sures used by us the complete S is not normally obtained. Powder No. 90, 
however, shows a typical complete B. 

The general features of heat conduction in powders are brought out more 
clearly by the k-p curves than by the A, log p curves. The k } p curves are 
shown in fig. 3 for the four grades of carborundum powder. The group for 
carbon dioxide shows most completely the variation of k with p, at high 
pressures the conductivities tend to limiting values, while at low pressures 
the curves bend sharply downwards so that k falls rapidly with decreasing 
pressure. The air and hydrogen curves show in a partial manner the same 



152 


W. G. Kannuluik and L. H. Martin. 


features as the carbon dioxide curves. It is as though the scale of the pressure 
were successively magnified m passing from carbon dioxide, to air, to hydrogen. 
In general for a given pressure the finer the powder the further k is from the 
limiting value. This feature is of considerable significance and should be a 
guide m choosing suitable powders for thermal insulators. 



Fro. 2 — k, logp curves for air-filled carborundum powders and silox in hydrogen. 


The curves, particularly those of the carbon dioxide group, resemble the 
adsorption isotherms for gases on solids, and, at first sight, it might be thought 
that adsorbed gas was forming a conducting layer on the surface of the grains, 
and so causing a breakdown of the thermal resistance between the proximate 
surfaces of the grains. Experiments on glass powder indicate that this 
explanation is improbable. On evacuating and then filling this powder with 
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air at atmospheric pressure equilibrium is reached only after a lapse of some 
days, and yet the conductivity is of the same order of magnitude as was 
observed for a carborundum powder of similar grain size in which no adsorption 
could be observed. Some of the data for the glass powder were obtained 
before the air had reached the equilibrium pressure and the pressure was still 



Fig. 3.— k, p curves for carborundum with H,, shown in dotted line, and tilled with air 
and carbon dioxide, solid line. 


slowly changing, yet the conductivities fitted satisfactorily on the typical 
curve. Finally, an experiment was made in which this powder was filled with 
helium which showed no adsorption. Table I shows the high conductivity 
which was obtained, indicating that adsorption as a possible explanation of the 
phenomena is unlikely. 
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That the conductivities of the powder and the gas are not simply additive 
is evident from the value of the conductivities found for the evacuated powders 
which are of the order 0*1 X 10 5 . Ah a typical example the conductivity of 
a hydrogen-filled carborundum powder was as high as 300 x 10~ 6 , while that 
of hydrogen is 38*0 x 10 5 . 

Theoretical Considerations . 

Before considering the theoretical implications of the data, it is necessary 
to draw attention to the fact that owing to the finite size of the powder particles 
and of the gas cells, the lines of heat flow regarded m detail must depart from 
the ideal mathematical distribution presupposed in calculating a space factor. 
Also it may be questioned whether there is adequate contact between the wire 
and the powder and whether this contact varies with the gram size. 

With regard to the first it must be admitted that this is an inherent objection 
to employing the conception of thermal conductivity at all in reference to a 
powder, and raises the question whether it would not be preferable to treat 
the problem as one of heat transfer. On the other hand, the traditional treat¬ 
ment has obvious advantages. The second objection, if it were a valid one, 
would lead to incorrect absolute values of the conductivity, but would not 
affect the variation of the conductivity with the pressure. A consideration 
of the data of all our powders does not disclose any inconsistencies in the 
absolute values of the conductivities obtained. Further, the conductivities of 
the evacuated powders are all of the same order of magnitude (1 x 10 -6 ) so 
that the thermal resistance between the wire and the powder is sensibly the 
same for both fine and coarse powders. 

A theory of conduction in powders has been attempted by Smoluchoweki 
(loc. cit.) in which he treated the ideal case of spherical grains with cubical 
packing. He calculated the heat transfer between adjacent hemispheres 
taking into account the temperature discontinuity at the solid-gas interface. 
As a result of this discontinuity the normal gradient AT jd must be replaced 
by AT j(d + 28) where 8 is a length varying inversely with the gas density and 
is usually designated by the German word “ Sprung ” He obtained for the 
powder conductivity the expression 

where k 0 is the conductivity of the gas and a is the radius of the grain spheres. 
This formula is inadequate to explam our experimental results as it fails to 
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give a limiting value of h This defect is due essentially to the fact that he 
considered grains of spherical shape which in the analysis led to the intro¬ 
duction of the log function. Further with this model it was impossible to 
introduce into the theory the conductivity of the solid phase. 

In an attempt to overcome these objections we have assumed an idealized 
picture of a powder, namely, one which consists of a large number of lamin® 
of solid separated by layers of gas. Let k t k y> and k f be the conductivities of 
powder, gas, and solid respectively, then 


, Zl X (d + 28), 

£ n | n _ 

k Jfe. k g 


( 6 ) 


n being the number of layers of solid and gas per centimetre ; l the thickness 
of a solid layer ; and d that of a gas layer. Putting 


Yil = p/p w = w and Sd — 1 — co, 

n n 

where p is the density of the powder p 0 that of the solid phase of the powder 
and 28 = c/p, c being a constant, we get 


k = 


1 — co (1 — k g jk $ ) -f 


c(l - co) 
d . p 


(7) 


when p becomes large k approaches a limiting value given by 


k = 


_ h. _ 

i - «(i — K!K) ' 


( 8 ) 


Our Ar, p curves show or at least indicate the reality of the limiting value of k . 
A numerical test of (8), however, does not lead to wholly satisfactory results. 
For example, for glass powder fillediwith helium it gives at atmospheric pressure 
a limiting value of k ~ 73 X 10~ 5 , while filled with air the limiting value at 
this pressure is 1G X 10~ 6 . The experimental values are 88 X 10 " 5 and 38 X 10~ 6 
respectively. An attempt is made to explain these differences later. 

Equation (8) shows that the limiting value of k is determined by the packing 
factor w and the ratio kjk t . As oi may be comparable with unity the value of 
k can be large compared with conductivity k g of the gas. For the limiting 
value of k to be less than that of the gas, k g must be greater than k s . For 
diphenylamme,* which has a conductivity (5 x 10 ~ 4 ) of the same order of 
magnitude as that of hydrogen, a limiting value approaching the conductivity 


Lees, 1 Phil. Trans.,’ A, vol. 204, p 433 (1905). 
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of hydrogen should be obtained by using a loosely packed powder. We 
verified this conclusion experimentally. (See data in Table I for diphenyl- 
amine.) 

With coarse powders it was found that (7) represents adequately the 
variation of k with p, as will be seen by rewriting it in the form 


pjk — p 


<o . 1 — co , c (i — co). 

*, K J d.k Q 


(9) 


When pjk was plotted against p for the coarse powders, diphenylamine with 
air and hydrogen, and glass with air and helium it was found to be a linear 
function of p. But with the hydrogen filled carborundum powders the linear 
function breaks down for the finer grades Nos. 280 and 600. 

Apart from the fact that the powder model used above falls far short of 
representing the actual conditions for a powder, there is a process of heat 
transfer the existence of which has been ignored in the simple theory. It has 
already been mentioned that the conductivities of the evacuated powders 
were extremely small, being of the order 1 X 10~ 5 . This is due, of course, to 
the small areas actually m contact between contiguous grams. There must, 
however, be large surfaces whose distances apart are less than the mean free 
path of the gas molecules, and m these gas layers heat will be transferred by 
molecular conduction. The finer the powder and the closer the packing the 
greater will be the contribution to the heat flow by this process. The failure 
of the simple theory outlined above should be in greater evidence in the 
hydrogen-filled powders than in those filled with air and carbon dioxide since 
the mean free path of the hydrogen molecules is nearly double that of 
these latter gases at a given pressure. This was found to be so by experi¬ 
ment. 


Our previous equations must now be altered to include the effect of layers of 
gas for which there is molecular conduction. If we assume n — m gas layers per 
centimetre each of thickness s for which there is molecular conduction (6) 
takes the form 


1 

k 


2Z 2 (d + 28) 


+ *- 




H— , 

pt 


(10) 


where s is a constant given according to Knudsen* by 


Q = c , p . A0, 


* Lorentz, “ Theoretical Physics ’* (Macmillan), vol. 1, p. 136. 



157 


Conduction of Heat in Powders. 

where Q is the heat transfer per second between two plates with a temperature 
difference A0 the distance apart of which is less than the mean free path. It 
has been implicitly assumed that (n — m) 8 is independent of the pressure and 
the linearity of pjk> p curves for glass and diphenylamine justifies t his assump¬ 
tion for coarse powders, at least for the higher pressures. Since the number of 
gas layers of thickness d has been reduced from n to m 9 it follows from (10) 
that the values of k calculated from this must be greater than those calculated 
previously from (8) so that (10) represents an nnprovement as regards absolute 
values of k . Equation (10) can be written as follows 


Pl k: =P (r + nr ~ ~ / H , + -jr4 ( c (l — *>) — (» — m)s}+ - (11) 


This is of the same form as (9). A quantitative comparison of equation (11) 
with experiment presents obvious difficulties. However, it is possible to 
evaluate (/t — m)s from the slopes of the pjk, p curves and then to substitute 
the values in the residuals and so obtain numerical values of d. For glass 
powder we obtained 0 • 023 mm. and 0 • 059 mm for air and hydrogen respectively, 
while for diphenylamine the values were 0-028 mm. and 0 034 inm. for air 
and helium. These values are of the right order of magnitude and as would be 
expected the value of d increases for a given powder as the molecular weights 
of the gas decreases. 

For the lowest pressures in these two powders the experimental points 
fall below the straight line pjk — ap + b } while for the two finest carborundum 
powders the departure sets in at quite high pressures. This results from high 
values of k and presumably these are due to the fact that as the pressure 
decreases an increasing proportion of the gas layers conduct heat according to 
the molecular process. To account for this theoretically it would be necessary 
to modify (11) by making (n — m) a function of the pressure. In view of the 
multiplicity of adjustable constants, there is little to be gained by developing 
the theory any further along these lines. We do, however, believe that it is 
necessary to include both processes of conduction m order to account for the 
experimental results. 


In conclusion one of us (W.G.K.) is indebted to the University of Melbourne 
foT the award of a Fred Knight Research Scholarship. It is a pleasure to 
express our thanks to Professor T. H. Laby, F.R.S., for the interest he has 
taken in this work, and for helpful criticisms in writing up this paper. 
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Summary. 

A description is given of a hot wire method of determining the thermal 
conductivity of powders in gases As powders the following materials were 
used * glass spheres, diphenylamme, magnesium oxide, and a series of graded 
carborundum powders. These materials were immersed in turn in air, 
hydrogen, carbon dioxide and in some cases helium 

The conductivities were measured over a range of pressures 0*5 cm. to 
76 cm 

It is found that the conductivity A\ can be expressed as a function of the 
pressure p by means of the relation 

pjk — ap + h 

A simple derivation of this relation is given making use of the Fourier 
equation, and the temperature discontinuity at the gas-solid interfaces (tempera¬ 
ture “ Sprung ”) 

Departures from this relation observed for some of the finer powders, and 
in general for all powders at low pressures, are explained by introducing the 
conception of molecular conduction 
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The Thermal and Electrical Conductivities of Several Metals 
between — 183° C. and 10(T (7. 

By W. G. Kannuluik, B.Se., Fred Knight Scholar, University of Melbourne. 
(Communicated by T. H. baby, F R S.—Received Januaiy 30, 1933 ) 

Introduction . 

In a previous paper* an electrical met hod of determining the thermal con¬ 
ductivity of metals in wire form was described. The apparatus was of a simple 
kind, the wire being soldered axially in a glass tube with metal end-pieces. 
By maintaining a vacuum of the order of 10 4 nun. Hg m the tube, the heat 
developed in the wire* on passing a steady current through it is conducted 
along it and through its ends ext ept for a small amount lost laterally to the 
walls of the tube by molecular conduction and by radiation The thermal 
conductivity of the wire is calculated from its known dimensions, the rate at 
which electrical energy is supplied to it andthe change nuts electrical resistance. 
A small correction is applied to allow for the lateral loss of heat. 

The method has a number of advantages — 

(1) The apparatus used meets the requirements of theory almost exactly 

and it permits the use of wires of any diameter 

(2) The direct determination of temperatures is not requited, as they are 

in effect obtained by measuring changes m the resistance of the wire. 
{3) The method lends itself particular!} to low temperature work 
(4) The electrical conductivity is obtained from observations wknli aie 
also used in determining the thermal conductivity, so that both are 
obtained under the same (onditions. 

The present paper is an account of the application of the method to obtain 
the thermal and electrical conductivities of pure specimens of tungsten, 
molybdenum, silver, and iron between —183' V. and 100° 0. 

Description of the Apjtaratus . 

The two tungsten wires W1 and W2 used in this work are monocrystals with 
natural crystal faces, the section of W1 being rectangular, that of W2 hexagonal. 
^The axis of a wire of rectangular section lies in the (100) plane, that of a wire 

♦ ‘ Proc. Roy. Soc.,’ A. vol. 131, p. 320 (1931). 
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of hexagonal section in the (111) plane.) As these wires are somewhat fragile 
below 0° C., it is necessary to protect them from breaking at low temperatures, 
the tube in which they are mounted having the greater thermal expansion. 
This is done by fixing one end of the wire in a diaphragm of thm sheet copper 
enclosed in the tube. An internal diaphragm is 


To pump 



Fm. 1. 


desirable m order to keep the pressure on both sides 
of it the same when the tube is evacuated. The use 
of a tube with an internal diaphragm is practically 
convenient, and was adopted for the silver and molyb¬ 
denum wires also. A longitudinal section of the tube 
is shown m fig. 1. The central portion JJ' is of lead- 
glass tube of 1 cm. internal diameter, the rest of the 
tube being of copper The copper-glass joins J and 
J' are vacuum-tight over the range —183° C, to 
100° C. The diaphragm D (2 cm. in diameter) is of 
sheet copper 1 /10 mm. thick and contains the con¬ 
centric copper stud S (6 mm. in diameter) riveted 
and gold-soldered to it. The stud provides a base 
into which to solder one end of the wire and helps 
in dissipating the heat from this end through the 
diaphragm to the end of the tube. In considering 
the effect of the diaphragm, S can be ignored and 
the diaphragm treated as a simple annulus. In 
order to evacuate the tube the diaphragm is pierced 
near its periphery by three fepaced holes about I mm. 
in diameter. I, I' and P, P' are current and potential 
leads respectively. 

When both ends of the wire are strictly at the 
temperature of the bath in which the tube m im¬ 
mersed, it has been shown ( loc. ctl.) that 


X = 


RR () l 2 aZ , R 0 I 2 aZ 

J ? (R-R 0 )' + 30JXg 



where X is the thermal conductivity of the wire; R 
ohm its resistance when it carries a current of I amp. ; R 0 its resistance at the 
temperature of the bath; a its temperature coefficient of resistance ; h cal. 
cm.' 2 sec.' 1 degr 1 the (Fourier) external conductivity, i.e., the lateral loss 
of heat from the wire to its surroundings; 2Z cm., the length of the wire, 



Thermal and Electrical Conductivities of Several Metals . 161 

q oul* its cross-section, p cm. its circumference, and J watt cal.* 1 the electrical 
equivalent of heat. 

Diaphragm Correction. 

Owing to the use of the diaphragm in this work, values of X calculated from 
(1) have to be multiplied by a small correcting factor. Allowance must be 
made for the circumstances that the observed resistances of the wire include 
the resistance AR of the diaphragm and that the end of the wire in the 
diaphragm is at a slightly higher temperature than that of the bath. A simple 
calculation leads to the following correcting factor: 

i -j 2 AR , 3CJ X^ \ 

1 r 7 + ~r )* 

where AR = log, ajb t and C = log, a/bjlnJAt, a and b being the outer 

and inner radii of the diaphragm respectively, t its thickness, <j its specific 
resistance, and A its thermal conductivity. The diaphragm correction involves 
an increase in the values of X calculated from (1) of the order of £ per cent, 
and is approximately the same for the different baths used. It is sufficient to 
calculate the correction from the dimensions of the diaphragms and the assumed 
values of the thermal and the electrical conductivity of copper. As a typical 
example, the details for a silver wire 9-77 cm. long and 0 • 06096 cm. in diameter 
are as follows. The resistance of the wire at 0° C. is R 0 = 0*00607563 ohm, 
the diaphragm 0*0137 cm. thick has radii of 1-09 and 0 *31 cm.; its calculated 
resistance is AR = 22-6 X 10' 6 ohm at 0° C. and the value of C is 1*836, 
the thermal conductivity of copper being assumed to be 0-92 cal. cm." 1 sec. 1 
deg.” 1 . The approximate value of X for the silver wire being 1*00 cal. cm." 1 
sec.” 1 deg. -1 , we find that 

1 _ = 1 - 0 009 + 0-014 = 1-005. 

R 0 * 

At the temperatures —183° C., —78*60° C. and 100° C., the diaphragm factor 
has approximately the same value. 


The Correction for the Lateral Loss of Heat from the Wire. 

The method of allowing for the small lateral loss of heat is the same as that 
previously outlined (loc. oU> 9 p. 328); the residual gas pressure in the tube is, 
as in the previous work, less than 10 -4 mm. Hg. In this work the lateral losses 
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have been reduced by using relatively shorter and thicker wires. Lateral 
loss of heat takes place by molecular conduction and by radiation. La oom- 
parison with the radiative loss that by molecular conduction is small enough 
to be neglected; the radiative loss at —183° C. can also be ignored. There 
remains a small correction for radiation at 100° C., 0° C. and —78-5° C. The 
magnitude of the correction for the different wires is given in Table I, in which 
the numbers are AX/X = 2/5phl i /q'k. After applying the diaphragm cor¬ 
rection to them the values of X are to be multiplied by (1 — AX/X). 


Table I.—Correction for the Lateral Loss of Heat (AX/X). 


Metal. 

i 

! ioo° c. 

1 

o-c 

-78-5° C. 

Iron 

... 

0-0090 

0 0022 

Tungsten— 




W1 . 

0 008 

0 0030 

0-0011 

W2 

0 014 

0-0053 

0 0028 

Molybdenum— 

i 



Mol 

0-024 

0-0088 

0-0032 

Mo2 

0-014 

0-0053 

0 0019 

Silver 

0 003 

0-0011 

i 

0-0004 


Experimental Details . 

An account of the experimental procedure and a diagram of the electrioal 
circuit have been included in the previous paper ( loc . cit.). All the electrical 
quantities in (1) are obtained by means of a three-dial pattern potentiometer. 
The constant temperature baths used are the following: Liquid oxygen 
(B.P. —182-97° C.); solid C0 2 in methylated spirits (S.P. —78*60° C.) ; 
ice and water (0° C.); steam (100-000° C.); and naphthalene (B.P. 217-96° 

a). 

The electrical quantities R 0 , R, I, and a are all directly determined except 
oc, the value of which is deduced for any temperature t° C. from the observed 
variation of R with t over the range —182*97° C. to 217-96° C. To represent 
this variation the following three and four constant formula were employed: 

f r t = 1 -f at 4- bt 2 -f- cfi 
*1/* =t 1 + at + bt 2 + cl 3 4- cit 4 , 

where r t is the ratio of the observed resistance R* to the resistance R 0 at 0° C. 
and a, b, c, and d are constants. Except in one or two cases the three constant 
formula was used. Using the latter formula one gets: 

otg — {a 4“ 2 bt ~-f- 3 eft -f 4^) t" Hj/Rq* 
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The only other quantity requiring notice is the cross-section q of the wire. 
As relatively thick wires are used, q can be obtained with considerable pre¬ 
cision. It was obtained from measurements of the diameter excepting for the 
tungsten wires. A Prestwich fluid gauge was used to compare the diameters 
of the wires with Johansson gauges. This correction was a very small one. 

The mean cross-section q of the tungsten monocrystal wires was deduced 
from the length of the wires and their loss of weight m water. At most these 
wires are only approximately uniform in cross-section, and so the electrical 
and thermal conductivities obtained for them cannot be regarded as being as 
reliable as those obtained for the other wires. 

The quantity which limits the reproducibility of X for the different values 
of I is the resistance change (R — R 0 ). Working with a minimum mean rise 
of temperature of 2\° and with the tube at 0° C., this difference can be obtained 
to within 1 in 250, provided that R and R 0 are both obtained to within 1 in 
50,000. The actual reproducibility of X for different wires at 0° C. using a 
range of values of I did not fall below 1 in 250, while a similar accuracy was 
obtained at the other bath temperatures. It should be noted that the use of 
the internal diaphragm does not in the least affect the accuracy with which 
it is possible to get (R — R 0 ). 


The Purity of the Wires . 

An important consideration in thermal and in electrical conductivity work 
(and one which has not always received adequate attention) is the purity of 
the metal specimens used. As a general rule the electrical conductivity is 
more sensitive to the effect of impurities than the thermal. The resultant 
diminution of both conductivities depends not only on the total amount of the 
impurities present but also on the nature of the impurities themselves. 

The writer is indebted to Dr. C. E. Eddy and Mr. T. H. Oddie of this labora¬ 
tory for making a (quantitative) optical spectroscopic analysis of specimens of 
three of the wires used in this work, vi z., tungsten, molybdenum, and silver. 
The results of the analyses made by them are contained in the appendix to 
this paper. 

While the writer has used the purest wires that were available to him, the 
iron wire (by Armco) is hardly as pure as is desirable for this investigation. A 
chemical analysis kindly supplied by the Armco Corporation gives the follow¬ 
ing impurities; carbon, 0*011 per cent.; manganese, 0*017 per cent.; 
phosphorus^ 0*006 per cent.; sulphur, 0*026 per cent.; copper, 0*056 per 
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cent.; and silicon, 0*002 per cent. Presumably the iron content is 99*88 
per cent. 

Experimental Data. 

The data obtained for the various wires are given in Table II. 


Table II. 

R 0 = resistance in ohms at 0° C.; r t = R,/R 0 = ratio of resistance at t° to that at 0° C. 
o — specific resistance in ohm cm ; X is in cal. cm. -1 sec. -1 deg. -1 . 

L = Xo/T watt ohm deg. -2 — Lorenz coefficient. 
q cm. 8 — mean cross-section of the tungsten crystals. 



• The measurement* were repeated after the silver wire had received a prolonged annealing at 600° C. 
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Thermal Conductivity. 


Discussion of the Results. 


Tungsten .—As already stated the tungsten data are probably not so reliable 
as regards their absolute values as those for the other wires, as the tungsten 
wires were of not quite uniform cross-section. The only other low temperature 
determinations for tungsten crystals are those of Gruneisen and Goons.* * * § 
These authors obtained values of X of 8 ■ 20 and 0 * 555 at —252° C. and —190° C. 
respectively. The writer’s value of 0*511 at —183° C. for W2 accords with the 
above values of Grdneisen and Goens, when allowance is made for the rapid 
increase in X below —183° C. 

Molybdenum —The values of X at 0° C. are slightly smaller than those 
previously obtained for another wire. But this wire was probably somewhat 
purer than the wires used in the present work, as it possessed appreciably 
higher temperature coefficients of resistance. The thermal conductivity at 
low temperatures does not appear to have been investigated hitherto. 

Silver .—The 0° C. value of X 0-999 is m close agreement with the value 
of 1*006 at 18° C. obtained by Jaeger and Diesselhorstf for a rod containing 
99*98 per cent, silver. The variation of X with temperature has been studied 
by Lees{ between 0° C. and —170° C., but he used a somewhat impure specimen 
containing 99*90 per cent, silver. At —170°C. Lees obtained an increase of 
only 2 per cent, on the value of X at 0° C., which is the same as that obtained 
here with a much purer silver. In this respect the behaviour of silver is 
anomalous ; most other metals showing 15 to 20 per cent, increase in X over 
this range of temperature. 

Iron .—Values of X at 0° 0. by different investigators range from 0*15 to 
0*23, principally on account of the great diversity in the degree of purity of 
the specimens used. Another factor which cannot be ignored is the macro¬ 
scopic crystal structure of the iron, for Eucken and Dittrich,§ working with an 
electrolytic iron, found a 10 per cent, greater conductivity at 0° C. for their 
coarsest as compared with their finest grained specimen. Though the Armco 
iron studied by the writer is comparatively impure, it is of interest that the 
variation of X with temperature between 0°C. and —183° C. is typical of that 
of a pure metal. 

The Lorenz Coefficient .—The high values of the Lorenz coefficient at 0° C. 


* 4 Z. Phyaik,’ vol 44, p. 615 (1927). 

| ‘ Wise. Abh. Phys.-teoh. Rchs*Anst. Berl.,’ vol. 3, p. 269 (1900), 

X ‘ Phil. Trans.,’ A. vol. 208, p. 381 (1908). 

§ * Z. phys. Chem.,’ vol. 125, p. 211 (1927). 
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obtained for the tungsten monocrystals are noteworthy. These values of 
3-1 x 10~ 8 are much in excess of 2*43 X 10" 8 predicted by the Sommerfeld- 
Fermi theory for the Lorenz coefficient, and are actually the greatest values which 
have been observed in a pure metal. Some support is given by these figures for 
tungsten and also to a lesser extent by those of molybdenum to the contention of 
Eucken * and his co-workers that the part played by the lattice vibrations in 
the heat conduction process is real, and must be taken into account before a 
comparison of the theoretical value with the experimental values of the Lorenz 
coefficient can be made. There is, however, a difference of opinion as to how 
this is to be done, but the simple assumption made by Eucken that the thermal 
conductivity of a metallic conductor is the sum of an " electron ” and a 
“ lattice ” conductivity has led to useful results in explaining the abnormally 
high values of the Lorenz coefficient of some of the poorer conductors such as 
antimony, bismuth, and certain alloys. This treatment of the problem cannot 
further the cause of theory in the region of low temperatures, where the Lorenz 
coefficient falls away at —252° C. by as much as two-thirds of its value at 
0° C. in a number of pure metals. Recent theoretical work by Peierlsf on the 
thermal conductivity of metals indicates that the Lorenz coefficient of sufficiently 
pure metals varies as the temperature at low temperatures, but it discounts the 
part played by the lattice vibrations, more especially m the region of low 
temperatures. This theory is, moreover, opposed to the assumption made by 
Eucken that the “electron ” and “lattice ” conductivities are additive. It 
is unfortunate that Peierl’s theory does not permit of a comparison with 
experiment, and till this is possible it would be unwise to place too great 
weight upon it. 

Of the wires used in this work the molybdenum and the monocrystal tungsten 
were kindly presented by the N. V. Philips Glooilampen Fabrieken te Eindhoven 
(Holland) and the iron wire (with chemical analysis) by the Armco Corporation 
of America. A research scholarship by the University of Melbourne made it 
possible to carry out the work. 

In conclusion it is a pleasure for the wnter to express his thanks to Professor 
T. H. Laby, F.R.S., for the interest he has taken in this work, and for a number 
of suggestions. 


* ‘Z. phys. Chem.,’ vol. 134, p. 220 (1928); vol. 125, p. 211 (1927); vol. Ill, p. 431 
(1924). 

t 1 Ann. Phyuk/ vol. 4, p. 121 (1930); vol. 6, p. 244 (1930). 
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Summary . 

An electrical method of obtaining the thermal and the electrical conductivity 
of a metal in wire form, previously developed and used by the writer, is extended 
so as to include observations between —183° C. and 100° C. The wires studied 
are tungsten (in monocrystal form), molybdenum, silver, and iron. The 
complete thermal and electrical data obtained are given in Table II. Optical 
spectroscopic analyses of the purity of the tungsten, molybdenum, and silver 
wires were made. The nature of the impurities and, in the case of molybdenum 
and tungsten, their probable amounts are given in Table III of the Appendix. 


Appendix. 

By C. E. Eddy, D.Sc., F.Inst.P., and T. H. Oddie, B.Se. 

Optical Spectroscopic Examination of the. Wires. 

A general qualitative analysis of a sample of the tungsten, molybdenum, 
and silver wires used was carried out, usmg a Hilger E2 quartz spectrograph. 
The spark spectrum was excited by connecting electrodes of wire m parallel 
with a condenser (capacity 0*03 |xF) which was placed in series with an in¬ 
ductance (1 mH.) and the secondary of a transformer giving 15,000 volts. 

A search of the spectra was made only for the “ raies ultimes ” and the 
stronger lines of the majority of the metallic and semi-metallic elements, usmg 
a range of wave-length 2200 A. to 3350 A. If the “ raies ultimes ” were not 
observed an element was regarded as not bemg present in an amount sufficient 
to be detected by a method employing spark spectra. 

The " raies ultimes ” of de Gramont,* and strong lines from Kayaer’sf 
tables were used in identification, together with lines recommended by 
NegrescoJ and by Lundegardh.§ 

The impurities found in molybdenum and tungsten wire are given in 
Table III. 

Although no quantitative determinations of the amounts of the impurities 
present have been carried out, it has been possible to estimate approximately 
the amount of an element present by using the data which has been published 

* ‘ C. R. Acad. Sci. Paris.,’ vol. 166, p. 04 (1918); voJ. 170, p. 1037 (1920) ; vol. 17 J, 
pp. 1106,1129 (1920); vol. 173, p. 13 (1921); vol. 176, p. 1026 (1922); etc. 

t “ Tabelle der Hauptlinien der Linienapektra Allen Elemente’* (1926). 

Thesis* (Paris, 1927). 

$ ” Die Quantitative Spektralanalyse der Elemente ’* (1929). 
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Table III.—The Impurities are expressed in per cent. 



Molybdenum. 

Tungsten. 


Molybdenum. 

Tungsten. 

A1 

0 01 


Pt 

0*001 

0*001 

Bi 

0 05 

— 

Rh 

0 001 

•—- 

C 

Trace 

—. 

Sc 

— 

Trace 

Cd 

0 06 

— 

Si 


0 01 

Co 

0 001 

0*001 

Sn 

0 01 

0*001 

Cr 

— 

0 001 

Ta 

— 

0*01 

Cu 

0-001 

— 

Ti 

0 01 

— 

Ge 

0-01 

— 

V 

0*01 

0-01 

In 

— 

0 001 

w 

0 01 

— 

Os 

' - 

0 001 





by various workers * relating the intensity and the first appearance of certain 
lines of each element with the amount of the element present. The percentages 
of each element, as given in the fourth column, are not claimed as having a 
high accuracy, but should be considered rather as the upper limit of the amount 
which is present. 

The silver wire was drawn from a rod of “ H.S.” brand silver supplied by 
Messrs. A. Hilger, Ltd. Spectroscopic tests in this case were carried out simply 
to demonstrate that no appreciable impurities were introduced from the dies 
during the drawing of the wire. Spectra of the original silver and of the drawn 
wire were photographed together on the plate under equivalent conditions of 
exposure. Examination of the two spectra showed that no recognisable 
impurity had been introduced, so that the silver wire as used in the con¬ 
ductivity investigations was of the same purity as the original sample. The 
report of chemical and spectroscopic analyses supplied by Messrs. Hilger 
states that copper, lead, bismuth, magnesium, calcium, sodium, and silicon 
were the only elements present, and that these were present in an amount 
sufficient only to give one or two ultimate lines. 

* Negresco, loc. cit, f and * J Chem. Physique, 1 vol. 25, pp. 142, 216, 308, 343, and 363 
(1928); Lundegardh, loc. at .; Gerlach und Schweitzer, “Die Chemische Emission- 
spectral-analyse,” Leopold Voss, Leipzig (1930); Lowe, “Atlas der letzen Linien der 
wich tigs ten Elemente.” Stemkopff, Dresden (1928); Snuthells, “Tungsten,” Chapman 
& Hall (1926); Smith, * Trans Faraday Soc.,’ vol. 26, p. 101 (1930); Ryde and Jenkins, 
41 Notes on Ultimate Ray Powder,” A. Hilger (1931). 
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The Deposition of Sputtered Films. 

By R. W. Ditchburn, Professor of Experimental Philosophy, Trinity College, 

Dublin. 

{Communicated by Sir Joseph Thomson, 0 M , F.R S —Received January 31, 

1933 .) 

(1) Introduction. 

The object of nearly all other work on cathode sputtering has been the in¬ 
vestigation of the processes by which the metal is removed from the cathode.* 
The primary object of the present work is to investigate the deposition of 
the sputtered material on glass and metal surfaces placed near the cathode. 
It is known from the experiments of Knudsent and other workers that a 
stream of atoms will not condense on a glass or metal surface unless the density 
of the stream (i.e., the number of atoms striking 1 sq. cm. of the surface per 
second) exceeds a certain critical value. This critical density does not depend 
much on the nature of the surface unless the surface is entirely free from a gas 
layer, but it is a rapidly varying function of the temperature. The first of 
the present experiments was designed to see if these critical densities existed 
for metal sputtered on to insulated surfaces. No trace of this phenomenon 
was found, and further experiments were made to test different explanations 
of this result. 


2. General Notes on Experimental Conditions 

Before describing the conditions of individual experiments it may be con¬ 
venient to give the following information relevant to all or most of the experi¬ 
ments. 

(a) Cadmium was used as cathode in all experiments in order to be able to 
make a direct comparison with the detailed experiments of Cockcroft ( loc . 
dt.) on the deposition of vaporized cadmium. 

* Other observations on deposition have been made by workers interested in the pro¬ 
duction of mirrors and by Baum, ‘ Z. Physik/ vol. 40, p, 686 (1929). Vide also Bleohsmidt, 
1 Ann. d. Physik/ vol. 81, p. 999 (1926). 

t R. W. Wood,' Phil. Mag./ vol. 30, p. 300 (1915); Knudsen, * Ann. d. Physik/ vol. 50, 
p. 472 (1916); Chariton and Sernenoff, 4 Z. Phjsik/ vol. 25, p. 287 (1924); Cockcroft, 
‘ Proc. Roy. Soc./ A, vol. 119, p. 293 (1928); Estermann, ‘ Z. Physik/ vol. 33, p. 340 (1925). 



170 


R. W. Ditchbum. 


(6) In the above experiments there is no significant’" difference between 
surfaces which have been roughly cleaned (e.g. t by emery) and those which 
have been outgassed before use. At the pressures needed for discharges it 
is impossible to keep surfaces free from gas, therefore, in most experiments the 
copper surfaces were merely cleaned with emery cloth or scraped with a razor 
blade before puttmg them into the vacuum. In a few experiments they were 
outgassed in a quartz tube before being put into the vacuum, but no difference 
in the results was obtained. A fresh piece of metal or glass was used to receive 
the deposit in each experiment. 

(c) Precautions were taken to avoid grease. In some experiments the 
apparatus was arranged entirely without wax joints or ground joints, and was 
heated under vacuum to over 400° C before the experiment. It was necessary 
to let the vacuum down after this heating to insert the cadmium electrode. 
In the later experiments some joints with Apezion grease or Apezion wax were 
used. 

(d) The cadmium used was stated by Messrs. Johnson Matthey (who kindly 
presented it) to be 99 - 9 per cent. pure. It was melted in a vacuum, and a little 
evaporated before use. The cathodes in general consisted of a mass of fairly 
large crystals. 

(e) The gases used were hydrogen and argon. The hydrogen was admitted 
through a palladium tube, and m some experiments was circulated ; the argon 
was stated to be 99*5 per cent, pure, the chief impurity being nitrogen. 

(/) Early experiments were done with ordinary self-maintained discharges. 
It was soon foimd to be necessary to introduce filament maintained discharges, 
in order to be able to work at low pressures. For this purpose a low voltage 
arc was used, positive ions from the arc being used for sputtering. After 
several types had been tried the arc shown in fig. 1, a , was found to be the 
most convenient. The cathode of the aic is a coated platinum strip filament 
(F) about 10 X 1 X 0-01 mm., and the anode is a nickel cylinder (K) (diameter 
about 3 cm., length 1 cm.), about six fine wires are fixed over the end nearest 
the main discharge. About 100 volts p.d, was used, and the current used 
was between 60 and 160 milhamperes. In general, the current was limited 
by external resistances so that it did not much exceed the emission of the 
filament. A little sputtering from the filament was observed, but it was 
always placed a long way from the cadmium cathode so that platinum could 
not be sputtered from it on to the cathode. 

* The magnitudes of the critical densities are affected by the treatment of the surface, 
but not the general features of the phenomenon. 
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3. The Deposition of Sputtered Material on Insulated Surfaces. 

(a) The Absence of a Critical Density Phenomenon. —Several preliminary 
experiments on slow sputtering were made. Different kinds of discharge 
tubes and bulbs were used, and pressures ranging from 10* 8 to 10 -1 mm. 



The anode was an aluminium rod. The high tension was first supplied by a 
coil, but after one or two experiments a 3000 volts transformer was used. The 
current was rectified but not smoothed. This removes the possibility of metal 
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being sputtered from the aluminium electrode on to the cadmium and thence 
to the walls. With currents of order 1 m.A. to 0*1 m.A. the sputtered film 
became visible in times varying from 1 minute to 1 hour. In some experiments 
films were deposited on glass, in others on insulated copper surfaces. 

A film of cadmium deposited by the boiling process is just visible when 4 
molecules thick.* For reasons, which will be given later, the writer believes 
that sputtered films do not become visible till about 5 or possibly 10 times 
thicker. Taking the highest estimate of the thickness and assuming a uniform 
rate of deposition the stream density is 10 14 atoms/c.c. a /sec. for films which 
take an hour to deposit. According to Cockcroft a stream of vaporized cad¬ 
mium of this density would fail to condense on a glass or metal surface at any 
temperature above —140° C. The highest temperature of the receiving surface 
in Cockcroft’s experiments was —90° C., and the critical density determined 
for this temperature was nearly 1O 10 atoms/c.e. 2 /sec. It is not justifiable to 
extrapolate Cockcroft’s curve and hence derive the critical density for room 
temperature, but this density should certainly be much greater than 10 16 atoms/ 
c.c. a /sec. 

Thus these experiments show that there is no critical density for deposition 
of sputtered cadmium of anything like the same order as the critical density 
for boiled films. This result was later confirmed by experiments in which 
hydrogen and argon were used, and in which a high tension battery of 1000 
volts supplied the potential difference. 

(6) Rate of Deposition as a Function of the Temperature .—The apparatus 
shown m fig. 1 was designed to test whether the rate of deposition is affected 
by the temperature of the target. In order to eliminate fluctuations in the 
discharge conditions it was arranged to have two targets in a side tube, and to 
bring them alternately opposite the cathode by means of a magnetic control. 
Ions from the low voltage arc described above (p. 170) are accelerated on to the 
cadmium cathode C by a potential of about 2000 volts (rectified but not 
smoothed). Two copper targets are mounted on two similar iron rods, the 
iron being recessed slightly to give room for the thin copper sheet. Down the 
centre of the rods passes a thin pyrex tube, and by means of tungsten wires 
sealed into the pyrex, it is arranged that the system is rigid, both relative 
rotation and translation being prevented. The whole system slides vertically 
in a tube T. A blade (B) fixed to the tube slides in a slot in the upper rod, 
thus preventing the Bystem from rotating relative to the tube while permitting 


• Estermann, * Z. phys. Chem.,* vol. 106, p. 399 (1923). 
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vertical translation. The two targets are thus heat insulated from one another, 
but firmly connected mechanically.* 

The lower half of the tube T could be surrounded by liquid air. Before 
commencing an experiment liquid air was left on this tube overnight, and the 
target system was left in the down position, so that the lower rod was almost 
completely surrounded by liquid air. Allowing only for cooling by radiation 
this should give ample time for cooling to below —140° C. 

The experiment was first performed with hydrogen at a pressure of 7 x 10 ~ 3 
mm. Alternate 2-minute exposures were given. A deposit appeared on the 
surface at room temperature after a total exposure of 45 minutes, and on the 
cooled surface after a total exposure of 50 minutes. In view of the fluctuations 
in discharge conditions the difference in time is not significant. 

The experiments with hydrogen were not regarded as entirely satisfactory. 
The discharge caused a very rapid disappearance of gas, and the hydrogen 
caused large and irregular changes in the emission of the filament. Also it 
seemed just possible that some cadmium hydride might be formed, and that 
this might assist deposition. The experiment was therefore repeated using 
argon. The disappearance of gas was slower, and conditions were much more 
steady. It was now found that the deposit became visible on the cooled 
surface first. The ratio of the time for the appearance of a deposit on a surface 
at —140° C. to that for the appearance of a deposit on a surface at +20° C. 
was about 1 : 1*3 (a difference of 30 per cent.). 

This appeared to indicate that deposition was definitely more rapid on the 
cooled surface, but it was observed that the deposit on the cooled surface seemed 
to disappear when the surface was heated to room temperature. It again 
became visible (though less clearly) on re-cooling.t This means that the deposit 
on the cooled surface is different in some property (e.g., structure) which renders 
it more easily visible than that on the warmed surface. If any difference in 
the rate of deposition exists it is certainly not greater than 30 or 40 per cent, 
for a temperature difference of 160° C. For vaporized metal a difference of 
20° C. alters the critical density by a factor of about 10. Some experiments 
were tried with surfaces heated above room temperature to see whether 
deposition could be prevented. These did not give any definite result. When 
the temperature is over 200° C. deposition apparently becomes slower simply 

* Other methods of connection depending on screws failed owing to slips caused by 
repeated temperature changes. 

t This effect is possibly due to a condensed film of argon on the cooled surface. It 
was not noticed with hydrogen. 
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owing to thermal re-evaporation. Rough testa showed that the rate of 
deposition on glass is not much affected by large changes of temperature. 

(c) Control Experiments with Vaporized Cadmium .—The experiments of 
Cockcroft and others were all done with vapour in high vacuum. It appeared 
possible that the difference between the behaviour of boiled and sputtered 
metal might be caused by the presence of the gas, and not by the existence of 
the discharge. It was therefore decided to do experiments with vaporized 
cadmium with a gas present at pressures as high as those employed in the 
experiments described above. The presence of gas rendered it difficult to 
calculate the stream density ; but there was no doubt of the existence of the 
critical density phenomenon. In one experiment a deposit appeared on the 
cooled surface in 2 minutes, the temperature of the cadmium being 260° C. 
The surface at room temperature was exposed for 30 minutes, the temperature 
of the cadmium being raised gradually from 260° to 315° C. No deposit 
appeared although the stream density at 315° C. must be many times greater 
than at 260° C. 

4. Experiments on the Condensation of Vaporized Metal in Discharge Tubes, 

The above results appear to be due to one of the following causes (or to a 
combination of them):— 

(1) The particles sputtered from the cathode may differ in some way (i e,g 
charge, mass, velocity) from those produced by vaporization. 

(2) The particles may be altered ( e g, t by being ionized) during their passage 
from the discharge tube to the wall. 

{3) The discharge may affect the surface in some way so as to assist the 
condensation of the cadmium. 

If the absence of the critical density phenomenon is caused entirely by (1) 
we should expect that on passing cadmium vapour into a discharge-tube it 
would fail to condense unless the stream density were greater than the critical 
density. If it arises partly or wholly from (2) or (3) we should expect the vapour 
to form a deposit in a discharge tube under the conditions of formation of 
sputtered deposits. The following experiments were therefore carried out. 

(a) A discharge tube with low voltage arc, similar to that shown in fig. 1, 
was constructed. The cathode C was replaced by a copper rod to serve as 
target, and the double-target system was omitted. The rod was left insulated. 
Cadmium was heated in a side tube; the heating being started some time before 
the discharge. No condensation took place on the target, though metal 
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condensed on parts of the wall which had been sensitized by touching with 
liquid air—thus showing that there was sufficient vapour present to form a 
deposit. On switching on the low voltage arc discharge a deposit was quickly 
formed on the copper and on part of the wall not previously sensitized. 

(6) A discharge tube of the simple form, shown in fig. 2a, was constructed. 
Cadmium was boiled in a side arm. The gas pressure was about 10“ 3 mm. The 
furnace was heated for half an hour without the discharge—no deposit being 
formed. An electrodeless discharge produced by high frequency oscillator 
(10 8 cycles/sec.) was then started in the main tube. A deposit appeared in 
10 minutes at A. It failed to spread any further in an hour. 



(c) A double tube of the form, shown in fig. 26, was constructed, a small 
piece of cadmium being placed at D, the tube evacuated to below 10~ 4 mm., 
and sealed off. On heating D and running the eleotrodeless discharge in A, 
the deposit first appeared at C, then when C was heated the deposit moved 
into A. It was then distilled backwards and forwards in A for some time, no 
deposit appeanng m B. In this experiment the part of the tube where there 
is no discharge is always receiving as many cadmium atoms as that on which 
the deposit actually occurs. These experiments show that the discharge, 
both under the conditions of the earlier experiments and at very low pressures, 
is able to cause the condensation of the boiled metal on an insulated surface. 

It also appears that under these conditions every cadmium atom condenses 
at the point where it first strikes the wall (provided that point is within the 
region of the discharge). 
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(d) Test for the Presence of Charged Particles .—The work of Baum,* etc., has 
shown that sputtered particles leave the cathode uncharged. Under the 
conditions of Baum’s experiments a considerable proportion became charged 
a few millimetres from the cathode. It is not likely that many particles would 
become charged under the conditions of the present experiments. The current 
density in the main discharge is very small (10~M0“ 5 amps./cm. 2 ) most of it 
is carried by positive ions of the gas, and electrons from the low voltage arc 
cannot penetrate into the region near the cathode. Since, however, a small 
proportion of charged particles might stick to the surface and act as condensa¬ 
tion centres it appeared desirable to check the point by direct experiment. Two 
experiments were carried out In the first the sputtered particles were made 
to pass along a tube of about 1 cm. radius through a magnetic field of about 
800 gauss extending over 6 cm. of their path. According to Baum the charged 
particles are atoms of energy 0-1 volt, and such particles should be bent into 
a circle of a few millimetres radius by this field. Thus nearly all would hit 
sides of the tube, and fail to pass the magnetic field. Definite deposits were 
formed beyond the magnetic field. It was not possible to determine whether 
they appeared as quickly with the field on as with it off because the stray field 
disturbed the discharge. 

In a second experiment the particles had to pass through an electric field 
produced by two plates 4 mm. apart with 40 volts p.d. across them. The 
mean potential was that of the cathode. The length of path in the field was 
about 5 mm. Thus the slow charged particles should be drawn into one or 
other of the plates, according to the sign of their charge. A piece of glass was 
placed so that part of it received particles which had passed through the field, 
and part received particles which had passed near the plates, but not through 
the field. Deposition on the two parts of the glass was equally rapid. Thus 
these experiments show that the absence of critical densities cannot be explained 
by the presence of charged particles unless these particles are sufficiently fast 
to pass through our fields-t 

5. Deposition on Surfaces at Different Potentials. 

In view of the results of the previous experiments it appeared that the most 
probable cause of the absence of cntical densities lay in some action of the 
discharge on the surface. Presumably such action would be due to positive 

* ‘ Z. Physik/ vol. 40, p. 686 (1929). 

t The above result applies, of course, only to experiments at low pressures with the low- 
voltage arc. It is not in oonflict with Baum's results. 
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ion or electron bombardment. In order to test this theory a tube containing 
a low voltage arc and cadmium cathode, as in fig. 1, without the side tube, was 
contructed. A copper wire connected to the anode was used as target. It was 
found that the sputtered material did not condense on this wire when it was 
at room temperature. In order to test whether condensation of sputtered 
material on such a surface could be produced by cooling, a copper rod was 
placed in a side tube, and cooled overnight. It was connected to the anode 
by a fine wire. A small piece of copper-foil was placed between the cathode and 
the copper rod, shielding part of the latter. This was electrically connected 
to the anode, but not cooled. A deposit appeared on the cooled rod in about 
B minutes. This deposit had a fairly sharp edge showing the shadow of the 
foil. No deposit appeared on the foil for about 3 hours when a very faint 
coloured deposit became visible. The existence of the shadow and its sharpness 
demonstrates clearly that the sputtered particles were striking the foil and not 
being condensed. It also shows the pressure was low enough to make collisions 
with gas molecules rare. 

In order to investigate this effect further a series of experiments on both 
vaporized and sputtered metal were carried out. Fig. 3A shows the apparatus 



Fig. 3A.—Ground joint to be rotated through 90° when in use, 

used for the experiments on vaporized metal. Ions from the low voltage arc 
are drawn out of the tube A into the main bulb, and accelerated on to the cathode 
C. This consists of an aluminium plate with a hole in the centre. A rough 
beam of vapour from the quartz tube Q is fired through this hole into the centre 
of the main bulb. The quartz tube is supported and heated by a helix of 
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tungsten strip. The mouth of the furnace is just in front of the cathode so 
that little cadmium reaches it directly. The deposition of the metal on fine 
copper probe wires (W) was observed. Five probes were used (for clearness 
of reproduction two only are shown in the diagram). Each probe consists of 
a copper wire about 5 mm. in diameter projecting from a pyrex tube which 
shields it to within about 5 mm. of the end. For the experiments on sputtered 
cadmium the aluminium cathode and the quartz tube were replaced by a 
cadmium plate (made by moulding the cadmium in vacuum) of similar 
size. The position of this plate could be adjusted by a magnetic control. 

The electrical connections are shown in fig. 3B. The main potential is 
supplied by a high tension battery. The resistances R a are for safeguarding 



the batteries. The current to the cathode C and the current in the low voltage 
arc, are measured by two milliametres (m.A.). The probes (P x , etc.) are each 
connected through a resistance (R*, etc.) to a subsidiary battery. By inserting 
the plug Pt into each of the sockets (S^ etc.) in turn, it is possible to read the 
current to the different probes in turn. By suitably choosing the values of 
the shunting resistances R lt R„ etc., currents of very different order may be 
read on the same galvanometer (G). Before commencing the main experiments 
preliminary electrical measurements were made to determine the current- 
voltage characteristic for one of the probes under the discharge conditions which 
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were to be used in the main experiment. The variation in the current collected 
by one probe produced by altering the potentials of its neighbours was also 
investigated. In general, this last effect was found to be fairly small. As a 
result of these measurements the potentials to be used in the main experiment 
were chosen. The potential at which the probes collected no current was 
determined. Measuring from this potential as zero, one probe was placed at a 
negative potential of over 100 volts, one at a positive potential of 30 volts or 
more, two others were placed at intermediate potentials, and the fifth probe 
was left insulated. The currents to the different probes and the pressure were 
measured every 3 or 4 minutes during an experiment. Experiments were 
done at different current densities and different pressures, both with sputtered 
and vaporized metal. No difference between the behaviour of the two under 
strictly comparable conditions was observed. It was necessary to adjust the 
gas pressure to within a moderately narrow range—especially with the boiled 
metal—to avoid subsidiary effects. If the pressure became too high (> 10 
mm.) the effusion of the boiled metal ceased to be directed at all, and it was 
necessary to increase the temperature of the furnace to compensate this. 
This meant that the cadmium atoms reached the target by devious paths and 
had a considerable chance of becoming ionized. At low pressures (> 2 X 10~ 4 ) 
the discharge became very feeble ; there were few positive ions present, and 
electrons from the low voltage arc penetrated into the region near the mouth 
of the furnace. (The penetration of beams of electrons could be seen visually). 
It is probable that under these conditions the number of cadmium atoms was 
comparable with the number of gas molecules, so that an appreciable fraction 
of the current was carried by positively or negatively-charged cadmium. Thus 
at pressures outside the range 10~ 2 mm. to 2 X 10~ 4 mm. the cadmium went 
to the most strongly positive and also the most strongly negative electrodes, 
much less being deposited on electrodes at or near the potential corresponding 
to no current. (Various minor observations support this explanation of the 
experiments at very high and very low pressures.) 

Most of the experiments were done at pressures round about 1 X 10 -s mm. 
to 5 X 10" a mm. For all these experiments, whether boiling or sputtering, 
the deposits appear in the following order :— 

(1) Surfaces collecting slow positives (up to 30 volts). 

(2) Surfaces collecting little or no current, and therefore receiving approxi¬ 
mately equal number of positives and negatives. 

(3) Surfaces collecting faster positives (order of 100 volts). 

{4) Surfaces collecting large electron currents. 
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In all experiments the deposits received on surfaces collecting electrons were 
very small, and in some they could not be seen at all. It was noted that these 
differences between surfaces at different potentials were not obtained with 
sputtered platinum. 

It has been suggested to the writer that the similarity between the effects 
with vaporized and sputtered particles in a discharge tube arises from the 
following indirect process. Some of the particles vaporized into the tube may 
condense on the cathode and be sputtered, serving as nuclei for condensation 
of other vaporized particles. While this process might just possibly explain 
the results described in this section, it could not account for those of section 
4 (6) and 4 (c), in which an electrodeless discharge was used. For this and other 
reasons it does not appear probable that this indirect process is of much import¬ 
ance. 

6. Structure and Thickness of the Deposits. 

The structure of sputtered films has been subjected to X-ray analysis, and 
has been the subject of some controversy. The general conclusion* for films 
of platinum, gold, etc., is that the films are amorphous if formed on a cold 
surface, though they become crystalline if heated, and may sometimes be heated 
sufficiently by the discharge to make them crystalline. These results cannot, 
with certainty, be applied to cadmium. Because of the great difference in 
the critical density the process of condensation of sputtered gold, etc., may be 
essentially different from that of sputtered cadmium. Cockcroft (Joe. cit .) 
has shown that the films of cadmium produced by slow boiling consist of small 
crystals showing the Maxwell-Garnet resonance oolours.f The resonance 
colours may be distinguished from interference colours by immersing the surface 
in a liquid. Owing to the change in the refractive index of the medium the 
resonance colour changes, the effective wave-length increasing. Only on one 
occasion were these colours definitely found. This was a deposit formed on a 
slightly cooled surface which had been fixed at such a potential as to repel 
positive ions. It will be seen later that we believe such deposits are formed in 
a different way from ordinary sputtered deposits on insulated surfaces. The 
coloured deposits often seen in discharge tubes appear on test to be interference 
colours. 

* Debinska, 4 Bui. Pol. Acad. Cracow,’ vol. 9-10A, p. 460 (1(130)» * 2. Physik,* vol. 64, 
p. 46 (1920); C&u, * Ann. Physique,’ vol. ll,p. 364 (1929); Ingersoll and Hanaw&lt, *Phys. 
Rev.,’ vol. 34, p. 972 (1929); Dreisch and Rutton, 4 Z. Physik,' vol. 60, p. 69 (1930). 

t * Phil. Trans.,’ A, vol. 203, p. 386 (1904). See also R. W. Wood, 44 Physical Optics,” 
p. 630 (2nd edn.). 
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Another method of detecting the small crystals is by the thickness of the him 
when just visible. A non-homogeneous film (of the type produced by boiling) 
became visible when the average number of molecules per unit area is only 
sufficient to provide a layer 3 or 4 molecules deep.* * * § A homogeneous metallic 
filmf does not acquire sufficient reflecting and absorbing power to make it 
clearly visible until it is about 20 or 30 molecules thick. The thickness of 
sputtered films when clearly visible} was determined by weighing. The films 
for this purpose were deposited on quartz coverslipH (to avoid hygroscopic 
effects). Tests were made to see that there was no increase in weight if the 
quartz was placed in a discharge tube with an aluminium cathode (giving 
practically no sputtering). These control experiments were all satisfactory 
The weight was 3 X 10" 6 gm. per cm. 2 , and assuming that the density of the 
film is about the same as the density of cadmium in bulk the depth is 3 • 7 X 10“ fl 
cm., i.e. 9 about 90 molecular diameters. This taken with the absence of 
resonance colours indicates a homogeneous and probably amorphous film in 
agreement with X-ray analysis of films of other metals. 

7. Other Observations. 

The following incidental observations were made in the course of these 
experiments. 

(а) Penetration of Sputtered Cadmium into the Glass. —Two pieces of evidence 
show that some sputtered material penetrates into the glass wall of the discharge 
tube. Firstly, even after cleaning deposits off thoroughly with hot chromic 
acid, it was often very difficult to seal a portion of the tube to fresh glass.§ 
Secondly, on one occasion a tube in which cadmium had been sputtered was 
cleaned with chromic acid, and heated for some time to 400° C., in air; on 
subsequently passing cadmium vapour into the tube it condensed first on 
parts on which the cadmium had previously been sputtered—indicating 
a persistent sensitization of the surface. 

(б) Attempts to Sputter at Low Pressures .—Two attempts were made to do 
sputtering experiments at very low pressures. In the first of these K + ions 

* Estermann, ‘ Z. phys. Chem.,’ vol. 106, p. 399 (1923). 

t R. W. Wood ( loc . ctt.), p. 467. 

X There was great difficulty in deoiding when a film first became visible. Watching for 
the appearance of a film one would suspect a deposit for some time without being quite 
sure of its existence. Then suddenly the film would be seen to be quite strong. At this 
stage the discharge was stopped, and the film weighed. 

§ Dr. Emeltua tells me he has also observed this effect. 
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from a Kunsman filament were accelerated by 2000 volts on to a cadmium 
cathode. Only small currents (order of 0*01 milliamps.) were available, but 
the experiments were continued for over 10 hours. It was calculated that 
with argon, currents of this size should produce detectable sputtering in 2 hours. 
No sputtered deposit was obtained, but after about 1 hour a faint blue deposit 
appeared on the cadmium surface. The number of K + ions received during 
this time was sufficient to form a layer 3 or 4 molecules deep. Thus under 
these condtions the K + ions appear to stick to the cathode, instead of removing 
cadmium from it. 

In the second experiment a small discharge tube with cadmium electrodes 
was pumped out and sealed from the pump. No discharge could be obtained with 
an induction coil, but one was produced by a high frequency oscillator. A 
sputtered film was produced in this way in about 15 minutes. This would 
appear to be the most convenient way of sputtering at very low pressures. 

(c) Surface Motion of Sputtered Particles .—The surface motion of particles 
which have been condensed from cadmium vapour was demonstrated by 
Estermann* and Cockcroft (loc. tit.). By an experiment, similar to that of 
Estermann, the writerf has obtained strong, though not conclusive, evidence 
that surface motion exists for cadmium sputtered on to glass. 

8. General Discussion. 

The Adsorption Process .—The experiments of Cockcroft and others on the 
condensation of boiled metal were adequately explained by the theory of 
Langmuirf and Frenkel.§ According to their view, the surface forces of 
ordinary glass, and metal surfaces are partially neutralized by the presence of 
a thin film of gas or vapour. A cadmium atom striking such a surface is not 
immediately adsorbed, but moves about on the surface like a molecule in a 
two-dimensional gas. After a certain average time (t), the atom leaves the 
surface, unless it previously meets another cadmium atom, and combines with 
it, when the pair will have a much longer life on the surface. From these 
assumptions it is shown that critical densities must exist, and the theory also 
explains the variation of the critical density with temperature. The critical 
density phenomenon should not exist on a perfectly gas-free surface, for with 
such a surface the cadmium atoms would be “ captured ” by the surface 

win, 4 Z. Physik/ vol. 33, p. 320 (1925). 
t Ditchbum, 1 Proc. Camb. Phil. Soo.,* vol. 29, p. 131 (1933). 
t Langmuir, ‘ J. Amer. Chem. Soo./ vol. 40, p. 1361 (1918). 

§ Frenkel. ‘Z. Phyaik/ vol. 28, p. 117 (1924) (quantitative theory). 
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forces as they arrived, and a continuous film built up. Cockcroft was not able 
to produce a perfectly gas-free surface, but be was able to show that the critical 
density is several times smaller on a recently formed surface of silver than on 
surfaces which had been degassed and then cooled* (thus allowing them to 
acquire a layer of gas). 

Since we do not find critical densities under ordinary conditions with sputtered 
particles the process of adsorption must in some way be modified by the dis¬ 
charge. The explanation first considered by the writer was that cadmium 
produced by sputtering contained a fairly small proportion of diatomic 
molecules, or larger aggregates, or, alternatively, that it contained some fast- 
moving atoms. The aggregates would, obviously, form nuclei of condensation. 
The fast moving atoms might penetrate the gas layer and be captured, and 
then act as nuclei. This theory had to be abandoned when it was found that 
the condensation of sputtered particles is identical with that of cadmium 
vaporized in a discharge tube. 

The next theory is that the discharge may alter the vapour by producing 
excited or ionized atoms. We have shown directly that there are very few 
charged particles present of the type found by Baum, and that the condensation 
is not dependent on their presence. We shall consider the question of faster 
charged particles later. Electrons possessing more energy than that required 
to ionize the cadmium atoms would produce more ions than excited atoms. 
From the general theory of the discharge it is known that most of the electrons 
present would have more than thus energy. Thus since we have failed to detect 
ionized atoms, there cannot be any appreciable number of excited atoms present. 
Also any theory based on the action of excited atoms must fail to explain the 
difference between condensation on surfaces at different potentials. 

We are, therefore, left with the idea that the discharge may affect the surface 
so as to assist the adsorption. Positive ions, electrons and fast-moving atoms 
—produced by recombination—are all able to heat the surface. The electrons 
will penetrate into the metal, and their heating effect will thus be distributed, 
on the other hand, the positive ions, may be expected to produce a strong local 
heating on the surface. Miss Blodgett and others have shownf that bombard¬ 
ment by fairly slow positive ions produces a considerable evolution of gas from 
the walls and electrodes of discharge tubes. Thus we may explain our results 
in the following way. In a discharge tube, surfaces which are receiving positive 

* This point is also indirectly confirmed by experiments on thermionic properties at 
high temperatures where gas-free Surfaces can be produced and maintained. 

t * Phil. Mag./ vol. 4, p. 168 (1927). 
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ions are continually being cleaned ; this cleaning effect is counteracted by a 
fairly rapid condensation of molecules from the gas present in the tube. Thus 
at any one time, a certain fraction of the area of the surface will be free from 
gas. When a cadmium atom strikes such a surface, it will move about until 
either (a) it reaches one of the cleaned areas, when it will be captured by the 
surface forces, or (b) it meets another cadmium atom, and forms a pair, or (c) 
if neither (a) nor (b) occur within an average time (x) it will leave the surface. 
When we are dealing with conditions under which the rate of arrival of the 
atoms is far below the critical rate (6) may be neglected. The deposit will then 
be built up by (a) alone. It is obvious that if there are sufficiently large numbers 
of positive ions striking the surface, the film will be built up, even though the 
density of the stream of atoms striking the surface may be far below the 
critical density for deposition in the absence of the discharge. Under most 
discharge conditions insulated surfaces receive considerable numbers of positive 
ions, and are therefore in a condition to receive deposits. If, however, a 
surface is made a few volts positive to the space, positive ions will be repelled, 
and the cleaning effect of the electrons and neutralized ions is apparently too 
small to be effective. But if the temperature be reduced sufficiently, a film 
of sputtered cadmium may be built up on such a surface, mainly by process 
(6). If the surface be made strongly negative to the space, then large numbers 
of positive ions will be drawn in, but with a high velocity. Cadmium atoms 
condensing on such a surface may be immediately re-sputtered, so that a 
deposit cannot be built up on such a surface so rapidly as on one which receives 
slow positive ions. 

Thus we expect that both for boiled and sputtered metal, the deposits will 
appear, first, on a surface slightly negative to the space (and therefore receiving 
large numbers of slow positive ions), second, on an insulated surface (receiving a 
smaller number of positive ions), third, on a strongly negative surface (receiving 
fast positive ions), and last on a surface positive to the space (receiving electrons). 
This is the order found experimentally (see p. 179). According to this view 
we expect the film built up on the surfaces receiving positive ions to be con¬ 
tinuous, because the deposit is not being built up by the primary formation 
of nuclei. (The cleaned areas on the surface are indifferently distributed and 
are continually changing.) This agrees with results of experiments described 
in Section 6. The existence of surface motion is also explained, Section 7 (o). 
The penetration of the surface by sputtered particles, Section 7 (6) is probably 
caused by a certain number of atoms being struck by positive ions while they 
are on the surface, and driven into it. As stated above (p. 177), filw 
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apparently of a different character are very slowly built tip on surfaces 
which do not receive positive ions. Such films may be due to a small 
cleaning effect of the electrons/ or to the existence of a very few particles 
capable of acting as nuclei. If the rate of arrival of the sputtered 
atoms is above the critical density, we should expect that the deposition 
would be unaffected by the potential of the target. This condition may 
be realized for platinum at room temperatures, even for slow rates of 
sputtering. To attain the corresponding condition for cadmium, we must 
cool the surface to liquid air temperatures. With both metals the expected 
result was observed (pp. 180). 

The above discussion is entirely qualitative. It is difficult to make any 
quantitative check on the theory, but the following considerations appear 
to show that it is not unreasonable from a quantitative point of view. With 
a current of density about 10 -4 amps./cm. 2 , the number of positive ions striking 
the surface per square centimetre per second is about 10 lfl . At a pressure of 
10“ 3 mm., the number of gas molecules per square centimetre per second striking 
the surface is about 5 X 10 17 . Thus if each positive ion cleans an area of 
atomic dimensions, and every gas molecule which hits a clean part of the 
surface was captured, we should expect that a fraction of about 1 in 10* of 
the surface to be clean when equilibrium had been reached. The experiments 
of Cockcroft Bhow that the life of a single atom on the surface is not less than 
2*6 X 1CT 9 seconds. Other considerations based on the Frenkel theory 
indicate that it is probably not more than ten times greater. A cadmium 
atom moving with thermal velocity corresponding to room temperature would 
pass over an area of about 10 " ia sq. cm. in 2 *6 X 10~ 9 seconds (ie., over about 
10 s atoms). It would thus stand a fair chance of being captured. We should 
expect that if the positive-ion current density were reduced much below 10“ 5 
amps, per square centimetre the rate of deposition should be considerably 
reduced. This was observed. 

In the above we have assumed that the faster positive ions were able to 
remove the cadmium by re-sputtering it, and so to reduce the effective rate of 
condensation. It is not possible to decide whether the observed currents were 
large enough to produce such effects because there are no data on the sputtering 
of cadmium at voltages under 1000 volts. An attempt was made to remove 
one of the deposited films by bombardment with slower positive ions. An 
electrode on which a cadmium deposit had previously been formed was set at 

* Some cleaning effect might also be produced by negatively charged gas molecules, or 
by fast neutral molecules formed by the recombination of ions in the discharge. 
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100 volts negative to the apace, and then the discharge was adjusted so that a 
current of 3 x 10“ 6 amps, was collected, but no disintegration or disappearance 
of the deposit was observed in 2 hours. This observation offers some evidence 
against the view that the effective rate of deposition can be reduced by positive 
ion bombardment. This evidence is not, however, very strong because more 
energy is required to remove a cadmium atom from a continuous cadmium 
surface than to remove a “ free ” cadmium atom which is still moving about 
on a copper or glass surface. 

Two alternative theories should be mentioned. 

(а) It is possible that the condensation caused by positive ions is due to 
a change in the electrical state of the surface produced by the ion as it enters 
the surface. But the time during which a positive ion is near to the surface 
(i.e., within a few atomic diameters) is so exceedingly small that it cannot give 
an explanation of the magnitude of our results unless we assume that the 
electrical change persists for some time after the ion has struck the surface. 
Since there is no other evidence for any such effect it appears very improbable 
that this view can be correct. 

(б) While the experiments of section (4) show that the deposition is not 
affected by slow cadmium ions such as those found by Baum ( loc . dt.) they do 
not exclude the possibility of a sensitizing effect caused by cadmium ions of 
velocities corresponding to 5 volts or more. It is very difficult to design any 
experiment which will clearly discriminate between an effect of these ions and 
one due to A + ions from the discharge, since any potential which will repel 
one will also repel the other. We have, however, no positive evidence for the 
existence of these faster cadmium positive ions, and it is certain that their 
number must be very small compared with the number of A* 1 ions present, and 
also the number of cadmium atoms present. 

The structure of the deposits also offers fairly strong evidence against any 
theory based on Cd + ions, or on any other local sensitizer. If the formation 
of the deposit depended on the presence of nuclei we should expect it to be 
formed round these nuclei, t.e., we should expect deposits consisting of small 
aggregates similar to those found by Cockcroft. As stated in Section 6 the 
deposits found axe continuous, and therefore not formed by means of nuclei. 
Thus the theory we have given above (p. 183) is supported by considerable 
evidence, and would appear to offer the best working hypothesis for more 
detailed experiments. 

B. —The Sputtering Process .—Although the primary object of these experi¬ 
ments was not the investigation of the sputtering process, it is of interest to 
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consider whether the results have any bearing on this problem. It will be 
seen that the behaviour of the sputtered particles is in every way similar to 
that of particles boiled into the discharge tube. This confirms the conclusions 
of other workers* that the sputtered particles leaving the cathode are uncharged 
single atoms with velocities of the order of the thermal velocities for under 
1000° C. If there were present more than a few per cent, of molecules or larger 
aggregates, we should expect them to form nuclei of condensation, when the 
behaviour of the sputtered particles and the boiled particles would not be so 
closely alike. In particular, the sputtered particles might be expected to 
condense much more rapidly on the surfaces which receive electrons. The 
experiments of von Hippel and Baum would probably fail to reveal the existence 
of 20 per cent, molecules, but a much smaller number should have been revealed 
by our condensation experiments. 

Our results are thus consistent with the “ local boiling ” theory of von 
Hippel, but they cannot be regarded as supporting that theory, since other 
mechanisms of sputtering might equally well lead to the production of single 
uncharged atoms with thermal velocities. 

I am glad to take this opportunity of thanking Sir J. J Thomson for his 
continued interest in my work, I wish also to thank Dr. Braddick and Dr. 
K. G. Emelfris for helpful discussions while the work was in progress. 


Summary . 

(1) It is shown that in the deposition of sputtered cadmium there is no 
critical density phenomenon similar to that found by various authors for the 
condensation of vapour. For insulated surfaces the rate of deposition is very 
little affected by temperature changes from +30° C. (or more) to —160° C. 

(2) The rate of deposition is affected by the conditions of the discharge and 
by the potential of the target, being faster for surfaces which are collecting 
slow positive ions (order of 10 volts), somewhat slower for those collecting fast 
positive ions (order of 100 volts), and almost indefinitely slow for surfaces 
collecting electrons. 

(3) The rate of deposition on surfaces collecting electrons can bo greatly 
accelerated by cooling. 

* von Hippel, 'Ann. Physik/ vol. 80, p. 672 (1926); vol. 81, p. 1043 (1926); 
Blechaxnidfc, ‘Ann. Physik/ vol. 81, p. 999 (1926); Baum, 1 Z. Physik/ vol. 40, p. 765 
(1929). 
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(4) It is shown that the deposition of boiled cadmium can be affected very 
strongly by a feeble discharge, and effects exactly parallel to those mentioned 
in (2) are found. 

(5) The sputtered metal giving these effects is shown to be uncharged. 

(6) Experiments on the thickness and structure of the film are described. 

(7) A tentative theory is suggested according to which the deposition is 
assisted by a surface cleaning effect of positive ions. 


Determinations of the Signs of the Fourier Terms in Complete Crystal 

Structure Analysis. 

By K. Bankrjke, D.Sc. 

(Communicated by Sir William Bragg, O.M., F.R.S.—Received February 1, 1933.) 

The Fourier representation of the results of X-ray diffraction by crystals 
was first suggested by W. H. Bragg,* and later it was used by Havighurst and 
Comptonf to obtain the distribution of scattering matter in crystals. W. L. 
BraggJ developed the two-dimensional representation of the Fourier series 
into a very convenient method of crystal analysis. He considered crystals 
having a centre of symmetry where it can be shown that if a projection of 
the atoms on the yz plane be coasidered the density of scattering matter per 
unit area of projection at the point y , z is given by 

P (y, 2) = r-4— + s + i F (0*1) cos 2 ie ft? + l ~) (1) 

the structure factor for X-ray diffraction from the plane (Ofci) of the crystal 
being the numerical value of F(OAi). 

The sign of F(0 Id) may be either plus or minus, but cannot be determined 
from diffraction intensities. The method that is being used by W. L. Bragg 
and his students is to determine the structure very roughly by the trial and 
error method with guidance, if available, from physical and chemical properties. 
The signs of the terms are then determined from this rough structure and the 

* 4 Phil. Trana./ A, vol. 215, p. 253 (1915). 

t Havighurst, 4 Proc. Nat. Acad. Washington,’ vol. 11, p. 502 (1925); Compton, 44 X-rays 
and Electrons,” p. 151. 
t 4 Ptoo. Roy. Soo.,’ A, vol. 123, p. 637 (1929). 
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complete analysis effected by the Fourier method, with the help of these signs 
with, if necessary, slight modifications. 

Bradley's"' important discovery of the variations of scattering power for 
different wave-lengths has made it possible to determine the signs beforehand 
for simple crystals composed of two fairly heavy elements. 

All the methods previously described are applicable only to simple crystals, 
or to crystals whose physical and chemical properties are a great help in 
determining the structure. Most crystals are thus too difficult to yield to these 
methods, e.g. t the aromatic organic crystals, except a few isolated cases. 

Another method of direct solution of crystal structure was developed by 
Ofct.f With the assumption of spherically symmetrical atoms he obtains 
for a crystal havmg a centre of symmetry 

F (kOO) = e 2n -« rh/a , (2) 


where 4> r is the atomic structure factor and £ 0 r the z-co-ordmate of the rth 
atom. 

If the atoms are identical we may put 




F(A00)_ g _v 0A 


(3) 


where — e a . If the n values of the P’s be the roots of the equation 


II (x — p f ) = x n + a x x n ~ l + ,. + a n = 0, 
then by Newton’s relation, we have 
®ioo + ^1 = 0 
S 2 do + ^h^ioo + 2 o 2 = 0 
®300 4" ® 1^200 + a 2®100 4" ^3 “ 9 

S»oo + ®i®(n—i) oo + ••• + na„ = 0 
Since the crystal has a centre of symmetry, we have (5), 


(4) 




( 6 ) 


l — «n 
<h = a »-l 

a * • 

a a — a n-3 

etc., etc. 

* 1 Proo. Roy. Soo.,’ A, vol. 136, p. 210 (1932). 
t 4 Z. KristaUog.,* vol. 66, p. 136 (1928). 


(6) 



190 


K. Banerjee. 

Thus we have a large number of equations, much more than required for finding 
the a’s. Other similar equations may be formed for the other zones which we 
shall consider later. 

Ott solved these equations for a few crystals, and the values of a’s thus obtained 
were substituted in equation (4), whence the parameters were obtained directly. 
Only in exceptional cases is it possible to use this method, for the following 
reasons :— 

(1) From X-ray diffraction it is possible to know the numerical values only 

of the S’a and not their signs. 

(2) These numerical values again are not generally sufficiently accurate to 

warrant a direct solution for the parameters. 

(3) The equation (4) is one of the wth degree and hence in general cannot be 
solved if n is greater than 4. 

Though these considerations preclude the possibility of a general use of this 
method, we oan, however, find the signs of the Fourier terms with the help of 
these equations. 

Let us consider the projection on the xy plane. Instead of trying to find 
the values of the a’s let us eliminate them ; since there are a very large number 
of equations we can choose \n ~f-1 out of them, and by elimination we get a 
relation between the S’s. We know the numerical values of these quantities 
and by trial we can find out the proper signs which will make them satisfy 
these equations. 

But it will often happen that there will be more than one combination of 
signs that will satisfy these equations. This will happen more often if n is 
large, and then we have to find the a’s from these combinations of signs and 
to substitute them in other available equations. By this means we can 
determine the combination that satisfies all the equations and also the signs 
of the other terms, for the (A00) planes. In a similar manner it is possible to 
find the signs of the terms corresponding to any plane, where measurements 
for a number of orders are available. The signs of the other terms may be 
obtained in the following way. We have to take the equation 

s (hkl) = = 2 e 2w<f/*/«+V'*/*+*. f </0) 

= SA fY A 

r 

where A r = */*+£c */o and y f = c 2w <£a r A/a and k and l are constants, h 
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being variable. For shortness we shall write S A for S (MI). Let the n values 
of y be the solutions of the equation 

II (x — p r ) = x n -f- b^x*^ 1 -}- b z x n ~ 2 + .. b n = 0. 

r 

On substituting these roots we have the following identities 

a i(pr +.. + *«)=<> 

A 2 (^2™ + 1 + **.< , n) = 0. 

On adding wc have 

SA r (p r M-W^+ .. + 6J-0, 

or 

S n + <?! S n _ 1 4- . + 6 n S 0 -= 0. 

Again the series of identities 

A f p/^ + p^+.-.+hJ-O 

give on addition 

^n + p + p-1 + *• + K Sp = 0, 

and similarly 

Sn-, + + ... + b n S„ v ~ 0. 

Thus we have a series of equations whose number depends on the number of 
intensity measurements available. With the help of the signs that have 
already been determined it is now possible to find the signs of these terms from 
these equations. It is not, however, possible to determine the signs of all the 
terms in this manner since the number of intensity measurements falls oft 
with the order of the layer line. But when we have determined the signs of 
a number of terms we can proceed with the Fourier method and arrive at the 
correct structure after successive refinements. 

Application to Anthracene . —As an example let us find the signs of the terms 
S 00I of anthracene crystal, for the different values of L The number of carbon 
atoms in the unit cell is 28; but for every atom there is another having the 
same value of the z co-ordinate so we may take n = 14, the atomic structure 
factor for each atom being supposed to be doubled. As the crystal has a 
centre of symmetry, we have, according to equation (6), 

; c 9 = c 6 ; c 10 = c 4 j etc., 

where the c’s correspond to the a's in equation (5), the number of unknown 
parameters being thus 7. So this is a fairly complicated case and nicely 
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illustrates the method. The intensity measurements are taken from 
Robertson’s* work. The signs found in this way agree well with those 
determined by Robertson from the rough structure obtained previously by the 
author.f 

From the series of equations 


Sooi 

+ 

c x = 0 



®ooa 

+ 

c l®001 

+ 

2c, 

= 0 

S 00 3 

+ 

c iSooa 

+ 

c 2®001 “1“ ^3 — 

®007 

+ 

C l®006 

+ 

.. 

+ 7c 7 = 0 

®008 

+ 

<aSoo7 

+ 


+ 8^6 “ 0 


by elimination, we have 


( 7 ) 


Sooi 1 0 

®002 ^001 2 


0 0 0 0 
0 0 0 0 


0 

0 


= 0 . ( 8 ) 


®007 ®006 ® 00 S ®004 ^008 S 008 8 001 7 

Soos ®oo7 Sow S^g Sqq4 Sqoj (S ooa -f8) S 001 

In Table I are given the values of “ S ” by dividing the structure factors 
from Robertson’s results by the double of the atomic structure factors obtained 
from the curve given in Lonsdale’s paper4 


Table I. 


Plane 

s 

Plane. 

S. 

000 

14 

006 

0 

001 

2*8 

007 

0 

002 

2-5 

008 

0 

003 

2 6 

009 

30 

004 

4 2 

0010 

0 

005 

40 




Substituting the zero values and the numerical values where there are even 
powers of the S’s in the equation (7), we have 


- 4854 + 22849 8 * - 193 S 1 S» + 5866 S 4 + 2476 S& 

- 2070 SiSjSg + 14740 8 , 8 * - 4032 8 , 8 A - 3960 S,S,S 4 

+ 2688 8385 = 0 . 

* ‘ Proc. Roy. Soc.,’ A, vol. 140, p. 79 (1933). 
t ‘ lad. J. Phy*.,’ vol. 4, p. 667 (1930). 
j ‘ Proo. Roy. Soc.,’ A, vol. 123, p. 494 (1929). 








Determinations of the Signs of Fourier Terms . 193 


By trial it is found that the following three sets of signs, Table II, satisfy 
this equation. 

Table II. 



1st H<*t 

2nd set | 

1 3rd set 

l 

'^00| 

1 

b 

1 

1 

^002 

'■ 

— ; 

— 

*^003 

t 

— 

—■ 

* S 004 

— 

r | 

— 



_j- j 


Substituting these signs in the equations (6) we hav< 

* the following sets of 

values for the c’s in Table III. 





Table III. 



1st Kft 

2nd set. 

3rd set 

1 

-2 8 

i 2 8 


2 H 

r 2 

2 

1 » 2 | 

"> 2 

r a 

s 1 

1 -« 3 

fl 3 

<■4 

12 2 

4 8 ! 

7 U 

<» 

—15 

i » « 

8 (j 

'e 

17 

1 -1 « l 

ti 4 

°7 

-18 2 

1 - 7 ! 

1 

~3 a 


On trying these sets of values in the equations 

®009 + °4®005 + °5^004 + C fi^003 + C 7^002 + C «So01 + 9c 6 — 0 
C l®009 H" C 5®005 + C 6^004 + C *7^003 ^6^002 C 5^001 4' ^^4 ~ 9, 

it is found that only the first of these satisfy them, and the sign of S 00d is found 
to be negative. The signs of the Fourier terms then agree with the signs 
found from the structure determined by the trial and error method. The 
process can be extended to determine the signs of the other terms as well. 

We have taken the fairly complicated case of anthracene to exemplify the 
method, as, thanks to Robertson, a very good set of intensity measurements 
is available. Where n has a smaller value this method proves very con¬ 
venient as the final equations are not so complicated. But the real usefulness 
of the method will be m rather complicated cases, where the method of trial 
and error fails, though a good series of intensity measurements has been made. 

The author takes this opportunity to express his gratefulness to Dr. Robertson 
for allowing the author to use his unpublished data. 
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Collisions of x-particles with Fluorine Nuclei. 

By N. Feather, Ph D., Fellow of Trinity College, Cambridge. 
(Commumrated by Lord Rutherford, 0 M , F R S —Received February 2, 1933 ) 

[Plates 1 and 2 ] 

Introductmi. 

Present knowledge concerning individual collisions of swift particles and 
nuclei is derived mainly from the researches of Blackett and his co-workers* , 
it has reference to the collisions of a-particlcs with hydrogen, helium, nitrogen, 
oxygen and argon nuclei—and of H-particles with oxygen nuclei. Its content 
is briefly as follows * conservation of kinetic energy and momentum has been 
found to hold, to the accuracy of measurement, in all save obviously dis¬ 
integration collisions (disintegration has been found, amongst the above, only 
for nitrogen), and an empirical relation between velocity and range has been 
derived for each of the five types of recoil atom in question. The present, 
paper describes an investigation of the collisions of a-partieles with fluorine 
nuclei by the same general method ; it. establishes the appropriate range- 
velocity relation, though it does not afford any positive information concerning 
the inelastic (disintegration) collisions which from other evidence are known 
to occur. Less complete data establishing the range-velocity relation for 
carbon recoil atoms have been obtained as a bye-product in the course of the 
work. 

Fluorine has been employed in the present work very conveniently in the 
form of the saturated carbon compound, carbon tetrafluonde. In general 
the application of expansion chamber methods to fresh elements has been 
greatly retarded on account of the chemical activity of the simpler chemical 
compounds available. Of the lighter elements carbon has received less 
attention than might otherwise have been profitable presumably because it 
appeared unlikely that any disintegration effects would be observed, but, for 
the rest, boron, silicon, phosphorus, sulphur and chlorine, m order to be 
examined, must have been employed in the form of highly active gases. In 
such conditions technical difficulties arise in the construction of a suitable 
chamber and the finding of a convenient substitute to employ m place of the 

* Blackett, * Proc. Roy. Hoc.,’ A, vol. 103, p. 62 (1923) ; vol 107, p 349 (1925); Blackett 
and Hudson, ibid., vol. 117, p. 124 (1927), Blackett and Champion, ibid., vol. 130, 
p. 380 (1931); Blackett and Loch, ibid., vol. 134, p. 658 (1932), vol. 136, p. 325 (1932). 
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usual water vapour.* With elementary fluorine these difficulties are doubtless 
effectively insuperable ; with carbon tetrafluoride, on the other hand, they 
entirely disappear. This compound has been reported at various timesf m 
the past, but it remained for Lebeau and Damiens* m 1926-30 and Ruff 
and Keim§ in the latter year, definitely to establish its properties, both chemical 
and physical. The most important, in view of its employment in the expan¬ 
sion chamber may be summarized as follows : boiling point, —130° C. ; ratio of 
specific heats, Cp/Cv , 1-17 , molecular stopping power, 2-75 (v. inf.) ; action 
on water, glass, copper, silver, lead, ml, very slow absorption by some oils 
Except in a fully equipped laboratory the preparation of the gas cannot be 
easily undertaken, since elementary fluorine is required. Professor Lebeau, 
however, kindly undertook to provide a sufficiently large sample for the work 
to be described. For this most generous gift of 2 litres of the gas I wish here 
to offer my sincere thanks 

The Erpansion Chamber and Camera System. 

The expansion chamber was built in 1927 by the Cambridge Scientific 
Instrument Company to a design for which Drs Chadwu k and Nimnio were 
chiefly responsible. The chamber described by Augei|| in 1926 served as 
pattern. In 1929 the characteristics of the new apparatus were investigated 
by Nimmo and Richardson,^ and the chamber itself was used by the latter 
worker m 1930 in an investigation of the (4-particle emission of radium D, 
being very briefly described in the published account of the work.** Fig. 1, 
taken from the makers* drawings, shows the details of the design ft For the 
present investigation it became necessary to adapt the expansion chamber for 
automatic operation.^ It would serve no useful purpose to enter into full 

* Progress towards the solution of the difficulty along these lines has, however, already 
been achieved, cf. Philipp, 4 Z. Physik vol 53, p 100 (1020). 

t Moissan, 1 C R Acad. Sei. Pans,’ vol. 110, p. 276 (1890), Hunuston, 4 J Phys. Chom./ 
vol. 23, p. 572 (1919). 

t ‘ C. R. Acad vSci. Pans/ vol. 182, p 1340 (102b) , vol. 191, p 930 (1930) 

§ ‘ Z. anoig. Chem.’ vol. 192, p 249 (1930). 

|| ‘ Ann. Physique,’ vol. 6, p 183 (1926) 

K Nimmo, ‘ Ph.D. Dissertation,’ Cambridge, 1929. 

** 4 Proo Roy Soc.,’ A. vol. 133, p 367 (1931). 

tt The actual drawing for this figure was made by Nimmo. 

The experiments here described were suspended in February, 1932, when work on 
the nuclear radiation from beryllium was begun Ouly incidental changes were made 
m the apparatus at that time. A short description of the arrangement was included in 
the initial report of the work, 4 Proc. Roy Soe.,* A, vol. 136, p. 709 (1932). 
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details here, since the machine was not designed as a unit from start to finish'; 
it incorporated large portions of the mechanical accessories of the apparatus 
of Nirnino and Feather* (1928) and of that of Nirnmo and Richardson (loc. 
cit .), all, however, entirely rebuilt, with several additions. 

A set of cams mounted on a common shaft and driven through reduction 
gears by a small electric motor controlled the cyt le of operations. In normal 



Fw. 1.—Cloud expansion chamber, Cavendish 1927 type. 

working a complete cycle occupied from 28 to 32 seconds, according to circum¬ 
stances—almost twice as long as employed by Blaekettt for a chamber of 
very similar size. The controlling factor here is the mass of the piston (the 
stout construction of which is evident from the figure), a much greater time 
being required for full return before the main expansion than with a piston of 

* ‘ Proc. Roy. Soe.,’ A, voJ. 122, p. 008 (1929). 
t ‘ J. Sci. Instr.,’ vol. 6, p. 184 (1929). 
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smaller mass. A similar effect holds for the motion m expansion also; in 
order to keep this sufficiently rapid a specially large valve, of about 10 sq. cm. 
area, was employed. The opening of the valve was made as sudden as possible 
by using a hght piston-like bung which was held in position until the instant 
of expansion and was then released, to be acted upon by the full pressure 
difference established between the space below the piston and the “ vacuum 
reservoir.” After a free travel of several centimetres the piston bung was 
brought to rest and, at an early stage in the subsequent cycle, was returned. 
For the intermediate clearing expansion extreme speed is not essential and an 
auxiliary valve of the usual pull-off type was employed. 

The time for which a-particles were admitted to the chamber was controlled 
electromagnetically. At an instant which could be finely adjusted with 
respect to the time of expansion the current through a small electromagnet 
was broken In this way the slit system was released ; a plate with a vertical 
slit in it moved horizontally across the source. Later, when the current was 
re-established, the slit system was automatically re-set. The source consisted 
of a rectangular platinum-faced button, 3 * G mm by 1-6 mm , activated by 
exposure to emanating radiothorium, and fixed with its long axis horizontal 
about 5 or 6 mm. from the mica window of the chamber The a-particle 
window was about 1 mm in diameter and was formed of mica of rather less 
than 1 cm. stopping power. A hole 7 mm in diameter had been made in the 
thick glass wall of the chamber. Into this was inserted a hollow plug of brass 
carrying the window m its outer face, and in its inner face a horizontal slit 
1*5 mm. wide, intended further to limit the beam. The chamber had a 
diameter of 17 cm. and a maximum depth of 4*2 cm. By means of a second 
electromagnetic device similar to the first a hght rod, carrying an insulated 
wire bridge at one end and pivoted near the other end, was w turn caught up, 
held, and released at the appropriate moment, m order to discharge a con¬ 
denser (1/20 mfd. charged to 30 k.v ) through two quartz mercury lamps in 
parallel and so provide the illuminating flash for the photographs. 

The camera was constructed from the parts of two similar Ensign film cameras 
of an old design. These were built and coupled together so that two photo¬ 
graphs were taken on the same length of film—each occupying the full width 
of the film—separated by such a distance (corresponding to a stereoscopic angle 
of 8° 54') that six other full size photographs could be accommodated in the 
intervening space. In this way one lens was made to take always “ even 
numbered ” photographs and the other lens “ odd numbered ” photographs, 
when the film was moved forward two places between each exposure and the 
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next.* * * § The lenses were a matched pair of Cooke “ Aviars ” of 3J-inch focal 
length. In general they were used at maximum aperture, //4*5. In the 
camera the film moved through guides in such a way that the image planes of 
the two corresponding photographs of a pair were suitably inclinedf and the 
object planes, therefore, coincident—or nearly soj—in the chamber itself. 
The film, m lengths of 100 feet each, was developed by Messrs. Kodak, Ltd., 
Kmgsway, London. After development the photographs were numbered and 
examined. Finally, measurements were made on selected photographs by 
taking down the camera and using it in the stereo-reproject ion apparatus of 
Nuttall and Williams,§ as previously described.|i The ends of the tracks of 
the a-particles both of thorium C and of thorium C' were visible on each photo¬ 
graph. In this way direct translation of measured lengths to reduced air 
ranges^! was always possible. 


The Composition of the Gas Mixture. 

On the basis of Bragg’s rule the molecular stopping power of carbon tetra- 
fluondc is 2*75 (air = 1). Moreover, under the conditions obtaining m the 
experiment to be described the a-particles of thorium C' had a residual air 
equivalent range of somewhat more than 7 cm m the chamber. In order, 
therefore, that the whole width of the cloud volume should be used to the best 
advantage, it was necessary to dilute with a foreign gas—since the ideally 
preferable alternative of reduced pressure was altogether impracticable. In 
such circumstances helium is the most satisfactory dilutant—for two reasons. 
The molecular stopping power of helium is less than that of any other gas, and, 
smee it is monatomic, smaller expansion ratios are possible, an advantage with 
a heavy piston. Now, if optimum proportions are to be calculated exactly, 
the ratio of the specific heats must be known for each component. For 
carbon tetrafluonde the appropriate data were not initially available. How¬ 
ever, for methane we have y = 1*31, for methyl chloride 1*28, for methylene 

* I wish here to thank I>r. F. R. Terroux for suggesting the basic idea involved in this 
arrangement. 

f Blackett, 4 Proc. Roy. Soc.,* A, vol. 123, p. 613 (1929). 

X Constructional limitations prevented the exact attainment of this condition, but the 
angle between the object planes was arranged to be sensibly smaller than that between the 
axes of the camera lenses. 

§ * Proc. Phys. Soc.,’ vol. 42, p 212 (1930). 

|| Feather, ‘ Proc. Roy. Soc.,’ A, vol. 136, p. 709 (1932). 

If Blackett and Lees, 1 Proc. Roy. Soc.,* A, vol. 134, p. 668 (1932). 
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dichloride 1-22, for chloroform 1*15, and for carbon tetrachloride 1*13 * 
As a rough estimate y — 1-17 (14/12) was assumed for the corresponding 
tetrafluorme compound. On this assumption a mixture of 4 parts helium and 
1 part carbon tetrafluoride (proportions by volume) is characterized by an 
effective value of y of I -42 —almost exactly the value for a simple diatomic 
gas—and, at the end of an expansion for which v t /v x — 1*36, by an effective 
oc-particle stopping power of 0*51 

Such a mixture was made by filling the chamber with helium (crude heJium 
containing 20 per cent, air was passed slowly over charcoal cooled in liquid air), 
taking out gas to a calculated pressure, and admitting the appropriate quantity 
of carbon tetrafluoride The final amount of gas m the chamber was such as 
to allow of an expansion ratio of about 1*36 when the initial pressure was 
roughly atmospheric. When the test was made good tracks were obtained 
with this ratio, of almost the calculated length. It was concluded, therefore, 
that the values assumed, both for the stopping power and for the ratio of the 
specific heats, could not- have been far from correct, and, as a result, the 4 ; 1 
helium-carbon tetrafluoride mixture was adopted for t-lie whole course of the 
work Even with these molecular proportions 66 per cent of the stopping 
power of the mixture is provided by the atoms of fluorine , at this considerable 
dilution, therefore, two-thirds of the maximum possible yield of fluorine 
collisions should still be obtained. 

In general, before the helium filling, the air m the chamber was replaced by 
hydrogen, so that, although 3 per cent, by volume of this initial filling remained, 
no other disintegrate element should have been present to an appreciable 
extent in the gas. 


The Exjfxnmental Results. 

Over a period of 5 months 6265 stereoscopic pairs of photographs were 
taken. These included the tracks of 455,000 a-particles—296,000 those of 
thorium C'.f under observation for the last 7 * l cm. of the air equivalent range, 
the remainder, the a-particles of thorium 0 to the extent of the fast 3*2 cm. 
of path. No obviously disintegration collision was revealed by the mere 
examination of the photographs for purposes of registration and cataloguing. 

Measurements were made on some 70 forked tracks, selected from a much 

* Oapstick, 1 Proc. Hoy. Soc.,’ A, vol. 57, ]> 322 (1895), 1 Phil. Trans.,’ A, vol. 185, p. 1 
(1894). 

t This estimate is based on representative counts in which 4528 separate tracks were 
counted. 
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greater number actually recorded. Simply by inspection it was usually 
possible to decide whether an a-particle-helium collision was in question, or 
whether the collision had been with either a carbon or a fluorine nucleus. 
Very few measurements were made on forks of the former (helium) group, and 
those merely as a guide to the general accuracy of the determination. In the 
latter group all collision photogiaphs in which the reduced air range of the 
recoiling particle was greater than about 2 mm. were submitted to examin¬ 
ation in the reprojection apparatus, and only a very few of these discarded 
as unprofitable for measurement. Amongst those forks with shorter recoil 
spurs the choice was necessarily somewhat arbitrary, since in all 987 forks of 
the “ C or F ” type were catalogued (180 helium collisions were observed). 

Measurements on the helium forks consisted in single determinations in 
five instances of the angle between the two arms of the fork. In two (0 + (f>) 
was directly determined, and in the remaining three cases 0 and <f> were 
measured individually. Reproductions of four of the forks in question are 
included in Plate 2. The following values were obtained 


Plato 2, No 
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j in 

17 j 
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On account of the equality of mass of the two particles involved in the collision 
the value to be expected m each case is 90'° Allowing a small margin of error 
this is precisely what is found, moreover the mean of the determinations above 
quoted is 89*5°, in good agreement with the theoretical value. 

A single determination was also made of the angles of deflection (<f>) and 
projection (0) for one collision, very obviously between an a-particle and a 
hydrogen nucleus. A reproduction of one photograph of this pair is given in 
Plate 2, No. 22. The measured angles were as follows : 0 41*2°, <f> 15 -2°, 

corresponding to a mass ratio of 0*265 instead of 0*252. It is almost certain 
that the true value of <f> was 14*4°t —the maximum deflection possible (when 
the true value of 0 is about 40°). By making the necessary calculations for this 
collision a single point on the range-velocity curve for fast protons was obtained. 
The point in question is r (reduced air range) = 17*9 mm , v = 12*1 . 10 s 
cm./sec. From the results of Blackett and Lees (loo. cit.) and Blackett,J 

t Blackett and Lees, ‘Proc. Roy. Soe./ A, vol. 134, p. 658 (1932). 
t ‘ Proc. Roy. Soc./ A, vol. 135, p. 132 (1932). 
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corresponding to this range we should expect a velocity of 12*4 • 10 8 cm./sec. 
The agreement is again satisfactory. 

In general only a single set of measurements was made of lengths and angles 
for each of the selected forks classified as “ (J or F ” (v sup.). Sometimes, 
however, two or more independent settings of the film were made and the 
corresponding measurements recorded. The values given in Table I show 
the degree of consistency attained. Here and l 2 are the reduced air 
ranges, after the collision, of a-particle and recoil atom, respectively, and 0 
and <f> have their usual significance 


Table I. 
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In each of the examples in Table I a fairly long recoil track was available 
for measurement, and the accuracy of determination of 0 was not very inferior 
to that of determining 6. It is otherwise when the shorter recoil tracks are 
in question. On the assumption that in fixing the initial direction the full 
length of each recoil track was used—to do which was frequently quite 
impracticable—and that the probable resultant transverse positional error 
involved in setting on the two ends was 0-2 mm. m the full size image, it was 
estimated that the average value of the probable error in 0, taken over all 
the collisions investigated, was 3*6°. The individual values from which this 
average was drawn included 7 cases of a probable error less than 1-5° and 4 
cases with an error greater than 7°. Now in t he majority of practical cases the 
calculation of the mass ratio for the colliding particles is limited by this some¬ 
what inaccurate knowledge of 0, t he angle of projection of the struck nucleus, 
especially if the latter be heavy. It has been pointed out above that this is 
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the more difficult measurement; it will now be shown that it is often the more 
important. For, if rn be the mass of the nucleus and M the mass of the 
oc-particle 


~(=y sav) - sin< * 
M y sm (26 f 


sin (20 + <f >). 8y 


2 sin <{> 


cos (26 + <f >). SO 


Now it may easily be established that for y < 3, namely, for collisions with all 
nuclei heavier than that of boron, B n , for all possible values of 0 and <f >, 


I cos (20 +■ <f>) | > ] COH 0 |, 


Moreover, in more than 60 per cent, of the C or F collisions investigated, 
sin > sin 0. Thus, for this majority at least, and presumably for some 
others also, must 


| cos (20 + <f>)\> 


sin 20 | 
2 sm (f> | 1 


and so the corresponding measurements of 0 carry more weight in the deter¬ 
mination of y than those of <£ [equation (ii)]. As a numerical example of the 
magnitude of the uncertainty, if y = 4*75 (fluorine collisions), 80 = 3°, 
20 + <f> = 168*7° (cot 1 5*0), then, neglecting any error arising from a possible 
inaccuracy in <f>, Sy ~ 2*5. To distinguish between oc-parti cl e-carbon and 
a-particle-fluorine nucleus collisions turns out, therefore, to be generally 
impossible, at least on the sole basis of individual measurements. If ten 
independent settings of the film had been made, together with appropriate 
measurements, for each pair of collision photographs, more trustworthy 
decisions might probably have been reached. It was not thought worth 
while to attempt this standard of precision. For, to a first approximation, 
and in the domain of normal Coulomb scattering, fluorine collisions are nine* 
times more probable than the corresponding carbon collisions, for the gas 
mixture employed. Furthermore, the range-velocity relations are such that 
the assumption of a mistaken value for y in any case has roughly the effect of 
moving an experimental point from its true position to a position very close to 
the true curve appropriate to the mistaken value of y, For an accurate deter¬ 
mination of the range-velocity relation for carbon recoil atoms a more suitable 
gas mixture must eventually be employed ; by contrast the presence of carbon 


* Le ., 4 x (9/6)®. 
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in the present mixture cannot give rise to appreciable error in the fluorine 
results. 

The values of r n and v n finally calculated for the recoil atoms from 63 
collisions are shown by the points in fig. 2. In 55 cases y = 4*75 was adopted, 
the more probable assumption concerning the nature of the collision being 
accepted as correct. In the remaining cases y = 3 was preferred on the 



Flo 2 .—Curve T, fluorine recoil atoms , curve II, carbon recoil atoms. 0 from with 

Y — 4 75 ; • from V, with y — 4 75 , □ from r„, with y -- 3*00 , ■ from V, with 

Y — 3 00. 

grounds that the experimental value deduced from (i) was less than 4*75 by 
more than the amount calculated for the partial probable error owing to 
inaccuracy in 6. This is admittedly rather an arbitrary procedure. Moreover, 
it leads to a surprisingly large fraction of the longest recoil spurs being attri¬ 
buted to the recoil atoms of carbon—though in this, perhaps, it receives some 
measure of justification, for it is here that anomalous scattering is becoming 
important, and more markedly so the smaller the atomic number of the scatter¬ 
ing nucleus. For each point it may be seen by inspection of the figure whether 
the velocity of recoil has been obtained from the assumed value of y and the 
measured length of path of the a-particle after collision (through the corre¬ 
sponding final velocity, v„ by equation (ni)) or, if the path of the deflected 
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particle has not been completely observed, from y and the estimated residual 
range of the a-particle at the point of collision (through V, the original velocity, 
by equation (iv)). In terms of y and the experimentally determined quantities 
the equations in question are 

Vf sin 0 = v a sin <f> (iii) 

v n (1 + y) — 2V cos 0. (iv) 

It would appear from the results that these two methods of deducing the 
velocity are affected by roughly comparable errors, though the process of 
selecting observational material has resulted in the former being chiefly used 
for the shorter, the latter for the longer recoil tracks. Both have been given 
the same weight in deducing the final range-velocity curve (I). Curve II 
is an indication, from the meagre data available, of the form of the range- 
velocity relation for carbon recoil atoms of moderately high speed. 


Discussion. 

From preliminary results,* in 1925,f Blackett suggested the general relation 

r = kmz'f ( v ), (v) 

by which the range r of a recoil atom of mass m and atomic number z is simply 
related to its initial velocity v The constant k and the form of the function / 
were assumed the same for all atoms. It is now known—as the following 
examples testify—that the above expression is of very restricted applicability. 
The ranges of fast protons and a-particles are roughly the same for equal 
velocities (> 10 9 cm./sec.), for a velocity of 5.10 8 cm./sec. the ranges of 
a-particles and nitrogen recoil atoms are very nearly equal, and at 8.10 7 
cm./sec. a-particles and argon recoil atoms have the same range. Yet by 
equation (v) between corresponding ranges m those cases a factor of the order 
of 2 or more is to be expected. On the other hand there are some surprising 
successes in applying this relation. As a notable example it may be remarked 
that in the region 3-4.10 7 cm./sec. the ranges of the radioactive recoil atomsj 
are from 2 to 2 • 5 times as great as those of atoms of argon recoiling with the 
same velocities, whereas the ratio between ranges to be expected from (v) 

* * Proc. Roy. Soo./ A, vol. 103, p. 62 (1923). 

t 4 Proc. Roy. Soo./ A, vol. 107, p. 349 (1925). 

t Wood, ‘Phil. Mag./ vol. 26, p. GS6 (1913); Wertenstem, ‘Ann. Physique/ vol. 1, 
pp. 347, 393 (1914); Kolharster, ‘ Z. Physik/ vol. 2, p. 257 (1920). 



Collisions of a -particles with Fluorine Nuclei . 


205 


ifl 2-4. Furthermore, though the range-velocity curves for nitrogen and argon 
recoil atoms are different in form, yet in each there is a well-marked linear 
portion, and if the slopes of these sections* only be considered an experimental 
ratio of 1*82 is obtained, where the above formula predicts 1*78. So close an 
agreement is doubtless fortuitous, but at least it establishes the usefulness of 
the formula in selected cases. 

It will be seen that curve I, fig. 2. here established for the recoil atoms of 
fluorine, is almost of the same foim as the curves for oxygen and nitrogen 
recoil atoms given by Blackett and Lees. Equation (v) predicts a ratio of 
ranges, jVb/i\h, at a fixed velocity, of 1*20; the ratio of the slopes of the 
experimental curves is 1-29 The discrepancy is a little greater than has been 
noted in some ratios (r 0 i«/ryn, r^i/ryu), but it is not outside the combined 
limits of error of the two sets of measurements As between r, u and r N »* 
equation (v) predicts 0*93 ; taking the results of Blackett and Lees for r v *, 
this gives for r { .. almost exactly the slope of curve II at the lower limit of its 
determination Equally well, however, the last point on this curve establishes 
beyond doubt the fact that the range of the carbon recoil atom vanes with a 
higher power of the velocity as the velocity is increased;f 

At this stage it is convenient to examine somewhat in greater detail the 
“ range ” employed in constructing the curves under discussion. In the 
conditions obtaining in the various experiments the recoil atom loses energy 
in encounters with the atoms of a gas mixture the stopping power of which may 
be chiefly (as with fluorine), or to a negligible extent (as for the radioactive 
recoil atoms, or for O 17 produced in disintegration collisions), caused by atoms 
of the same type as the atom in motion. The actual range is measured, and 
the reduced air range calculated on the assumption that the stopping power 
of the gas mixture for the recoil atom is the same as the mean stopping power 
for complete absorption of oc-particles of a certain specified initial velocity. 
There is no a priori reason why this should be so. Loss of velocity of recoil 
atoms must to a large extent be the result of the capture and loss of electrons, 
a process in which an atom of the gas and the recoiling atom are equally involved. 
To obtain quantitative results theoretically it will obviously be necessary 
to use our knowledge of the electron states of the two atoms. Physically, 
however, this much may be said, that, where for each pair of colliding atoms 

* v > 1*5.10 e cm./sec. for argon, v > 2*6.10® cm./sec. for nitrogen recoil atoms. 

t If the fork here in question be ascribed to any other possible collision (e.g , with nitrogen, 
oxygen or fluorine) then a similar change of slope in the corresponding range-velocity 
curve is with certainty established. 
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it would seem that a separate calculation were required to determine the rate 
of exchange of energy, it is very surprising that some approach to generality 
may be reached with a simple formula in which the recoil atom is characterized 
by mass and charge numbers only, and the properties of the struck atom do not 
enter explicitly. It may be that more exact research—in which ranges arc 
determined in a standard gas—will establish complications which have not 
hitherto appeared. Possibly a regularity with the period of the Mendel^eff 
table will be found as the most general expression of dependence on the outer 
electron structure of the atom. It is in this connection that extreme cases, 
such as those of fluorine and argon, are of interest Moreover, if intense sources 
of homogeneous neutrons liocome available in the future, it may be possible 
to determine range-velocity c urves over whole periods of consecutive elements 
in the table. 

The present results may be discussed from a further point of view. Chadwick 
and Constable,* have shown that the yield of disintegration collisions in pure 
fluorine is about 3-8 per million a-partieles from polonium. Assigning an 
effective fluorine content of 6G per cent to t he gas mixture here employed, a 
probable yield of 1-07 such inelastic collisions was to be expected in the course 
of the work. That no single example was found gives little cause, therefore, 
for undue surprise. The above calculation, however, neglects the greater 
efficiency of faster a-particles, and it might well be that nearly 3(X),000 
a-particles, under observation from 7*1 cm residual range to 3*81 cm. the 
mean range of the a-particles from polonium, should contribute at least another 
disintegration collision. Yet no such collision was observed. The disintegra¬ 
tions produced by polonium a-particles for the most part appear to result from 
capture through resonance levels of positive energy, and considerations of 
sharpness of resonance indicate, in the two best established instances, that the 
angular momentum of the effective a-particle about the capturing nucleus is 
between h/2n and 2hj2n. This last result depends on what efficiency is 
assumed ; whether or not the probability of capture approaches unity at the 
centre of the level when the angular momentum condition Is fulfilled. How¬ 
ever, except statistically, it is difficult to obtain evidence on this point. For 
individual elastic collisions track measurements fix the residual range, and so 
the velocity of the a-particle at the instant of collision—within the limits which 
straggling inevitably imposes—and from the measured angles calculation of 
the impact parameter of classical mechanics is possible on the assumption of 


* ‘ Proo. Roy. Soo.,* A, vol. 135, p. 48 (1932). 
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a Coulombian scattering field. But tiiis impact parameter, and the corre¬ 
sponding angular momentum, have no unique significance in wave mechanics , 
moreover, departures from an effectively Coulombian field are known to occur, 
whilst at certain resonance energies more complicated conditions obtain. In 
actual fact no collision at either resonance energy was observed for which the 
classically calculated Coulomb field impact parameter corresponded to 1-2 
units of angular momentum as above specified. On one occasion, however, 
No. 5, Plate 1, a pseudo-central collision occurred elastically at an a-particle 
energy within the limits associated with the longest range groups m the proton 
spectrum Now, if these disintegrations also result from resonance capture, 
central collisions are presumed to be responsible * Two other pseudo-central 
collisions were recorded , in these the initial energy was almost certainly greater 
than the energy corresponding to the peak of the potential barrier Here the 
domain of anomalous scattering lias certainly been reached and no definite 
interpretation is possible. 

But disintegration with the emission of a proton is not tin 4 only type of 
disintegration to which the fluorine nucleus is susceptible Chadwick*]* has 
shown that neutrons may also be obtained, though in smaller numbers, when 
the a-particlcs from polonium are employed. The inelasticity of this type of 
collision would chiefly appear as a lack of coplananty in the visible components 
of the fork. On account of the relatively small momentum of the particle 
which is liberated thus discrepancy would not be expected to be considerable; 
to establish the effect with certainty must therefore require a large amount of 
experimental material. All that can be done on the basis of the data here 
obtained is to record the fact that in one case an apparent lack of coplanarity 
amounting to about 26was observed. Unfortunately the complete path 
of the a-particle after collision was not obtamed, so that no satisfactory calcu¬ 
lation of momenta can be made. The energy of the a-particle before collision 
was about 5*5.10 6 electron volts, not very different from the peak value in 
the potential barrier of the fluorine nucleus. It is to be expected on general 
grounds that the type of disintegration is not dependent upon the mode of 
penetration of the nuclear structure, and it will be interesting to see whether 

* Chadwick and Constable, Inc, ett . The clastic collision in nitrogen reproduced by 
Blackett and Lees, 1 Proc. Roy. Soe.,’ A, vol 134, p. 058 (1932), Plate II, 3 is pseudo- 
central. The initial energy in this case, also, coincides approximately with a resonance 
energy, 3*8.10* electron volte—e/. Blackett and Lees, ‘Proc. Rov. tfoc A, vol. 136, 
p. 325 (1932); Pollard, * Ph.D. Dissertation,’ Cambridge (1932). 

f 1 Proc. Roy. Soc.,’ A, vol 136, p. 692 (1932); later results in the press 

J The angle butwoon the stem and the plane of the forward visible branches of the fork 
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more detailed research exhibits the same resonance levels as effective whether 
proton or neutron is eventually expelled 

In addition to acknowledgments already made in the course of the paper, 
I wish here to express my appreciation to Professor Lord Rutherford and 
Dr. J. Chadwick for much helpful counsel throughout the experiment, and my 
gratitude to the Council of Trinity College for a grant from the Rouse Ball 
Research Fund which made possible the construction of the stereo-camera 
and provided other material for the work. 


Summary, 

Stereoscopic photographs have been taken of the tracks of nearly half-a- 
milhon a-particles in a mixture of carbon tetrafluoride and helium. The 
source (thorium B 4* C + C') was placed outside the expansion chamber, with 
the result that the initial 1 *5 cm. air equivalent range of each group of particles 
was not observable. Over the remaining portion of path no proton disintegra¬ 
tion was obtained. The range-velocity curve for fluorine recoil atoms has 
been constructed from stereo-re project ion measurements on 63 selected 
collision photographs, check measurements being similarly made for five close 
collisions with helium nuclei and one with the nucleus of a hydrogen atom. 
From the main data eight cases were excluded as probably referring to collisions 
with carbon nuclei; from these some information concerning the form of the 
corresponding range-velocity curve has been obtained. A comparison is 
finally made with previous results and reproductions of a number of collision 
photographs are appended. 


DESCRIPTION OF PLATES. 

Plate 1 —Collisions with carbon and fluorine nuclei. Magnification from standard 
r (approximate): No. 1, 0*75, Nos. 2-13, 2*5. 

No 1.—Two well-marked spurs and the track of one long range a-particle on the 
same photograph 

Nos. 3, 4, 7.—Presumably carbon recoil tracks, that of No. 7 7*46 mm. in length 
(reduced air range). 

Nos. 2, 5, 6.—Large angle collisions with fluorine nuclei. 

Nos. 12, 13.—A stereoscopic pair : fluonne collision. 

Nos. 10, 11 —A stereoscopic pair : peculiar collisions towards the end of the range. 
Nos. 8, 9 —Deflections with almost negligible spurs, in unusual associations. 
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Platk 2.—('ol)iHionB with helium and hydrogen nuclei. Magnification from standard 
mr . No. 14, 0 75 ; No. 23, 1 45 , Non 15-22, 24, 25, 2 5 

No 14 —Complete photograph, showing both groups of a-partieles, with helium 
collision almost in the plane of the chamber 
Nos. 15, 16, 17, 21 - Helium collisions with <f> == 6, fast a-particles. 

Nos. 18, 19, 24.—Helium collisions with <f> =- 0, slow a particles. 

Nos. 20, 25.—Unsy in metrical helium collisions. 

No 22.—Collision with Indrogen nucleus ^ 14 4 U . 

No. 23 —Three nearly Hwnmelru ul liehum collisions on one photograph— rf. Blackett 
and Champion, * Free J<o\ So< A, vol 130, p 380(1031). 


Internal Photoelectric Absorption m Halide Crystals . 

By K W Gurnkv, Ph D , Lecturer in Manchester University. 

(Communicated by H H Fowler. F.R S—Received February 10, 1933) 

The possession of absorption bands in the ultra-violet by otherwise trans¬ 
parent crystals has been recognized for a long time as determining the div¬ 
ersion of the medium. This absorption of radiation is one which produces 
no progressive change m the crystal Oil the other hand, the illumination of 
crystals which gives rise to photochemical and photo-conduction phenomena 
< auses a progressive change in the crystal and consequently m its absorption 
spectrum. Measurements have recently been made of the original and induced 
absorption spectra of many photo-conducting crystals, in the hope of eluci¬ 
dating the formation of the latent photographic image 

§ 1. Quantum mechanics gives us entirely new ideas as to how to correlate 
the absorption spectra of crystals with their insulating properties. Both 
phenomena are alike concerned with the quantized electron levels of the 
crystal. These allowed levels belong not to individual atoms or ions but to the 
crystal as a whole. The wave functions representing the valence electrons are 
not localized at individual lattice points, but are oscillatory throughout the 
crystal. Even m an insulator they are the wave functions of an electron gas 
moving m the periodic field of the lattice. The opacity of a metal for all wave¬ 
lengths from the infra-red far into the ultra-violet is due to the fact that 
electron transitions are possible to vacant levels of all higher energies. For 
other pure crystals, however, the allowed bands of levels are broken up by 
wide zones of disallowed energies , and it is these zones which at the same time 
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give to a crystal the properties both of transparency to light and non-conduction 
to electric current. More exactly, these properties are duetto the fact that a 
zone of forbidden energies divides a band of levels, which at low temperatures 
is completely filled with electrons, from a similar higher band which is com¬ 
pletely empty. For crystals which are transparent to all visible light we can 
at once say that the width of this particular zone must be more than 3 e-volts ; 
for the alkali halides which are transparent into the Schumann region it must 
be at least more than 5 or 6 e-volts. When illuminated with ultra-violet light 
of the right wave-lengths, however, such a crystal is almost on a par with a 
metal, it contains as many electrons, and the levels are similar ; over narrow 
regions m the ultra-violet, therefore, it absorbs as if it were a conductor and 
shows selective metallic reflection.* The theory of the insulating properties 
of these crystals has been discussed by A. H. Wilson.f The same scheme of 
levels must be used foi correlating conductivity with opacity, and insulation 
with transparency in the case of liquids, such as mercury and water. 

A recent addition to the theory of the perfect lattice has been made by 
Tamm.J Investigating the wave functions for electrons, he has shown that 
at the boundary of a perfect lattice, there will be localized electron levels whose 
energies differ from those of the allowed bands of levels of the interior. That is 
to say, these levels lie m the disallowed zones of energy. When we place a 
crystal between metallic electrodes, electrons from the metal will fall into these 
surface levels charging the surface of the crystal negatively. This, Tamm 
suggests, must be why we are unable to send a stream of electrons through the 
empty bands of levels of the crystal, which otherwise we should be able to do. 

Several pieces of recent experimental work have added to our knowledge of 
the permanent changes brought about in crystals by the absorption of light. 
The interpretation of these experiments is, however, being made in an older 
terminology very different from that outlined in the preceding paragraphs. 
Nor has there been sufficient recognition of the distinction between true 
absorption and the scattering which also removes light from the beam. In 
the following sections the various inter-related phenomena will be discussed 
in terms of transitions between the allowed electron levels. For this purpose 
the model of a perfect lattice must be modified to represent an imperfect crystal. 
We can at once say that at every submicroscopie <rack in the interior there 
will be, on and near the surfaces, localized levels similar to those which Tamm 

* Hilech aud Pohl, 4 Z. Pliysik,’ vol. 57, p. 149 (1929). 

t ‘ Proc. Roy. Soe,,’ A, vol. 133, p. 458 ; vol. 134, p. 277 (1931). 

x * Plive Z. Soviet Union, 1 vol. 1, p. 733 (1932). 
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placed on the external boundary, with energies lying in the disallowed zone. 
We shall have everything from definite submicroscopic cracks, grading down 
to small irregularities in the lattice which will give levels straying only slightly 
from the regular band. In practice it is found that even in good crystals the 
details of the ultra-violet absorption bands vary from one specimen to another.* 
Before attempting to base an interpretation on these levels, it will be necessary 
to review a few of the phenomena and their current interpretations, to see how 
they will fit into the proposed scheme of levels. 

§ 2. In investigatmg the permanent changes in crystals, it has always been 
the aim to avoid surface effects and to obtain a true volume effect. For tins 
purpose the characteristic frequencies of the crystal which show metallic 
reflection, are useless. It has always been necessary to work with wave¬ 
lengths with an absorption coefficient, not of 10 6 cm. 1 but of 1 cm. 1 or less 
In the absence of impurities absorption coefficients of this magnitude are 
provided by the irregular levels. Smekal and his pupils have shown how the 
intensity of the latent image varies with mechanical strain, ete.j* It is 
unnecessary, then, to discuss here the question whether light travelling through 
a perfect lattice at low temperature would produce any permanent change 
except at the boundary. 

Owing to the difficulty of working on the short wave side oh the band of 
intense absorption, radiation at the long wave side only has been used. Thus 
the quanta have abnormally small hv and the transitions are between levels 
which are closer together than those responsible for the band of intense 
absorption. With these wave-lengths we have no metallic reflection. Instead 
we have to distinguish between (a) scattering of light, and (6) true absorption 
in which an electron suffers a permanent change of level. The latter causes 
a new absorption spectrum in the visible region to develop (colouration) 
Converting frequencies into e-volts, the extent of the strongest part of this 
acquired absorption is as follows, 

Table I. 


NaBr 

<1 8 to > 3 0 

KBr 

<-\olU 
<1 7 to > 

NaCl 

< 1-0 

> 3ft 

K< 1 

<1-9 

> 7 

NaF 

<20 

>4-2 

Ag( l 

< 1 -ft 

> :* i 


* Hilsch and Pohl, 4 Z. Ptiysik/ vol. 08, p. 724 (1931). 

t “ Atti. Cong. Int. Fis Como ”(1927), “ Int. Kong Photographie Dreaden M (1931). 
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The interpretation usually given to this colouration process is that by 
absorption of each quantum an electron has been handed back from a halogen 
negative ion to a positive metal ion to give a neutral metal atom ; and that 
it is the presence of these metal atoms in the crystal which is responsible for 
the acquired absorption. But in these cubic lattices the small metal ion is 
wedged in between six halogens, and occupies a volume about one-third of 
the volume of the much larger neutral metal atom ; so that, if an electron is 
introduced mto this small region, it will disturb all the surrounding electrons, 
and any stable levels can only come about as a property of the whole con¬ 
figuration. To ascribe the acquired absorption spectrum to the presence of 
neutral metal atoms seems at least an unsuitable terminology, especially as 
we have a number of different absorption spectra for a given metal, as seen for 
sodium in Table I. 

It was formerly thought that in the alkali halides the only light capable of 
producing this colouration were the wave-lengths near the ultra-violet absorp¬ 
tion bands ; and this gave rise to the idea that the formation of latent image 
was a photochemical process requiring an almost definite quantum of energy.* 
But it has since been foundf that in KBr at room temperature an acquired 
absorption in the red can be produced by illumination with any wave-length 
from 2030 A. to beyond 4360 A (that is, from 6 e-volts to less than 2*8 e-volts). 
This seems to quash the idea of a definite quantum process as essential to the 
change brought about. 

Perhaps the most remarkable feature of the colouration of alkali halides is 
that it can be produced by warming a transparent crystal either in the metal 
vapour or in the molten metal. Atoms of the metal apparently diffuse rapidly 
mto the interior through the submicroscopic cracks and glide-planes. On 
spectrophotometnc examination it is found that the crystal has developed an 
absorption in the visible indistinguishable from that produced by light or 
X-rays.J This speaks in favour of the new absorption being due to electrons 
at the vsurfaces of cracks, since we cannot suppose that each foreign atom 
succeeds in mimicking the configuration of an atom in the interior of the 
lattice. 

§3. These few considerations will have sufficed to show how difficult has 
been the interpretation as long as we had no sound basis on which to build. 
The best that one could do was to ascribe the absorption bands to the various 

* Hilsch and Pohl, ‘ / Physik,’ vol. 77, p 423 (1032). 

t Hilsch and Pohl, ‘ Z. Physik,’ vol. 68, p. 728 (1031). 

J Gyulfti, 1 Z. Physik,’ vol. 37, p. 880 (1926). 
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ions and atoms in the crystal. For example, the absorption of KI at 2050 A. 
was assigned to the iodine negative ion. Thus, when a mixed crystal of KC1 
containing 1 per cent, of KI was made, it was anticipated that this absorption 
band of the iodine ion would be found.* The crystal, however, turned out 
to be transparent in this region. Now, on the other hand, by the use of 
quantum mechanics we have a definite picture of what determines the allowed 
levels. Since the wave functions extend throughout the crystal, it is the 
periodic potential of the lattice which determines the allowed energies of both 
the characteristic and irregular levels. 

It is well known that atoms of small ionization potential (alkali atoms) 
incident on a metal surface give up their electrons to the metal. Further, a 
metal is supposed to be able to give up electrons to the surface levels on a 
crystal; which implies that the energies are such that alkali atoms could give 
up electrons to these surface levels in the same way. This has interest mg 
consequences if one accepts the view that the colouration of crystals is due to 
the presence of electrons in similar levels on the surfaces of internal sub- 
microscopic cracks. Electrons may have been raised into these levels from 
lower levels, or may have been introduced from outside. For the latter purpose 
exposure to electrons escaping from a thermionic filament would, of course, 
be useless, since appreciable diffusion of electrons mto the crystal would be 
prevented by their mutual repulsion. Positive charges must be introduced 
at the same time in order to obtain a considerable concentration of electrons. 
On this view, in the colouration of crystals by diffusion of metal, the metal 
atoms would be merely acting as the carriers of electrons. If this were so, any 
atom of sufficiently low ionization potential would do equally well, and we 
should have the unexpected result that the absorption spectrum would be 
independent of the metal used. Now it was found by Gyulai (Zoc. cit.) in 
1926 that KBr coloured by means of sodium developed an absorption spectrum 
in the visible indistinguishable from that of KBr coloured by potassium ; both 
spectra were identical with that produced by the action of ultra-violet light 
or X-rays. To account for this result Gyulai put forward the tentative 
explanation that the diffusing sodium atoms each replaced a potassium ion m 
the lattice, thereby setting free a potassium atom to act as an absorbing centre 
for visible light. This explanation betrays the universal tendency to explain 
absorption in terms of atoms rather than of electron levels. 

The giving up of their electrons to the crystal by the diffusing metal atoms is 

* Hilsch and Pohl, * X. Phywk,’ vol. 57, p 152 (1929) ; Smakula, ‘Z Fhyaik/ vol 45, 
p 1 (1927) 
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further suggested by an experiment of Stasiw,* who has worked with crystals 
coloured by means of metal vapour. When such a crystal was placed in an 
electric field, and then warmed, the colouration was seen to move towards the 
positive electrode. On reversing the field the colouration could be moved m 
the other direction at will. 

§4. Since the preceding sections were written an article by Wilson has 
appeared,f outlining a theory of photoconduction to embrace idiochromatic 
and allochromatic crystals. Both are there treated as occurring in an 
initially perfect lattice. The details of the model proposed here will conse¬ 
quently differ in many respects. The potential energy curve for the removal 
of an electron from any point 0 m a regular lattice will be roughly of the form 



Kk4 1 


of fig. 1, «, the periodic potential being superposed on the mutual energy of the 
electron and its positive “ hole,” whose presence causes the local modification 
of the regular periodic potential shown in the diagram. If next we suppose, 
as in fig. 1, by that the ion Q is absent, the ion P lying on the surface of a sub- 
microscopic crack, the electron configurations between P and 0 and their 
neighbours will be different from those of normal ions close-packed within the 
lattice. Let MN be a localized level due to the presence of the crack, and 
initially empty. Let KL be another unoccupied level, and HJ an occupied 
level; we may keep an open mind as to whether either of these lies within a 
band of the lattice levels or not. We have to consider the action of light on 
an electron at HJ (or in a similar level in an ion not adjacent to P); the electron 

* * Nadir. Os Wish. ClOttingon,' p. 261 (1932). 

t 1 Nature/ vol. 130, p 913 (1932). 
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may either scatter a quantum and return to HJ, or else it may be transferred 
to MN, which is the colouration process. 

Although a quantum is absorbed in the formation of this latent image, 
another quantum is absorbed for the decolouration process. This suggests 
that in the latter the electron is being lifted over a potential barrier before it 
can fall to a low level. Tt mil appear that this is also true of the original 
transition to MN which is under disiussion ; that is, the latent image is not 
formed by a direct transition. It has been pointed out to mo by Professor 
Fowler that since the fixed ratio of the Einstein A and B coefficients for any 
simple system is determined by a purely thermodynamic argument, there is 
no possibility of having B large and A very small, which would lie necessary 
to enable an electron to stay almost indefinitely in the level MN. We must 
suppose then that the absorption of the quantum of ultra-violet light raises 
the electron to some level such as KL, from which it has a certain probability 
of falling to MN, where it will remain, provided that the incident light does not 
contain suitable frequencies which it can absorb 

In the process described an electron was transferred to P from its next, 
neighbour 0. It may not, however, be necessary that the electron should 
tome from an adjacent atom. The fact that under the usual applied voltages 
the formation of latent image is not accompanied by any photoelectric current 
that is measurable, merely shows that the electrons do not, on the average*, 
travel for long distances. In conclusion it may be pointed out that if the ion 
P at the centre of the configuration is always a metal ion, the scheme will be m 
agreement with the neutral metal theory of the colouration, as advocated by 
Sraekal.* 

Summary. 

In the quantum mechanical model of an insulating crystal there are bands 
of electron levels separated by wide zones of disallowed energies. In a perfect 
lattice these zones are empty and the oc cupied levels are not localized. Through¬ 
out an imperfect crystal are distributed numerous submicroscopic cracks, on 
the surfaces of which will be localized levels with energies lying in the empty 
zones. The formation of a latent image consists m the transfer of electrons 
to these localized energy levels in the disallowed zones. 


* ‘ Phy*. Z / vol 33, p. 204 (1032). 
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Boundary Conditions for the Wave Equation . 

By W. H. McCrka and K. A. Newing. 

(rommamcated by S Chapman, K R 8.—Received February 1J, 1933.) 

A single electron in the field of two fixed nuclei, constituting the idealized 
hydrogen molecular ion, provides the simplest case for the application of 
wave mechanics to molecular, as distinct from atomic;, problems. The most 
extensive theoretical discussion of the corresponding wave equation has been 
given by A. H. Wilson* in these * Proceedings/ He was led to conclude that 
this equation possesses no eigen-solutions satisfying the usual boundary 
conditions for an atomic problem Subsequent investigators - )* have succeeded, 
however, m obtaining by numerical methods eigen values in good agreement 
with observed values of the energy But, with the exception of Teller, they 
appear not to have taken account of Wilson’s result It is therefore worth 
while to investigate the existence of their solutions and to clear up, if possible, 
any doubt as to the applicability of the familiar boundary conditions to this 
type of problem. 

The usual existence theorems;); for eigen-values apply only to boundary 
conditions at ordinary points of the differential equation The difficulty m 
cases like Wilson’s equation is that the conditions aie given at singular points. 

We have proved§ that, if a, h are two successive singularities of the eh ffeieuti/il 
equation, 



where K, (t are functions of s and of a parameter X, satisfying, in every closed 
interval (a, [3), a < a < x < (3 < b, the conditions usually imposed (Inco, foe. 
cit.) m the whole interval a <*. x b, and if the mdicial equations for a, h have 
each the, single non-negative root zero, then there exist real values of X such that 
(1) possesses a solution which , with its derivatives, is finite, and continuous through¬ 
out We extend this to cases where only normal solutions exist 

* 1 Proc. Roy. Noe./ A, vol 118, p. 617 (1928) 

t Morse anti Stueekclborg, * Phys Rev / vol 33, p. 932 (1929); Teller. * Z Phyaik,’ 
vol 61, p. 458 (1930); Hylleraas, ibid , vol. 71, p. 736 (1931), where a fullei list of 
references is given. 

X Of. Ince, 41 Ordinary Differential Equations,” chaps. 10, 11 (1926). 

{t In a paper to be published by the London Mathematical Society. 
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at the end-points. Roughly speaking, it means that if equation (1) possesses 
one solution behaving m the required manner near x = a, and another solution 
behaving in the required manner near x = b, then it is possible so to choose 
X that these solutions ]om up and become identical. The theorems themselves 
are of mainly mathematical interest., and will be published elsewhere. 

This theory covers the important eases occurring in wave mechanics, and m 
particular it shows that Wilson’s equation must possess eigen-solutions of the 
usual kind. These solutions seem to have evaded his search when he com¬ 
pares his general asymptotic forms of solution, on p. 625 of his paper, with a 
particular case (p. 624) in which certain coefficients do not vanish. This is 
sufficient to show that the corresponding coefficients in the general form do not 
vanish identically . But it does not follow that they cannot vanish, as required 
by the boundary conditions, for particular values (eigen-values) of the para¬ 
meters, and in fact our work has shown that they must actually vanish in 
this way 


The Adsorption of lodme by Potassium Iodide. 

By Brian Whipp, Hutchinson Research Student, St John s College, 

Cambridge. 

(Laboratory of Colloid Science, Cambridge ) 

(Communicated by E. K Rideal, F.R S —Received February 10, 1933 ) 

Opinion has been divided for some years as to whether the adsorption of a 
vapour on a solid surface is confined to a monomolecular layer until the vapour 
pressure reaches the saturation value, or whether multimolecular layers are 
formed. 

Experimental work has generally failed to provide an unequivocal answer 
to this point, often because the true area of the surface of the adsorbent could 
not be estimated. It is now recognized that the true area of a surface may be 
many times the apparent area, and the ratio of these will depend on the previous 
treatment of the surface. The position has been complicated further by the 
difficulty of determining the amount of adsorption on a small area of a plane 
surface when the adsorption is so small as to be undetectable without sensitive 
apparatus ; consequently, the bulk of the experimental work has been carried 
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oat on finely divided adsorbents, of large surface. This breaking up of the 
adsorbent, whether accomplished by chemical or mechanical means, is bound 
to have an unpredictable effect on the ratio of the true to apparent area of the 
surface, as distinct from the purely geometrical multiplication. The use of 
porous or finely divided adsorbents may also introduce the additional com¬ 
plication of capillary condensation of vapours in the spaces between the particles 
It is clear, as was first emphasized by Langmuir in 1918, that the investigation 
of adsorption on plane surfaces, using more delicate technique, is the first 
step towards a solution of the problem. Langmuir* measured the adsorption 
of gases on large plane surfaces of mica, glass and platinum at low temperatures 
and pressures. He showed that the adsorption reached a maximum, which 
corresponded to slightly less than one complete monomoleeular layer, and that 
the extent of adsorption was related to the pressure by an equation of the form 

x = - ■ ■, where a and 6 are constants involving the condensation coefficient, 

1 + ap 

the time of life of adsorbed molecules in the surface, and the number of 
“ adsorbing centres.” 

Some evidence for the existence of a single layer only of molecules of a vapoui 
is to be found in the work of Frazer, Patrick and Smithf and of Lathamj who 
showed that a freshly blown, “ fire-polished ” glass bulb adsorbed vapours to 
the extent of not more than one molecular layer at saturation pressure, but that 
after etching the glass with water or chromic acid, much larger quantities 
were taken up. 

The determination of the adsorption of gases on crystals is important, not 
only because the crystals have approximately plane surfaces possessing a known 
number of adsorbing ions, but because, m simple cases at least, the attractive 
forces can be calculated. Thus Lennard-Jones and Dent§ found that the 
forces on an argon atom outside a potassium chloride crystal should become 
negligible at distances from the surface greater than the diameter of one 
atom. 

A series of studies of the amounts of lodme adsorbed on condensed films 
of the halides of alkaline earth, has been made by de Boer.|| Some of his 
earlier results were explained by an hypothesis which suggested as many as 

* 4 J. Amer. Chem Soc./ vol 40, p 1368 (1018). 

t 4 J. Phys. Chem., 4 vol. 31, p. 897 (1927). 

J 4 J. Amer. Chcm. Soc,/ vol. 50, p. 2987 (1928); cf. also Carver, ibid., vol. 45, p. 63 
(1923) and Curry, 4 J. Phys. Chem/ vol. 35, p. 859 (1931). 

§ ‘ Trans. Faraday Soc.,* vol. 24, p. 100 (1928). 

|| 4 Z. phys. Chem./ B, vol. 13, p. 134 (1931). 
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ten layers of adsorbed molecules but his later work**' has yielded results which 
can only be explained on the theory of a monomolecular layer. 

The balance of evidence now available favours the theory of a monomolecular 
layer, f It should, however, be observed, (1) that uncertainties in determina¬ 
tions of the area may easily amount to 100 per cent, so that it is generally 
impossible to find more than the order of the number of layers adsorbed, and 
(2) that very few experiments throw light on the adsorption equilibria at 
saturation pressures. 

There has, in fact, been no expression deduced which fits the experimental 
facts of adsorption of vapours over the complete range of pressure. Indeed, 
the results have generally been so unsatisfactory that the question of the 
existence of a definite adsorption maximum at saturation pressure has hardly 
been considered 

In the following paper sensitive adsorption measurements are described 
and definite evidence is presented for the existence of a bimolecular layer of 
iodine on potassium iodide crystals at saturation pressure, and an isotherm 
is suggested which fits the experimental results over the whole range of pres¬ 
sure. This expression contains only the two constants of Langmuir involving 
the extent of the adsorbing surface and the rates of evaporation of the molecules 
m the adsorbed phase 1 


Experimental. 

The adsorbent was contained in the adsorption bulb A tig 1 Tlu^ was 
connected by a tap to a bulb B of known volume, acting as a charger, and to a 
Pirani pressure gauge 1\ Jodme was admitted by the tap T 4 to the charge;, 
which was connected by the tap T a to a mercury condensation pump, McLeod 
gauge, a bulb of known volume C, mercury manometer M, and liquid air trap 
L. The charger was divided into two parts by the tap T 3 so that large or 
small charges of iodine could conveniently be admitted to the adsorbent 

The volumes of the various parts of the apparatus between the taps were 
found by admitting dry air into them from the standard calibrating bulb C 
The pressures before and after expansion were read on the manometer M. 

In an experiment, the apparatus was evacuated and the adsorbent baked 
out. The charger was filled with todrne vapour at a known pressure, and, 
after expanding this charge into the adsorption bulb, the pressure was read 

* ‘Z.phys.Chem./B.vol. 14. p. 457 (1931), B, vol. 15, p. 300(1932); B, vol. 17, p 101 
(1932). 

t But r/. SchlUter, ‘ Z. phys. (’hem., 1 A, vol. 153, p. (1931). 
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on the Piram gauge The amount of adsorption was calculated from the 
difference between the calculated and observed pressures. Several expan¬ 
sions could be made and data for a complete isotherm obtained from one 
experiment. 

The iodine was purified by three distillations from aqueous potassium iodide, 
which freed it from chlorine, bromine, iodine chloride and cyanogen iodide (the 
two latter being soluble in water). It was separated from the aqueous dis¬ 
tillate, dried in a desiccator, placed in the tube t 2 and sealed to the apparatus. 
After bemg evacuated at 0° 0. for about two hours on the condensation pump 
to free it from traces of water-vapour and gases, it was distilled tn vacuo into 
and finally into q. The tubes i 3 and were then sealed off at S 


McLEOD 



The Piram gauge consisted of a platinum filament in a single loop about 
10 (m. long, mounted on springy platinum-iridium supports, which kept it 
taut It was made of ribbon about 80 p. wide and 8 p, thick. In all experi¬ 
ments the filament was kept at a constant temperature by varying the current 
through it, so that its resistance, as indicated by a Wheatstone bridge 
arrangement, remained constant,’*' Pressures over the range 1 — 50 x 10“ 3 mm. 
could be read with sufficient accuracy. 

The Piram gauge was immersed in a constant temperature bath at 20° C., 


Campbell, ‘ Proc. Phys. vol. 33, p. 287 (1921). 
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and calibrated by maintaining various constant temperature mixtures round 
the iodine in i\ and reading a voltmeter connected across the bridge when 
balanced. Eutectic mixtures were tried as constant temperature baths, but 
it was found more convenient to surround the iodine with a large unsilvered 
Dewar vessel full of HCl/ice freezing mixture. Although the temperature so 
obtained was not perfectly constant, it rose only slowly on account of the 
large heat capacity of the freezing mixture, and equilibrium vapour pressures 
were easily reached for each temperature of the bath. The temperature of 
the bath was read on a mercury thermometer, standardized at the National 
Physical Laboratory, and the pressure of the iodine corresponding to any 
temperature of the bath was obtained by interpolation from the data given m 
the International Critical Tables. 

It was found that Shell Apiezon L grease was a good tap lubricant For a 
short time after greasing the taps, the grease evolved a gas when m contact 
with iodine (probably HI), but if the taps were well turned over a period of a 
few days while in contact with iodine vapour, the evolution ceased. A small 
absorption of iodine in the grease remained, but this could be made negligible 
(compared with the adsorption on the? crystals) by using a large quant it \ of 
adsorbent and a large charging bulb. 

By using a sensitive dead-beat pointer galvanometer across the Wheatstone 
bridge, and by controlling the heating current in the filament of the Piram 
gauge by dial resistance boxes, the bridge may be balanced rapidly, and pressure 
readings taken within 1 and 1£ imnutes of an expansion. Data for a complete 
isotherm could be obtained in about 12 to 15 minutes. 

The disadvantage of using a large amount of adsorbent is that the time of 
bakmg out must be increased, and as it was found that the salt volatilized too 
quickly if a high temperature was employed, it was never baked at above 
200° C. To obtain reproducible results the salt had to be kept at this 
temperature for about 20 hours m a high vacuum between experiments 


Results 

The temperature of the adsorbent was always 0° C. 

A series of experiments was carried out with an empty adsorption vessel 
No instantaneous adsorption of iodine by the glass was noted and the data 
show that for iodine vapour deviations from Boyle’s law are less than the 
experimental error, even up to saturation pressure. 

The results of a typical experiment are shown in Table I. 
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Blank Experiment. 

(Pressures are in mm. x 10 * Saturation pressure is 30 X 10 3 mm.) 

Table I 


0hftrgt' mi ml km 


Olwurvod prtwsim* 
after expansion 


Calculated pressure 
(assuming gas laws) 


12 ll 
*20 0 
2+ 4 

27 0 

28 O 


12*0 
19*9 
24 2 
26 8 
28 y 


The maximum error is 1 per cent This represents the eombmed errors in 
the calibration of the apparatus and the readings of the Piram gauge 


The Isothenn* 

A senes of experiments was carried out on the one sample of potassium iodide 
This consisted of about 115 gm of selected crystals of about 2 mm edge 
(B D fl Analytical Beagent), and had an approximate area (estimated from 
the .size of the crystals) of 1700 cm 2 . The volume of the dead space m the 
adsorption bulb was found by expanding into it dry air free from carbon 
dioxide from the charging system, and reading pressures on the manometer JVl 
Adsorption of air by the crystals was negligible. 

When the amount adsorbed was plotted against the pressure, it was found .— 

(1) That the lower pressure portion of the isotherm fitted the Langmuir 
equation x — ubpj(l + reasonably accurately 

(2) That at higher pressures the adsorption increased almost linearly and 
tangentially to the original curve until saturation pressure was reached 

(d) That the isotherms showed a definite maximum at the saturation pres¬ 
sure, when the amount of iodine adsorbed was, in all cases, roughly 
double that obtamed by extrapolating to saturation pressure the 
Langmuir equation as determined from the initial portion of the iso¬ 
therm. 

(4) That the total number of molecules adsorbed at saturation was approxi¬ 
mately twice the number of ions of one kind in the surface of the crystals 
used. 
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(5) Apart from one or two irregularities, the amount adsorbed at saturation 
gradually decreased throughout the course of the exeriments. 


Some of the results are shown in Table II. Of the two Langmuir constants, 
a is proportional to the time of life of an adsorbed molecule in the surface, 
and b to the number of adsorbing centres. The adsorption is recorded as the 
difference between the observed and calculated pressures. These latter units 
may be reduced to gram moles at any tune by multiplying by 


410 X 10 
22-4 X 7fi() 


= 2-40 x 10"", 


410 c.c. being the free volume of the adsorbmg bulb and charger. 

The Langmmr constants in this table have been called “ provisional ” 
because they have been obtained from the first portion of the isotherms, that 
is, below a pressure of 4 X 10“ 3 nun In general (except in experiments which 
were not continued to higher pressures testing the application of the Langmuir 
equation to the initial portion) there was only one point on the isotherm below 
this pressure. The provisional constants were only used to calculate the ratio 
of the maximum adsorption calculated from the Langmuir equation to the 
total adsorption at saturation pressure. It will lie seen that the mean ratio 
is 0*50(4) with a mean deviation from the mean of 10 per cent. 

Tabic II 



Provisional 
Langmuir ((instants 

Saturation 

Kalio 

Ixpt nniont 

h 

1 

1 

1 a 

adsorption 

' moles a 2 40 10 * 

' 

Langmuu 

nittvimum/totu 

0 

os o 

j 0 370 

911 

0 01 > 

6 

:u o 

O 20 

50 

0 50 

9 

U 7 

0 60 

SO 

0 47 

10 

30 4 

O 438 

so 

0 40(3) 

12 

39 2 

0 4(0 

70 

0 51(2) 

0 55(5) 

13 

34 H 

0 375 

57*0 

lt> 

24 8 

| 0 274 

40 5 

O 54(8) 

17 

20 4 

O 350 

37 

0 00(0/ 

19 

23 4 

1 0 312 

41 

0 41(5) 

23 

: 

33 • 6 

O 300 

1 

1 52-5 

0 07(0) 


Now as the Langmuir equation represents the formation of a single layer, 
ratios of about 0-5 must indicate the formation of a bi-molecular layer on the 
surface at saturation pressure. At low pressures the amount of iodine in the 
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second layer will be negligible, but, with increasing pressure, the amount 
adsorbed will increase relative to that adsorbed in the first layer, until, at 
saturation, the two amounts are equal. 

This prediction is confirmed by calculations on the area of the crystals 
covered. The distance apart of ions in the lattice of potassium iodide is 
3 *53 A. There are thus 4*04 x 10 14 ions of each kind present per square 
centimetre of surface. Now in the (1, 1, 1) plane of an iodine crystal there are 
4*35 X 10 14 iodine molecules per cm. 2 * so that it is reasonable to assume that 
the iodine molecules will only be adsorbed on ions of one kind. If they were 
adsorbed on both kinds of ions, impossibly close packing would result. 

The simple geometrical area of the crystals has been estimated by ordinary 
mensuration as approximately 17(H) cm 2 on the assumption that they are 
2 mm. cubes. It is pointless to attempt to estimate the area of the surfaie 
with greater accuracy. Thus the total number of adsorbing ions is 

1700 X 4*04 X 10 14 ---- fl-9 « 10 17 . 

The amount of iodine adsorbed at saturation decreases throughout the 
experiments. This shows that the baking or the treatment with iodine is 
decreasing the effective area of the adsorbent. If the maximum amount of 
adsorption recorded is divided by two and expressed as a number of molecules, 
we obtain 6*8 X 10 17 for the first layer. 

It happens that the agreement is even better than would have sufficed or 
been expected for the proof of the theory. 


The Kinetics of Adsoi ption 

The most logical interpretation of the facts is to assume the existence of a 
strongly adsorbed layer of molecules attracting to itself a second layer by the 
action of much weaker fields. The forces binding the molecules adsorbed in 
the second layer will be much less than those binding the molecules m the 
first, so that the rate of evaporation of the former molecules will be higher than 
that of the latter. 

The number of adsorbing centres for the second layer must be the same as 
for the first because the amounts adsorbed m the two layers are equal at 
saturation pressure. 

If it be assumed that iodine is adsorbed in the second layer according to 
simple Langmuir kinetics represented by the equation x = <t'bp]( 1 + a'p ), 


* Langmuir, ‘ J. Amer. Chem. 8o<\,’ vol. 54, p. 2H12 (1932). 
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where b is proportional to the amount of the surface covered by the first layer, 
while a ' is to a, of the original Langmuir equation, as the rate of evaporation 
of molecules in the first layer is to that of those in the second—and is so small 
that direct proportionality is given up to saturation pressure—then the final 
gradient of the adsorption curve, as calculated from the equation, is ten times 
too small. It is thus clear that the second layer cannot be built up by a 
mechanism similar to that obtaining for the first- layer, and that some other 
process is involved. 


The Mechan ism of Formation of the Second Layer. 


In this section an attempt is made to derive an equation which shall fit the 
experimental results. 

Let v be the rate of evaporation from unit area of first layer when com¬ 
pletely formed (assuming no second layer present to impede evaporation), 
and let v' be the corresponding quantity for the second layer. Let 0 and 0' 
be the fractions of total surface covered with the first and second layers 
respectively. 

Let [x be the number of gram moles striking 1 cm. 2 of surface per second, 
then 


V2t:MRT ’ 


( 1 . 0 ) 


where p is the pressure and M the molecular weight of the gas. 

The rate of condensation of molecules on the first layer is ajx (1 — 0) where 
a is the condensation coefficient. The rate of evaporation is given by v (0 — 0') 
on the assumption that evaporation from the first layer cannot take place 
when this is covered by a second layer. Hence, for equilibrium of the first 
1 ay er, 

0C(JL (1 — 0) “ v ( 0 — 0'). (1.1) 


Similarly for the second layer the rate of evaporation is v'0'. If we assume 
that condensation occurs in the second layer whenever a molecule from the gas 
phase strikes the first layer, whether or no the first layer is already covered by 
a second layer, the rate of condensation will be a'|A0» where a' is the con¬ 
densation coefficient for the second layer. This implies that the molecules 
in the second layer are so loosely held that they are pushed aside laterally 
by the impact of fresh molecules from the gas phase, until the first layer is 
completely covered. 


VOL. OXLI.—A. 


Q 
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Condensation into the second layer is thus similar to condensation of iodine 
vapour on to a solid surface of iodine and involves the assumption of a low 
critical energy increment for lateral mobility. 

Equating the rates of condensation and evaporation for the second layer, 


<x>0 = v'O'. 

(1.2) 

Substituting the value of 0 from (1.2) in (1.1) 


1 a [x) lap. ) 

Now 

(1.3) 

^ = ap and ^ — a f p f 

V V 

(1.4) 


where p is the pressure in the gas phase. 

The only properties of the surface upon which a and a' are dependent are 
the condensation coefficients, the number of adsorbing ions per unit area and 
the time of life of adsorbed molecules m the surface so that they may be con¬ 
sidered as the respective mean lives of the molecules adsorbed in the first and 
second layers. 

Hence 


or 



jn = * 1 1 

a'pf \ap 


(1.5) 


Similarly, 


y _ a ap~ 

~ 1 +p(a — a'j ’ 

0 = apj{ 1 + p (a — a')}. 


(1 6 ) 
(1*7) 


If be the amount of iodine adsorbed in the first layer and x % that adsorbed 
in the second, then 





***2 


N'6' , 

N 


where N' is the number of adsorbing spaces and N is the Avogadro number. 
Therefore from (1.6) and (1.7) 


abp 

l+p{a — a‘) m 


( 1 . 8 ) 


and 

— 

1 + p (a — a') ’ 


(1.9) 


where b (— N'/N) ifl the Langmuir constant representing the number of adsorb¬ 
ing centres. 



Adsorption of Iodine by Potassium Iodide. 


227 


Thus, X, the total adsorption (= x, -f- x 2 ), is given by 

x= «hp(l ± a> ) (2.0) 

1 +P (<* — <*) 

At the saturation pressure x x — x v Equating x x and x a and writing p Q 
for the saturation pressure, we find 

^ 1. (2.D 

Thus a ' which is proportional to the mean life of molecules in the second 
layer is not an arbitrary constant, but is simply related to the saturation vapour 
pressure. 

Substituting the value of a from (2.1) in (2.0), we obtain finally, 


XX. —- — ■ ■ ‘ — (41.^1 

\+ap — plp 0 

as the adsorption isotherm. 

At the saturation pressure X = 2b as would be expected. 

If we consider the kinetics of evaporation and condensation of molecules 
of iodine vapour on a solid iodine surface, we find that for equilibrium, 

a"(i = v", 

where a" is the condensation coefficient and v" is the rate of evaporation for 
a solid iodine surface. 

Thus assuming the same value of the condensation coefficients ot', a", 

<*"Po = h 


where a" represents the mean life of the molecules in the surface layer of a 
solid iodine crystal. Thus (by (2.1)) the rate of evaporation of molecules in 
the second layer is the same as that of molecules on a pure lodme surface, 
provided the coefficients ot', a" are equal. 

In Table III are the values of X calculated from the isotherm (2.2) together 
with the amounts actually observed (interpolated at the pressures for which 
X has been calculated). In each space in the table the calculated amount 
is placed above the observed amount. Underlined figures show where the 
theoretical value was equated to the experimental value for the purpose of 
calculating the constants a and 6. At the bottom of the table the values of 
the constants for the several isotherms have been tabulated. 

Q 2 
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Table III. 




luotherm. 

l. 

2. 

4 

6. 

16. 

17. 

Pressure— 

2 x 10 -1 mm. 

21 4 

21 2 

22 7 
22*7 

27*9 

29-7 

8-4 

8 8 

8 5 

9 0 

8*1 

8*2 

4 x 10“* mm 

32*1 

32 0 

30 9 

30 9 

38-7 

38*7 

14 0 
140 

13 0 

13 0 

12 5 

12 5 

6 x 10“* mm 

39-3 

39*8 

36 2 
365 

45*7 

45 2 

18 25 
18*0 

— 

—- 

8 X 10“* mm. 

44 9 

45 2 

40 5 

40 2 

51*0 

50 4 

21*7 

21 2 

18*7 

18 5 

18*2 

18 0 

10 X 10“* mm. 

49*7 

50 0 

43 8 

44 3 

55*7 

55*5 

— 

— 

— 

12 X 10“* mm. 

54 0 
frTb 

47 0 

47 0 

60 0 

60 : 0 

27 6 

26 5 

22 7 

22 3 

22*4 

22*1 

14 x 10“* mm. 

58 2 

57 8 

50 0 

49 7 

64*2 

64*4 

— 


— 

10 X 10“* mm 

02*2 

61 0 

52 9 

51 0 

68 2 
69*7 

32 6 

32 0 

26*2 

25*5 

25 7 

25*1 

20 X 10“* mm. 

— 

*— 

— 

37 5 

37 5 

— 

— 

22 x 10-* mm 

— 

"• 

— 

— 

31 0 

31 0 

— 

25 X 10“* mm. 

--- 

— 

— 

42 8 

45 5 

33 4 

35 0 

32*8 

32 6 

28 x 10-* mm. 

— 

- 

— 

48 0 

50 0 

— 

35 0 

35 0 

30 x 10“* mm 

— 

— 

— 

48-4 

520 

37*4 

40*6 

37 0 

37 3 

Langmuir constants — 
(«) 

<*) 

0 400 
43 6 

0 605 
36 3 

0*590 
46 7 

0*259 

22*7 

0 348 
18-65 

0*325 

18*45 

The amounts adsorbed are in units of moles X 2*40 X 10“*, the calculated values being 
inserted above tho observed values. 

In isotherm 1 , fig. 3, the data are shown up to about two-thirds saturation 
pressure whilst m fig. 2 the complete analysis of isotherm 17 is shown up to 
actual saturation, and z a being the amounts adsorbed in the first and second 
layers respectively (calculated from equations ( 1 . 8 ) and ( 1 . 9 ) ). In each case 
the experimental data (not interpolated) have been plotted as points, and the 
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values calculated from equations (2.2), (1.8) and (1.9) as the smooth curves. 
It will be seen that there is good agreement between the experimental and 
theoretical values. 

The value of a ' deduced from equation (2.1) is about ten times smaller than 
that of a , and so at low pressures its effect is negligible and the isotherm reduces 
to a simple Langmuir expression. 

In his original work of 1918, Langmuir (loc. cit.) found the constants a and b 
of his simple equation to vary irregularly throughout the course of the experi¬ 
ments and the same effect has been observed in the present work. This is 
in all probability owing to an alteration in the surface of the adsorbent caused 
by the long process of baking-out. 

When taking the data for isotherms G and 16 at pressures near to saturation, 
the iodine pressure in the apparatus fell slowly after each expansion. This 
was shown to be caused by absorption of iodine by the grease, owing to the 
spreading of the grease from the taps during a period of hot weather. In 
isotherm 17 the pressures were read as soon as possible after each expansion 
and the curve is seen to fit the theoretical expression up to saturation pressure. 

Discussion. 

Langmuir* has shown from the data given by Hams, Mack and Blakef 
that adsorbed films of iodine are not likely to contain more than 4*35 X 10 34 
molecules of iodine per cm. 2 (the number per cm. 2 in the (1, 1, 1) face of an 
iodine crystal) after the first layer because repulsive forces will become opera¬ 
tive at greater densities of packing. On these grounds he criticized the earlier 
theory of de Boer (loc. cit.), which demanded vertical rows of iodine atoms above 
each anion of salt, giving a layer density of 7*75 X 10 14 molecules/cm. a . 
Langmuir considered the arrangement of molecules in the adsorbed film to be 
generally quite irregular after the first layer. 

The potassium iodide crystal appears to be peculiarly suited to act as a 
foundation of stable layers of lodme molecules because the number of ions of 
one kind per cm. 2 is 4*04 X 10 14 . Iodine molecules being adsorbed on ions of 
one kind, and the distance between K ions and I ions being 3*52 A., it follows 
that the smallest distance apart of the adsorbed molecules is \/2 X (3*52) 2 A. 
and the next smallest 2 X 3*52 A. 

These distances are approximately the same as those found by Harris, Mack 
and Blake (Zoo. cit.) for two of the sides of the unit cell of iodine. It may 

* ‘ J. Amer. Chem. Soc.,* vol. 54, p. 2812 (1932). 
f ‘ J. Amer. Chem. Soc.,’ vol. 50, p.1583 (1932). 
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therefore be expected that the forces between the iodine molecules in a bi- 
molecular layer adsorbed on potassium iodide are of the same order as the 
homo-polar forces between the molecules m a pure iodine crystal, and thus the 
bi-molecular layer attains equilibrium with the vapour at the saturation pressure 
of pure iodine. Optical examination of the adsorbed films designed to show 
(a) the thickness of the layer as m the experiments of Frazer,* * * § and (6) the 
polarization of the iodine by measurement of its absorption spectra, as in the 
work of Chilton and Rabinowitschf would be of interest in this connection. 

Chilton and Rabinowitsch show that the absorption spectra of iodine 
adsorbed on calcium fluoride (as measured by de Boer) and on chasabite are 
similar to that of solid iodine. The adsorbed films m this work were of a 
yellowish-brown colour so that it would seem from the colours of the films 
observed by Chilton and Rabinowitsch that the molecules are polarized to the 
same extent as those in solid iodine 

We have assumed that there is lateral diffusion in the second adsorbed layer 
and if this layer is similar to the surface layer of an iodine crystal, as wo have 
indicated, we should anticipate the phenomenon of surface diffusion m the 
latter case. This prediction is of interest m connection with the respective 
theories of crystal growth of Kossel and Stranski on the one hand, and of 
Volmer on the other. 

According to KosselJ the limiting factor in the growth of crystals is the slow 
rate at which a lattice plane is built up. Kossel and Stranski§ imagine that the 
molecules are regularly orientated on the surface and leave out of account the 
possibility of lateral mobility. Yolmer|| on the other hand concludes that the 
condensation of isolated molecules and small aggregates is always a much more 
rapid process than that deduced by Kossel and Stranski, and regards the surface 
as covered by a two-dimensional mobile layer ; the velocity of crystallization 
being governed by the rate at which lattice nuclei rea formed by lateral 
diffusion. A nucleus of given size is only in equilibrium with the two-dimen¬ 
sional mobile layer at a definite degree of supersaturation, the degree of super¬ 
saturation necessary increasing as the size of the nucleus becomes smaller, so 
that as the degree of supersaturation is reduced, the rate of growth of the 
nucleus will fall, reaching zero before the equilibrium (saturation) pressure is 


* 1 Phys. Rev.,’ vol. 34, p. #44 (1929). 

t ‘ Z, pliys. Chem B, vol. 19, p. 110 (1932). 

J ‘ Nachr. Gcs. Wise. Gottingen,’ p. 136 (1927) 

§ 1 Z. phys. Chem.,’ A, vol. 136, p. 269 (J928). 
|| ‘ Z. phys. Chem.,’ A, vol. 166, p. 1 (1931). 
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reached. This region of zero growth of a crystal in its still supersaturated 
vapour has been observed directly by Volmer (loc. ait.) for iodine, thus sup¬ 
porting the existence of the mobile surface layer. 

The fact that the second adsorbed layer when full contains the same number 
of molecules as the first seems to indicate that, for iodine on potassium iodide 
at least, lateral mobility is subject to certain constraints by the hetero-polar 
substrate. 

It may be noted that the existence of KI 3 as a separate phase was disproved. 
Experiments were carried out in winch the pressure of iodme above a bi- 
molecular layer of adsorbed iodine was slowly reduced by absorption of the 
iodine vapour m tap grease. These were continued until only a fraction of 
a single layer remained adsorbed, but in no experiment did the pressure show 
any stationary value below that of saturation. In a review of the evidence in 
favour of the existence of potassium tri-iodide as a solid phase, Bancroft, 
Scherer and Gould* show that it is extremely unlikely that solid KI 3 has been 
prepared, although this does not exclude the possibility of its existence in 
solution. 

My great thanks are due to Professor E. K. Rideal, F.R.S , for suggesting 
this work and for his valuable encouragement and criticism, and to Dr. 0. H. 
WaDsbrough-Jones for much helpful advice. 

I also wish to express my thanks to the Goldsmiths* Company and to the 
Department of Scientific and Industrial Research for grants which enabled 
the investigation to be carried out. 

Summary. 

Adsorbed films of iodine on potassium iodide crystals are found to be two 
molecules thick at the saturation pressure, A kinetic explanation of the 
process is advanced on the assumption of a loosely bound second layer, and a 
two-constant isotherm is deduced which represents the adsorption up to 
saturation pressure. Evidence is presented showing that the surface molecules 
in the bi-molecular film have properties similar to those in the surface of a 
crystal of pure iodme and the bearing of this on Volmer’s theory of crystal 
growth is considered. Potassium tri-iodide is not formed as a separate phase. 


* * J. phys. Chem.,* vol. 35, p. 764 (1931). 
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The Observation of Gravity by Means of Invariable Pendulums. 

By E. C. Bullard, Department of Geodesy and Geophysics, Cambridge. 

(Communicated by Sir Gerald P. Lenox-CWyngham F R.S —Received March 17, 

1933 ) 

[Plate 3.] 

1. Introduction . 

By observing the variation of the gravitational field over the earth's surface 
it is possible to obtain information about the distribution of attracting matter 
within the earth. Of the methods of investigating these variations, the 
observation of the change in period of invariable pendulums earned from place 
to place has so far yielded most information. Until recently such observations 
have been of necessity extremely lengthy, and only about 3 per cent, of the 
earth's surface has been at all adequately surveyed.* It is therefore important 
to develop rapid methods of observing, and recently several papers')* have 
appeared describing methods of using wireless signals in timing pendulums. 
The purpose of the present paper is to describe the methods developed in 
Cambridge. They differ from former methods in that 

(1) No special signals are required. 

(2) The apparatus is considerably more portable than any so far described. 

(3) The errors in timing are so small that, with a 1-hour swing, they are 
negligible compared with other sources of uncertainty. 

2. Accuracy Required . 

The accuracy to which it is profitable to observe gravity depends on the 
object of the investigation undertaken. For most geophysical purposes, such 
as discussions of isostaay, the variations produced by very local causes cannot 
be taken into account, as the detailed geological information necessary is not 
available, and in any case the labour involved would be prohibitive ; further, 
the accuracy with which the height and latitude of a station can be fixed in 

* J. de Graaff Hunter, ‘ Mon. Not. R. Astr. Soc., Geophys. Suppl.,* vol. 3, p. 42 (1932). 

t Andersen, * Ver. Balt. Geod, Kornm.,’ p. 215 (1931); Meisser, Martin, and Gengler, 
4 Beitr. Geophys.,* Suppl. vol. 2, p. 131 (1932). 
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undeveloped country is limited. Now a change of 0*001 cm./sec.® in the 
intensity of gravity is produced by :— 

(a) 3 metres change of height. 

( b ) 1*3 km. change of latitude (at lat. 52°). 

(c) The attraction of a layer of average rock 10 metres thick. 

Thus it may be said that in most cases no use can be made of an accuracy 
greater than 1 or 2 parts m a million. For special purposes, however, such as 
prospecting for oil, an accuracy 5 to 10 times as great may be required, but 
beyond this any further increase would seem quite useless.* 

The problem is therefore, to develop a method of timing pendulums which, 
shall give g to an accuracy of the order of 1 in a million in as short a time 
with as portable an apparatus as possible. 

3. General Description of Methods . 

Two methods of working have been used :— 

(1) Records of two wireless signals controlled by an observatory are taken, 
the pendulums being allowed to swing continuously during the interval between 
them. This method, although simple and accurate, has several disadvantages : 

(a) Owing to unexplained systematic differences between the corrections 
to the same time signals given by different observatories it is desirable 
that the initial and final signals should originate from the same obser¬ 
vatory. The most convenient pair of signals are those emitted from 
Rugby at 10 and 18 hours, and even these are so far apart that only 
one observation can be made at a station in a day. 

(b) The accuracy depends on the accuracy of observations at the observatory, 

over which the gravity observer has, as a rule, no control, and of which 
it is difficult for him to estimate the accuracy. 

The method has, however, been used with success. 

(2) An arbitrary morse message transmitted by a high powered station 
may be recorded along with the swings of the pendulums at the field station ; 
while an exactly similar record is made simultaneously of another pendulum 
swinging at a fixed base station. After a predetermined time (in practice 

* This docs not, of oourse, apply to measurements of the variation of gravity with time 
at a given place, where the above uncertainties do not exist. The methods employed for 
such measurements are, however, entirely different (Tomashek, ‘ Astr. Nach./ vol. 244, 
p. 267 (1931)). 
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1 hour) a further similar pair of records is taken. Corresponding places m 
the morse messages on the field and base station records then represent simul¬ 
taneous instants, and it is possible to determine by measurements on a pair 
of records what is the difference of phase between the field and base station 
pendulums at any instant. By determining this phase difference at several 
points on the initial pair of records it is possible to find approximately how 
fast the field pendulum is gaining or losing on the base station pendulum; 
this suffices to determine the whole number of swings gained or lost during the 
hour. Then by measurements on both initial and final pairs the fractional 
part of a swing gained or lost may be found, and, if the total number of swings 
at the base station be known, the difference of period may then be determined. 
Prom the difference in this quantity when one set of pendulums is swung at 
the field station and one at the base station, and when both are swung side 
by side at the base station, the change in period of the pendulums on going 
from the base to the field station may be found, and thence the difference m 
g ; provided the period of the base station pendulum be approximately known. 

No difficulty has been experienced in practice m starting the two chrono¬ 
graphs sufficiently nearly simultaneously. Both observers turn on their 
wireless receivers at the pre-arranged time (given by their wrist watches), 
and wait for a signal. As soon as a signal arrives the chronographs are started 
and left to run for about 5 minutes. No record has ever been lost through the 
observers starting their chronographs at different times or through insufficient 
signal being recorded. Alternatively, signals (such as weather reports, news 
bulletins, and time signals) winch occur at definite times may be used. 


, 4. Detailed Description of Apparatus . 

(a) Pendulum Cases .—The cases were designed by Sir Gerald Lenox- 
Conyngham, and made by the Cambridge Instrument Company. That used at 
the field station consisted of an “ Alpax ”* box which can be evacuated, and 
which is provided with the usual arrangements for lowering the two pendulums 
on to the agate blocks on which they swing, and for starting them simultaneously 
with equal amplitudes and opposite phases. The pendulum at the base station 
is swung in the front compartment of the three-pendulum case which has been 
described elsewhere.! The pendulums have also already been described.! 
They are of the von Sterneck form, and each is machined from a single 

* Aluminium with 8 to 13 per cent, of silicon. 

■f Lenox-Conyngham, 1 Gcog, J.,’ vol. 73, p. 320 (1929), 
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forging of “ Nilex ” (a form of invar), the hard stellite knife-edges being 
afterwards fastened to the pendulum head by wedges. 

The boxes are lined with 0*25 mm. of Mumetal to eliminate changes of 
period due to variations in the earth’s magnetic field and in the magnetic 
moment of the pendulums.* 

(b) Chronograph. —A photographic method of recording the wireless signals 
and the motion of the pendulums was chosen, as it requires less subsidiary 
apparatus than alternative methods, and there is little to get out of order. 



The optical system employed is indicated in fig. 1. Light from a 6-volt 
24-watt motor car headlamp bulb Z, fed from an accumulator, is divided into 
three beams by a split lens L. Two of these beams are focussed by L on the 

* A paper on the effect of a magnetic field on the period of an invar pendulum and its 
elimination is to appear shortly m the * Proc. Camb. Phil. Soc.,* vol. 29 (1933). 
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two pendulum mirrors A and C, passing through the totally reflecting prisms 
P and Q, which turn them through a right angle, and through the lenses M 
and N. The third beam is focussed on the oscillograph mirror X. The light 
incident on the pendulum mirrors retraces its path through the prisms and 
passes a second time through the lenses M and N, which form images of two 
\ mm. horizontal slits S placed in front of L. These images are concentrated 
in a horizontal plane by a cylindrical lens c, with its axis vertical. The 
positions of these images when the pendulums are at rest are adjusted by rotat¬ 
ing the prisms P and Q so that they fall on a horizontal slit D. Thus as the 
pendulums swing the images move up and down, and at each passage through 
the equilibrium position a flash of light passes through the slit D. Immedi¬ 
ately behind this slit is a drum carrying a sheet of photographic paper. This 
drum is rotated about a horizontal axis by a spring-driven gramophone motor, 
and at the same time traversed slowly parallel to its axis. The axle A, fig. 2, 
driven by the motor is threaded for half its length. One end E of the drum 1) 



slides freely on the unthreaded half of the axle, the other end, F, is carried by 
the outer part of a ball bearing B. The mner part of this bearing carries a 
threaded bush C working on the threaded part of the axle. This bush is 
prevented from turning by a bar X fixed to it, a slot in one end of the bar 
slides on a rod R parallel to the axle. The drum is turned by a bar G sliding 
freely in a hole in the end plate E of the drum. The lower portion of the bush 
C is cut away, so that if the drum is slightly lifted it can be disengaged from the 
thread and slid back to its starting-point. This arrangement has the advantage 
over the usual one, in which the axle and drum are traversed together, in that 
the overall length is only twice that of the drum instead of three times. 

The drum is 10 cm. in diameter, and 15 cm. long, is rotated once in 5 seconds, 
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and moved along 2-5 mm. per revolution. The peripheral velocity is therefore 
about 7 cm./sec., and the record is a spiral having 60 turns. 

As it was found that small displacements of the prisms P and Q, fig. 1, were 
liable to occur during evacuation, small vertical adjustments were provided 
for the slits S. An adjustment for the height of the lamp bulb Z, is also pro¬ 
vided, so that the image of its filament formed by L can be brought on to the 
pendulum mirrors. As the lens L is not moved these two adjustments are 
independent, and altering one does not affect the other. 

The chronograph is mounted in a wooden box, the lower half of which 
contains the motor and drum, and a light-tight compartment for storing photo¬ 
graphic paper. The paper is put on the drum by inserting the hands through 
a black velvet bag. The top half of the box contains the light, lens, and 
Adjustable slit system. It also serves as space for carrying the oscillograph, 
levels, and other loose parts. 

The light provided by the bulb and accumulator is amply sufficient, and 
it would probably not be difficult to work with a smaller bulb and dry batteries, 
should the accumulator be inconvenient. 


M 
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Fro. 3 — Net tion through oscillograph. 

(c) Oscillograph .—The oscillograph is of the type described by Wynne- 
Williams,* and is a converted “ balanced armature ” loudspeaker. The 
Armature, A, fig. 3, which carries a mirror M, is magnetized by the signal 
currents from the wireless set, and is rotated by the attraction and repulsion 
of a permanent magnet H. The arrangement forms a very robust but some- 

* * Proc. Roy. Soc.,’ A, vol. 131, p. 391 (1931). 
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what insensitive oscillograph. It is probable that a specially designed instru¬ 
ment would be better. 

The oscillograph is placed in a magnetically shielded box on top of the 
pendulum case, and receives the third beam of light from the split lens L, 
fig. 1. An image of a third slit in front of L is formed just below the slit of the 
chronograph by a lens Y in front of the oscillograph. When the oscillograph 
is supplied with a heterodyned continuous wave signal the spot of light vibrates 
with the frequency of the heterodyne note (about 900 cycles /sec is the frequency 
ordinarily employed), and crosses the slit twice m each vibration. Owing to 
the width of the slits the marks produced fuse together, giving a black bar on 
the record. Thus a morse message is recorded as a spiral of black marks in 
which a faint 900 cycle structure can be seen under the microscope. A portion 
of such a record is shown in fig. 9, Plate 3. 

(d) Wireless Receiver —The receiver is of orthodox design employing a 
frame aerial, one stage of screened grid high frequency amplification, coupled 
by a tuned plate circuit (whose tuning is mechanically linked to that of the 
serial circuit) to a leaky grid rectifier, followed by two stages of transformer- 
coupled low frequency amplification. The first low frequency stage has a 
parallel resonance circuit between its grid and filament timed to the resonant 
frequency of the oscillograph. This greatly improves the selectivity of the 
system, it also renders it more stable, as the condenser of the resonant circuit 
helps to shunt high frequency currents to earth. The sot is provided with a 
separate oscillator, owing to the sharp audio-frequency resonance curve of 
the amplifier the timing of this circuit is extremely critical, and special care 
has been taken to proportion the circuits so that changes of battery voltage 
do not produce changes of frequency.* The aerial, batteries, and amplifier, are 
■all contained in the same box. The wave band covered is 15000—20000 metres. 

The pendulum case, chronograph, and wireless set described are all that is 
required for a gravity determination when tune signals controlled by an 
observatory are used. 

For the second method described above, using an arbitrary morse signal, 
the apparatus at the field station is the same as for the method using time 
signals. At the base station the apparatus is the same as at the field station 
except that only one pendulum is swung. In addition it is necessary, for 
reasons discussed below, to provide 1/100 second marks on the record at the 
base station. A vibrator driven from the 50 cycle alternating current mains 


* F. B. Llewellyn, ‘ Proc. Inat. Radio Eng.,' vol. 19, p. 2063 (1931). 
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interrupts a beam of light twice m every period of the supply. This beam of 
light is arranged to fall on the slit of the chronograph, and gives a spiral of 
marks, the morse message and the pendulum marks lying on either side of it. 
A portion of a record is shown in fig. 9, c, Plate 3. It is further necessary to 
count the number of swings of the base station pendulum. An arrangement 
employing a photocell would probably be quite satisfactory,* but it happened 
that an old astronomical clock was available and provided a simpler solution. 
Its pendulum was lengthened so that it had a period of 1*0108 seconds, twice 
that of the base station pendulum. Electrical impulses from this clock operated 
a telephone message counter, to the ten’s wheel of which an arm had been 
attached. Once in each revolution (i.e., once m every 200 swings of the gravity 
pendulum), this arm cut off the beam of light marking i/100 second for about 
1/50 of a second. The resulting gaps in the spiral of 1/100 second marks 
provide a means of numbering the pendulum swings. As the swings are only 
carried on for an hour, no great accuracy is necessary m adjusting the clock ; 
all that is necessary is that it should not be more than a few tenths of a swing 
out in the hour. In any case each record contains two or three marks, and 
the mutual consistency of these provides a satisfactory check. 

5 Methods of Reduction. 

When using time signals the reduction is very simple. The 305 dots of the 
rhythmic signal appears a b 305 bars, each about 1 cm long, every 61st being 
lengthened to 3 cm. The pendulum swmgs appears as pairs of dots on each 
side of these, the pairs being alternately sharp and diffuse as the light moves 
alternately with and against the direction of motion of the recording paper. 
A portion of such a record is shown m fig. 9, a, Plate 3. About every 18 
seconds a “ coincidence ” occurs between the beginning of a time signal dot 
and a pendulum mark. In general the coincidence is not exact, one pendulum 
mark falling before the beginning of one time signal mark, and the next falling 
after the next time signal mark. The fraction of a time signal interval at 
which the “ true coincidence ” occurs may be estimated by eye, or may be 
found more accurately by measuring, with a transparent scale, the distances 
between the pendulum marks and the time marks for several swings on each 
side of coincidence, plotting against the number of the time mark and reading 
off the intercept. A typical example of such a graph is given in fig. 4. The 

* A “ phase controlled ** thyratron circuit would provide a very simple amplifier. 
Hull,‘Gen. Elect. Rev./vol. 32, pp. 213, 390(1929). 
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uncertainty judged from the scatter of the points from a straight line is less 
than 0 • 1 time signal intervals; as the pendulums take about 37 time signal 
intervals to lose a complete swing on the time signal, this corresponds to about 
1/370 second of time. Each record contains about 8 coincidences of each 
pendulum when moving up, and an equal number when moving down, the 
two records therefore contain 64 coincidences altogether. From these an 
approximate value of the coincidence period can be derived, which ean be 



Km. 4 —Graph for determining mutant of coincidence. 


used to obtain the whole number of coincidences during the 8 hours between 
the signals. This number is about 800, and the accuracy of measurement 
appears sufficient to determine it unambiguously. In practice, however, the 
number of coincidences calculated from the approximate coincidence period 
is not as near to an integer as would be expected. This is probably due to the 
action of the “ hit-and-miss synchronizer ” on the Shortt clock controlling the 
Rugby signals ; this may not act at all during the signal, or may act once, or 
twice, introducing a discontinuity of about l/300th second each time.* All 
uncertainty on this account can be eliminated by taking an intermediate 
signal (say, the Nauen 12-hour signal), and using it and the 10-hour Rugby 
signal to obtain a closer approximation to the coincidence period, and then 
using this to determine the whole number of coincidences m 8 hours. The 

* 1 am indebted to Dr. Jackson of Greenwich Observatory for this information. 
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differences in the dot numbers for coincidences on the morning and evening 
signals are then found, and the mean taken. The deviations of these from the 
mean indicate a probable error of 0-07 dot interval in the determination of a 
single coincidence, which corresponds to 1 /500th second or 1 part in 15 million 
on the 8 hours. As we have 16 values of this difference for each pendulum, 
the accuracy of this part of the observation is considerably greater than is 
necessary, and a swing of 1 or 2 hours would produce all that is required, if 
signals of the necessary reliability were available. From this mean and the 
known number of coincidences a final value of the coincidence period may be 
found, and the time of swing calculated. 

Averaging the coincidences with the spot of light moving up and with it 
moving down eliminates errors due to the position of the spot when the pendu¬ 
lums are at rest not exactly coinciding with the slit S, and also errors due to 
small movements of the slits or prisms during the swing. Changes in the rate 
of revolution of the drum can only affect the fractional part of the dot number 
at which a coincidence occurs, and are entirely negligible in practice. 

From observations at a number of stations in various parts of England the 
probable error of a single observation, deduced from the consistency of the 
results of the individual swings made on a single visit to a station is 1 0 X 10 " 7 
second on the mean period of the two pendulums, or 0-0004 cm./sec. 2 on g . 
This includes uncertainties in the time signal corrections, but not errors 
produced by changes in length of the pendulums between stations. 

(6) Method Using an Arbitrary Signal .—Eight points on the morse message 
on the field station record art* marked. These are chosen so that:— 

(1) A pair of pendulum marks is as near as posvSible to the chosen morse mark, 
thus reduemg errors due to irregularities in the motion of the recording paper. 

(2) Four of the marks are near pendulum marks made by the light moving 
in the same direction as the paper (sharp marks), and four near to those made 
by the light moving in the opposite direction (diffuse marks). Averaging 
results obtained from the two sets eliminates errors due to the chronograph 
slit not being exactly in the correct position, and to small movements of the 
slits and reflecting prisms. 

(3) Four of the marks chosen are at the beginning of morse dots or dashes, 
and four at the end. Averaging the two sets eliminates certain errors inherent 
in the reception of wireless signals, which are discussed below. To simplify 
the reduction the four sharp marks are always taken at the start of morse 
marks and the diffuse ones at the end. 

The corresponding points on the base station record are then marked. 
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Let X, fig. 5, a, be one of the chosen points on the field station record, and 
let A and C be the nearest pendulum marks. Then the distances AX and 
AC are measured with a measuring microscope and expressed as fractions of a 
swing by division by |PQ. The fractions AC* for the 8 points are averaged 
giving the initial difference m phase between the two field station pendulums. 



Fio. 5.—Portion of a pair of records, (a) Field station, (fr) base station. 


Let Y, fig. 5, b, be the point on the message recorded at the base station 
corresponding to X on the field station record, and B the nearest pendftlum 
mark. Let yz and ab be the 1/100 second marks between which Y and B he.f 
Then aB and ab are measured and the former expressed as a fraction of the 
latter, yY and yz are similarly treated ; also the number of 1 /100 second marks 
between a and y is counted. The readings are all taken to 0*01 mm., the time 
represented by BY is now known in terms of the frequency of the supply 
mains. YB cannot exceed about J second and tests at various times have 
shown that the error introduced by assuming the frequency to be equal to its 
nominal value of 50 does not exceed 10 4 seconds; thus BY is known to this 
accuracy in seconds, and, by assuming an approximate value for the period of 
the base station pendulum, its value in pendulum swings may be found. 

Assuming the chosen morse marks to have been made simultaneously on 
the field and base station records, we may, by subtracting AX from BY obtain 
the fraction of a swing of the base station pendulum* by which the field 
pendulum is ahead of the base pendulum. This is repeated for each of the 
8 chosen points. 

The results are arranged in two groups, four points with “ sharp ” pendulum 
marks on the field record, and four with “ diffuse ” marks. The difference 

* These are practically constant for each group of four points, as the two field pendulums 
only differ in period by about 10" 8 seconds. 

■f It 18 necessary to use the 1/100 second marks to obtain YB as a fraction of a swing, 
since the motion of the paper ib not sufficiently oonstant for the method employed for 
the much shorter times AX and AC measured on the field station record to be used. 

{ The times of swing of the pendulums are so nearly tho same that it is immaterial that 
the short interval AX is measured in terms of the field station pendulum. 

R 2 
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in phase between the field and base station pendulums changes steadily owing 
to the difference in their periods. The approximate rate of change is calculated 
from the points in one group; and all are reduced, using this rate of change, 
to the value they would have given if made at the mean time of the eight 
points. The values in each group of four should then agree, providing a check 
on gross errors. The average of all eight points is then taken, this average is 
independent of errors in the assumed rate of change of phase. 

The pair of records taken at the end of the swing is then treated m a similar 
manner Subtracting the result obtained from that given by the first pair 
gives the fractional part of a swing gained or lost by the field pendulum during 
the hour. The whole number of swings gamed is obtained as follows. The 
number of swings between two marks made by the counter on the base station 
records, as at ]), fig. 5, is known. Tims the number of swnngs between the 
two mean points to which the differences of phase have been reduced is known, 
and, using the approximate rate of change of phase determined above, the 
whole number can be calculated. This whole number is always small (for 
the pendulums used about 10) and can be fixed with entire certainty.* 

Combining this whole number with the fraction already obtained and 
dividing by the total number of swings we obtain a more accurate value for 
the rate of gain of the field station pendulum, and, using the approximate 
period of the base station pendulum, we can calculate the difference of period 
between the field and base pendulums. This is reduced, by means of experi¬ 
mentally determined coefficients, to what it would be if both pendulums were 
swinging with an indefinitely small arc in a vacuum at 0° 0. 

From the change in the difference of phase between the two field station 
pendulums during the swing, the difference in period between them is found, 
and, using the difference between the base and first field station pendulum, 
the difference between the base and the second field pendulum is found, and 
finally the difference between the base and the mean field pendulum. Two 
complete determinations are made at each station; from the mean of these, 
and the corresponding mean when all the pendulums are swung together 
at the base stationf the change in the mean period of the field pendulums on 
being taken from the base to the field station is found, and thence the difference 
in g . 


* By the difference in appearance of alternate pendulum marks it is at once obvious 
whether the whole number is odd or even, which provides Borne check on the arithmetic. 

t Three observations are made at the baso station before observing at the field station 
and three afterwards. The mean of all six observations is used. 
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A slightly abridged example of the c alculation for one station is given in 
Table I. 

The calculations can be very greatly shortened by the use of a special 
measuring microscope giving AX and AC, fig. 4, as fractions of PQ, and aB 
and yY as fractions of ab and yz directly. They could be further reduced by 
employing a tuning fork whose frequency is 1/100 of a pendulum swing instead 
of a vibrator driven by the supply mains.* 

6. Discussion of Errors . 

The errors in a gravity observation are of two kinds — 

(а) Errors m observing the time of swing of the pendulums. 

(б) Factors other than changes m gravity causing the time of swing to vary 

(such as changes in the length of the pendulums, and motions of the 
ground). 

Only the first class are discussed m this section. 

The errors in observing the time of swing may be classed as :— 

(a) Errors in measuring the lengths on the records 

(b) Errors in converting these into time. 

(c) Variable lags in the recording system. 

These will be discussed separately. 

(а) By repeating the measurements on a pair of records after an interval 
of several days the probable error of setting on the centre of a pendulum mark 
or on the start or end of a morse mark was found to be about 0*01 mm. 
(0*00014 second), and the probable error in setting on 1/100 second mark 
considerably less than this. It may be shown that these uncertainties will 
introduce a probable error of 4 x 10 4 second into the phase difference between 
the two pendulums as determined from a single point on the records. The 
uncertainty in the time of swing derived from the mean of the eight points at 
the start and eight at the end of 1 hour, containing about 7200 swings, is 
0*3 x 10 -7 second. The probable error produced in the difference of period 
of the two field pendulums is 0*2 X 10~ 7 second. 

(б) Irregularities in the running of the field station chronograph drum can 
produce errors. These are most easily investigated by grouping the residuals 

* An accuracy of 1/2000 m frequency giving a maximum error of 0*0001 second would 
be amply sufficient. 



Table I —Royston, October 29, 1932 Reduction of Record taken at start of 1st Swing (see fig. 5), 
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of single measurements of the time interval between the passage of the two 
field station pendulums through their equilibrium positions according to the 
length of the interval. The residuals of the two groups of four measurements 
on each record were found, and the probable errors calculated. The mean 
values of these are shown in fig. fi plotted against the length of the interval. 
The probable error is seen to be about (MM)02 second when the length measured 
is zero, and to increase by about 0-0002 second for each 0*01 second in the 
interval measured The former figure is just what would lx? expected from the 



Kio (5 - Correlation of residuals with measured interval 

uncertainty in the microscope settings discussed above, the latter is the result 
of irregularities in the motion of the recording paper. The points measured 
on the field records are chosen so as to make the distances measured as small 
as possible. The average for 18 records was 0*02 second, and the greatest 
0-06 second. The probable error in the phase difference of the two pendulums 
determined from a single point due to this cause will therefore be about 0-0004 
second. By a similar argument irregularities in the base station chronograph 
will produce probable errors of about 0*0002 second. The combined effect on 
the difference of period of field and base station pendulums determined from 
the mean of eight points will be 0*3 X 10“ 7 second. 

(e) Lags in the Recording System,— It is well known that if a periodic driving 
force of the form shown in fig. 7, a, be applied to any resonant system the 
motion produced will not commence or end sharply, but will be of the form shown 
in fig. 7, 6. If the equation of motion of the system be 

x + 2k x + o>*x = Q t< 0 

= F am pi t > 0 


(1) 
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(<i 2 x bemg the restoring force, 2 kx the frictional force, and F am pt the impressed 
force (all per unit mass), then it is easily shown that, if —-2 t the ampli- 

CO 

tude of the resultant disturbance grows as 


and decays as 

The maximum amplitude is 


*o(l **) 


1 


J 


X 


0 



( 2 ) 

(3) 




where X is the amplitude when the applied force has a frequency equal to the 
natural frequency of the system, and "2rcS/ is the difference between the actual 
frequency of the applied force and the natural frequency. The results for 
more complicated systems will be similar. 

Now the radio-and audio-frequency tuned circuits of a wireless transmitter 
and receiver are analogous to the system discussed above, and are governed 
by equations of the form (1), thus the response to a morse dot wdl be as shown 
in fig. 7, 6. Since a change in the signal cannot be detected till it exceeds the 
background noise present, a lag will be introduced depending on (a) the rate of 
change of the receiver output due to the wanted signal, and (b) the amount of 
interference from other stations. From (2) the maximum rate of change of 




The Observation of Gravity . 


249 


the receiver output is kX, the receiver being tuned to the signal From (3) 
response to an interfering signal, which would give a response X' at resonance, 

is X' j 1 4- ) . If, as is clearly desirable, the selectivity is sufficient to 


reduce the interfering signal to a small fraction of its maximum value, this 
becomes kX f /8f. Thus the tune before the signal becomes appreciable, will 
be AX'/S/ ■— kX~ X'/XS/, which depends on the signals only, and not at 
all on the receiver. The argument is quite general, and independent of the 
particular receiving arrangements employed ; the higher the selectivity the 
slower is the rise and fall ot the signal, on the other hand the less the selectivity 
the more the interference and the more the signal has to grow before becoming 
appreciable.* 

The errors produced may be reduced *— 

(a) By taking the initial and final records under exactly the same con¬ 
ditions, thus keeping the lag constant, for it is only a time interval and not 
absolute time that is required.f 

(b) By arranging the reduction of the records so as to eliminate changes of 
lag due to small changes of adjustment. Let P, fig. 7, 6, represent the position 
of the chronograph slit, then if the zero line moves up a distance e relative to 
this slit the time of first passage of the light across it will become earlier, and 
the time of last passage at the end of the dot later. The change will be 

Id'X 

e / — in each case, or, from (2) above 


k(x 0 ~i) 


and 


e 

kx ’ 


these are equal and opposite if x — fr 0 , that is, if the slit is placed half way 
between the position of the light with no signal and its extreme position with 
a signal. A similar < ompensation exists for changes of signal strength. 
The only change which is not compensated is a change in the decrement of 
the circuits, and as no reaction control is provided, this seems most unlikely 
to occur. Thus, if half the measurements be taken on the beginning of morse 

* Wee ‘ Radio Research Board Special Report No. 12,' “ High Selectivity Tone Corrected 
Receiving Circuits ” for a discussion of the matter from a rather different point of view. 

f It seems possible that the different values given by different observatories for the 
interval between tbe same pairs of time signals may be due to neglect of this precaution. 
For example, if the mterval between a strong signal and a weaker one be determined in 
terms of an observatory clock, and the strength of the weaker signal be increased by the 
use of reaction, an error of the actually occurring order of magnitude will be introduced, 
owing to the change in damping of the circuits (k m equation (1)). 



E, C. Bullard, 


260 

signals and half on the end, errors due to small changes in adjustment of the 
oscillograph and receiver will be eliminated. As it is convenient to have the 
interfering signals reduced to much less than half the wanted signal, this 
method of working will lead to a total lag several times the theoretical X'/X8/. 
As the frequency spacing of stations in this wave band is about 200 cycles, 
this theoretical minimum is 0*001 second for equal in tune ” strengths of 
the wanted and unwanted signals.* 

In order to check these conclusions oscillograms of the motion of the spot 
of light were taken, these were found to be of the required form, and in particular 
the rate of rise and fall of the signal was closely the same at half the maximum 
signal. From such records the natural periods of the oscillographs were 
found to be 1/900 second, the decrement k to be 80 sec," 1 , and the time to 
rise to half the maximum signal 0*008 second. 

In order to see how large were the changes which had to be eliminated by 
the above procedure, the lengths of a large number of dots were measured on 
both the field and base station records, and expressed in seconds. The 
mean change in the difference between these on the field and base station 
records which occurred between the initial and final records of a swing gives 
twice the error to be eliminated. The value obtained for the error was 
0*002 second, it therefore seems probable that the actual uncertainty produced 
with the procedure used will not be more than 1/10 of this, producing an error 
of not more than 0*3 X 10 7 second in the period or 1 X 10~ 4 cm./sec. 2 in g. 

The oscillatory motion of the recording spot of light produces small random 
errors. For if at the end of one oscillation it just fails to reach the slit, no 
mark will be made till one cycle later. The error is easily seen to be random, 
and to produce a probable error of half the period of vibration. The oscillo¬ 
graphs used have periods of 1/900 second, so that the probable error produced 
is 0*00055 second for each oscillograph, or 0*0008 second for the total effect 
on the phase measured from a single point. The effect on the period deter¬ 
mined from the mean of eight points at the start and end of the swing will be 
0*5 x 10“ 7 second. 

A correlation of the residuals of the individual measured points with the 
fractions of a swing interpolated on the base station record was looked for but 
not found, showing that the irregularities in the 1/100 second marker are 
negligibly small. 

The errors discussed are summarized in Table 11. In addition there is the 

* The lag could, of course, be reduced by working with lees sharply tuned circuits on a 
Jetw crowded wave band, but the Kugby signals are very convenient in practice. 
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error of not more than 0-3 X 1CT 7 second produced by the lags in the wireless 


receiver, which is systematic for the points of a single swing, but random for 


different swings. 

Table II.—Probable Errors. 


CftllHC. 


Field-Base. 


Phase difference Final difference 

from tangle point in period 


Difference in 
period of 2 field 
pendulums 



jo- 4 m( i 

10 7 Si 

Measurement of records 

4 

0 3 

Irregularities of motor 

4 

0 3 

Recording of wireless signals 

8 , 

0 5 

Combined effect 

10 

O 7 


The probable error of the difference of phase between the field and base 
pendulums determined from a single point on a pair of records would therefore 
be expected to be about 0-0010 second. Comparison of this with the value 
obtained from the mutual consistency of the individual points on a record 
provides a very stringent check on the completeness of the above investigation 
of the random errors. By forming the residuals of each group of four measure¬ 
ments of the phase difference, computing the probable error by Peter s formula, 
and averaging for all the groups available, the value 0*0011 second was obtamed. 
The frequency distribution of the 512 residuals used in obtaining this probable 
error is shown m fig 8, the curve being that required by theory for this 
probable error, the agreement with the normal curve is probably as good as 
could be expected with the limited number of observations available. 

Thus it may be concluded that the probable error in the determination of 
the difference in period between the field and base station pendulums is about 
0*7 X 10 7 second (corresponding to 0*3 X 10 -3 cm./see. 2 in g) for a 1-hour 
swing or 0*5 X 10 7 second (0*2 X 10 3 cm./sec. 2 ) for the mean of two swings ; 
which is less than the variation in the period from causes other than changes 
in gravity. Further, it is clear from the discussion given above, that there 
would be no great difficulty in reducing the error should this be desirable. 


7. The Observations. 

In order to test the practicability of the method for field measurements and 
to reveal unsuspected sources of error, two sets of observations were made 
connecting three stations near Cambridge with the “ Pendulum House ” in 
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the grounds of the University Observatory. Each consisted of two 1-hour 
swings, and each had its own base station measurements ; an interval of a 
fortnight was left between the two sets. The differences between them should 
fairly represent the capabilities of the method. The results are given in 
Table III. The probable error of each set calculated from the three differences, 



Fig 8 —Frequency distribution of remdualn. 


Table III. 



y - 

g (base station) 10“ 5 i 

mi /sec 2 


Waterbeach ; 

Granchester 

Koyston 

1st set 

+ 8 4 

— 1 H 

-24 2 

2nd set 

4 7 6 

-2 4 

23 7 

Mean 

4 8 0 

-2 1 

-23 9 


g at the base station is 981 *265 


is 1 X 10~ 7 second in the mean period, or 0*0004 cm./sec. a in g. A closer 
examination of the agreements of the individual swings shows that this estimate 
is probably fortuitously low, the true value being more probably about 0-001 
cm./sec. 2 In addition, a set of measurements was made connecting the 
Pendulum House with the Cavendish Laboratory, where g was found to be 
0*0018 cm./sec.® more than at the Pendulum House. Table V gives the 
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results of the individual swings in the three sets of measurements. The 
probable errors computed from the differences between the results of individual 
swings taken on a single visit to a station are given in Table IV. 


Table IV. 


Pendulum 

Pendulum 

Mean 

Thffereneo 

“A. ’ 


i(A r P) 

A - C. 

HecondH 

■-ttoml'* 

seconds 

seconds 

3 1 - jo- 7 

a O < J0~ 7 

2 o , l<r 7 

2 0 X 10- 7 


This probable error will produce a probable error of 0 0012 cm./sec, 2 in the 
value of g deduced from a single swing, or 0*0008 cm./sec. 2 on the value deduced 
from the mean of two 1-hour swings , m addition we must allow 0 0012/a/6 
for the uncertainty m the mean of the six base* station measurements, giving 
0*001 cm./sec 2 as the probable error of the final result, as stated above. This 
is about twice the value deduced from the consistency of the final results of 
the two visits to three of the stations. The uniformity of the “ Bouger ” 
anomalies given in Table VI gives added confidence in the accuracy of the 
results. 

The observed errors given in Table IV are all considerably larger than the 
estimated uncertainties in observmg the periods; moreover, the probable 
error of “ A-C ” is nearly as large as that in the periods of the pendulums 
themselves, although it is immune from nearly all the possible sources of 
observational error.* It may, therefore, be concluded that the major part of 
the error is due to real variations m the time of swing of the pendulums. As 
most of the sets of observations from which these probable errors are deduced 
were completed in a few hours, there seems little likelihood that changes in 
the lengths of the pendulums can cause any large part of the observed irregu¬ 
larity. The most probable cause seems to be motions of the ground. If the 
motion of the ground at the base station produces an error and that at the 


field station c 2 » then the resultant errors 

are:— 


Pendulums 

Pendulums 

Mean 

Difference 

“ A Base.” 

“ C Base.” 

4(“ A C ") 

Base.” 

“A”-" C.’ 

V e, a + e* 8 

vV + e a 2 

6l 

2e, 


* In particular from aU errors in recording the wireless signals. 
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Since the mean of the two field station pendulums is independent of the motions 
of the ground at the field station,* and the difference of the two is independent 
of motions occurring at the base station. If t x = 3 X 1CT 7 and e a = 1 X 10“ 7 
second we get the four observed probable errors, showing that the explanation 
is a possible one. If a pendulum is left hanging at rest on its knife edges at 
the base station, it is found after a few minutes to acquire an amplitude of a 
few minutes of arc, showing that the motion of the ground is of the order 
required to produce the observed errors. In future two pendulums will be 
used at the base station to eliminate this source of error. 

Examination of the observed mean difference in period on the various visits 
to the base station shows changes which are too large to be ascribed to observa¬ 
tional error, and are presumably due to changes in the pendulums.t For 
each of the three field stations and for the base station the difference of period 
between each field pendulum and the base pendulum is greater for Set 2, 
Table V, than for Set 1. 

8. Effect of Sway of the Support. 

If the two field station pendulums were exactly similar, and were started 
with exactly the same amplitude, and in exactly opposite phase, no uncertainty 
would be produced by yielding of the pendulum support under the forces 
produced by the swinging pendulums. 

In practice these conditions are not exactly fulfilled. The two field pendulums 
differ m period by about 15 X 10“ 7 second, and from the mean of a number of 
swings the mean difference in initial amplitude is 4 per cent., and the mean 
initial difference in phase 4° (corresponding to 1' in the actual position of the 
pendulums with the normal amplitude of 0*4°). The effect of these on the 
periods of the individual pendulums, when the sway correction ” for one 
pendulum swinging alone is 40 x 10*" 7 second, may be shownt to be 2 X 10' 7 
second, and on the mean pendulum < 10 -8 second, which is negligible. The 
yielding of the base station pendulum support is very sn*all and constant. 

* Vening Meinesz, “ Theory and Practice of Pendulum Observations at Sea,” Delft, 
1929. 

f Unfortunately none of the pendulums were observed against time signals before and 
after these observations, so that it is not possible to say which one has changed. It seems 
desirable to check the base pendulum (which always hangs on its knife edges) about once 
a week. 

% Andersen, * Beitr. Mitschwingungstheorie,' Kflbenhavn, 1932, gives a convenient 
discussion of all the relevant formulae. 
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Difference of period, Field — Base. 


Station. 

Date 

Pendulum 

A 

Pendulum 

C 

, ! 

Mean 
i(A | C). 

Residuals 

For 

i(A+<!) 

A-C. 


Set 1. 


Pendulum House 

14 10 32 

15 10 32 

I0~ 7 sec 
7009 5 
7094 4 
7903 3 

10“ 7 sot 1 

7893 3 
7884 0 
7883 7 

10~ 7 sec 
7901 4 
7894 2 
7893 5 

10~ 7 HO( 

1-5 0 
-2 2 
-2 0 

J0“ 7 sec. 

+ 16 2 
t-20 4 

4 19 6 


Moan 

7905 7 

7887 0 

7896 4 


+ 18 7 

Waterbeaoh 

18 10 32 

7885 0 
7884 8 

7874 0 
7869 6 

7879 5 
7877 2 

i i i 

-1 2 

+ 11 0 
f 15 2 


Moan 

7884 9 

7871 8 

7878 4 


+ 13 1 

Gran tc heater 

10.10.12 

7919 5 
7910 7 

7901 0 
7888 4 

7910 2 
7899 5 

1 5 4 
-5 3 

+ 18 5 
+22 3 


Moan 

7915 1 

7894 7 

7904 8 


f 20 4 

Royston 

20 10 32 

7973 9 
7968 3 

7955 3 
7952 3 

7964 6 
7960 3 

+ 2 2 
-2 I 

f 18 6 
+ 16 0 


Mean 

7971 l 

7953 8 

7962 4 | 


H7 3 

Pendulum House 

1 11 32 

2 11 32 

7908 1 
7911 5 
7914 0 

i _ 

7894 5 

7895 1 
7900 3 

7901 3 
7903 3 
7907 2 | 

2 o : 
-06 

1-3 *3 S 

+ 13 6 
-1 10 4 

1 13 7 


Mean ' 

| 7911 2 

7896 6 

7903‘9 


1-14 6 



Set 

2. 




Pendulum House 

14 11 32 

15 ll 32 

7921 0 
7915 2 

i 

7907 1 

7908 1 

7914 0 1 
7911 6 

i H - 1 

-12 | 

1 13 9 
+ 7 1 


Mean 

7918 1 

7907 6 

7912 8 


|-10 5 

Waterbeaoh 

16 11 32 

7887 5 
7897 5 

7880 2 
7887 8 

l 

7886 9 1 
7892 7 

-2 9 
+ 2 9 

+ 1 3 
+ 97 


Mean 

7892 5 

7887 0 

7889 8 


I 5 5 

Grantchester 

17.11 32 

ft 

7909 9 
7923 4 

7909 9 
7917 7 

7909 9 
7920 6 

-5 4 

4 -5 3 

0 0 
\ "> 7 


Mean 

7910 6 

7913 8 

7915 3 


+ 28 

Royston 

18 11 32 

7978 l 
7966 1 

7974 0 
7962 9 

7976 1 
7964 5 

+ 58 
-5 8 

+ 4 1 

+ 3 2 


Mean 

7972 1 

7968 4 

7970 3 


+ 3 6 

Pendulum House 

22 11 32 

23 11 32 

99 

7907 2 
7903 2 
7911 0 

7906 2 
7903 0 
7903 2 

7906*7 
7903 1 
7907 1 

H 1 

-2 5 

1 1 5 

+ 1 0 

I- 0 2 
+ 78 


Mean 

7907 1 

7904 1 

7905 6 


f 3 0 
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Tabic V—(continued). 





Difference of period, Field — Base. 

Station. 

i 

i 

Date. 

; 1 
1 

I’emluliim I IV minium Mean j ^ e8, dualfl 

A | r. i }(A + C).j J(A fo f r C) . 

1 A — <_\ 


Set 3. 


1 


10~ 7 si e 1 

lO -7 see 

10 7 m t. i 

10- 7 flue 

10“ 7 see. 

Fend til urn House 

1 r, i) 'tj 

7000 I , 

7885 0 

7893 O ! 

-2 3 

H 14 2 



1 7004 0 

7890 7 

7807 6 ] 

f 2 3 

+ 13 9 


Mean 

! 7002 4 i 

7888 3 

7895 3 j 

- 

\ 14 0 

('avendish 


i ! 


1 ' 



Laboratory 

20 9 32 

7000 4 

7883 0 

7892 2 j 

-0 5 

+ 16 5 


M 

7005 0 

7891 7 

7808 3 1 

i 5 6 

-t-13 3 


M 

' 7897 7 1 

7884 it 

7801 3 j 

-l 4 | 

f 12*8 


27 9 32 

' 7800 4 

7881 ;> 

■ 7880 0 i 

-3 7 | 

i 14 0 


, Mean 

7809 9 , 

7885 5 

7892 7 | 

j 


+ 14 4 

Pendufurn House 

30 0 32 

' 7007 0 

7894 6 

7001 2 1 

+ 2 5 

| 13 3 


•• 

1 7900 8 | 

7891 2 

1 7896 0 | 

-2 o 

h 9 b 


Mean 

' 7904 3 ! 

7892 9 

7808 6 


| +11 4 

i 

N B — Pendulum 1 

(’ ’ was au 

Mentally lcveimd limn 

ughnut Set 2 

This does 

not m any 


way effort the results but renders the values of “ A — t ’ in this set not comparable with those 
in the other two sets. 


9. Corrections for Variation of Temperature and Pressure . 

The variation of period with temperature and pressure was determined by 
setting up one pair of pendulums in a room, which could be heated, and record¬ 
ing their swings on the photographic chronograph described above. The 
swings of a reference pendulum, kept at constant temperature and pressure 
in another room, were also recorded by means of a photoelectric cell coupled, 
through an amplifier, to an oscillograph. The temperature coefficients of 
the times of swing are all in the neighbourhood of 3 X 10“ 7 sec./ 0 C.*. 


10 . Further DeoelopmerUs . 

It ir hoped in the near future to develop the method in two directions. 

(a) To shorten the time spent at each station. It is at present necessary 
to leave the pendulums in the case in which they are to be swung for about 

* The value 0*5 X I0~ 7 sec./° C. given by Lenox -Cony ngharo ( loc . eit.) p. 328, is 
crrorieouH. 



Pendulumf Time-sigrnal mark 


Htdlanl 
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2 hours to allow them to acquire the same temperature as the thermometer.* 
This could be avoided by carrying the pendulums m the case m which they are 
swung. 

(6) To decrease the uncertainty produced by changes in the length of the 
pendulums when carrymg them from place to plat e. It is hoped that the use 
of quartz pendulums of the Kohlschiitter “ Minimum ” formf will be an 
improvement. 

In conclusion I wish to thank Sir Gerald Lenox-Conyngham, F.R.S., under 
whose direction this work was carried out, for his advice and encouragement. 


11. Summary . 

A method of comparing the periods of pendulums swinging simultaneously 
at two stations is described, This does not require spin*ml wireless signals, 
and enables a relative determination of g to be made with an accuracy of 
1/1,000,000 in two swings of 1 hour each. A method of comparing gravity 
pendulums and wireless time signals is also described. 

* In this time any initial temperature diffi mice has sunk to one-third of its initial value 
if the ease is evacuated, or to one-seventh if it is not 
f Kohlst hutter, 1 Z OeophyH ,* vol 6, p 4-fiC (1930) 
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Experiments on the Transmutation of Elements by Protons . 

By M. L. E. Oliphant. Ph.D., Messel Research Fellow of the Royal Society, 
and Lord Rutherford, O.M., F.R.S., the Cavendish Laboratory, 
Cambridge. 

(Received June 1(3, 1933 ) 

Introduction . 

In the pioneer experiments of Cockcroft and Walton* on the transformation 
of elements by bombardment with swift protons, it was found that easily 
measurable disintegration effects could be observed in certain elements for 
comparatively small accelerating voltages—of the order of lOOJMX) volts. 
Their experimental arrangement was specially devised for the use of much 
higher voltages. The proton stream from the discharge tube passed through 
a long evacuated path before reaching the target, and spread over a considerable 
area. Proton currents of the order of 1 microampere were usually employed. 
In order to study these transformation effects at still lower voltages we con¬ 
structed a special discharge tube which would give us a more intense and con¬ 
centrated stream of protons, of the order of 100 microamperes, using an 
accelerating voltage not greater than 250,000 volts. The stream of charged 
particles generated by the discharge through hydrogen was analysed into its 
components by means of a magnetic field, so that the effects due to the particles 
H + and H a + could be separately determined. The stream of protons fell on 
a target of about 1 sq. cm. in area and the solid angle over which particles 
passed into the detecting chamber was much increased. In these ways it 
was found possible to obtain for examination at least 1000 times the number of 
disintegration particles at any voltage as in the original apparatus of Cockcroft 
and Walton. 

This large increase m the number of particles available for counting made it 
possible to examine the disintegration of such active elements as lithium and 
boron at low voltages and in the form of very thin films. In addition, it was 
not difficult to obtain intense but narrow streams of particles in order to analyse 
with more detail the disintegration as regards both range and velocity of the 
expelled particles. 

The general method has proved very convenient for studying the trans¬ 
mutation of elements by protons of energy between 20,000 and 200,000 volts. 

* ‘ Proe. Roy. Soc.,’ A, vol. 137, p. 229 (1932). 
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Naturally a number of preliminary investigations were necessary in order to 
design the best form of discharge tube to give the intense and constant current 
of protons, so that measurements could be made under satisfactory con¬ 
ditions. The success of such experiments largely depended on the adequacy 
of the pumping system to obtain steady conditions m the discharge tube. 
Fast pumping is required and it is desirable to use oil rather than mercury 
diffusion pumps as mercury seems to promote autoelectronic discharges from 
the electrodes. We have found that the pumps constructed for us by Metro¬ 
politan-Vickers were very suitable for our purpose. 


The Apparatus. 

Source of Protons .—Various methods have been tried for obtaining a strong 
beam of protons, but the simplest and most consistent source so far used has 
been a modified form of the usual canal-ray discharge tube It is not possible 
to produce a beam of protons which carries more than a small fraction of the 
current through the discharge itself, so that in order to obtain a large proton 
current, a heavy discharge current must be used Experiment shows that the 
maximum current is produced from a discharge running at about 20,000 
volts, and hence with discharge currents of the order of 10-100 milliamperes 
it becomes necessary to dissipate large quantities of heat at the electrodes 
and walls of the tube. It will be seen later that the source of the protons must 
be placed inside the vacuum in the accelerating system, and hence there is no 
cooling of the walls by convection. A porcelain tube used as an ordinary Wien 
tube, and cooled all over by immersion in a bath of paraffin oil which was 
circulated by a pump, gave a good beam, but the walls of the tube rapidly 
became coated with a conducting layer sputtered from the electrodes. The 
source in use at present overcomes this difficulty without losing the advantages 
of the Wien form of canal-ray tube. 

The perforated cathode, C, fig. 1, is a block of steel bored out as shown in the 
figure and screwed tightly into the end of a steel tube B, about 1 metre long 
and 12 cm. internal diameter. At its upper end this tube is fastened into a 
steel plate which closes the top of the accelerating cylinder, N. The anode is 
a second steel tube A, supported axially inside the cathode and separated 
from it by about 4 mm. all round. This tube extends to within a few milli¬ 
metres of C and at the upper end it is supported by a pair of insulating glass 
plates as shown. The plug D, which extends through the plates, is bored 
from a solid piece of steel and is cooled by a rapid stream of transformer oil 
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supplied by a gear-pump through insulating tubes. Hydrogen can be fed In 
through a small tube K after passing through an adjustable needle valve. All 
joints at the top between the glass plates and the steel were made vacuum- 
tight with the special luting compound, Apiezon Q This tube will deal 
with large inputs of power, for the energy of the cathode rays is dissipated on 
the anticathodo D, while the cathode C and the steel tubes can run red-hot, 
if necessary, and dissipate their energy by radiation. The space between the 
two steel tubes is too small for a discharge to build up there and it concentrates 



naturally on the hole m the cathode. Power for the discharge is obtained from 
a 5-kw. alternator driven through a long insulating belt and mounted on an 
insulating pedestal, together with the necessary transformer and controls and 
the resistance and condenser for stabilizing the discharge The rectifier forms 
part of the general rectifier system as shown in the diagram. The beam from 
this tube, when fully outgassed by continued operation, is a very nearly parallel 
streak of luminosity, and the current collected by the Faraday cylinder F 
into which it can penetrate is of the order of 1 milliampere with 20 milli&mperes 
in the discharge. At first this beam consists very largely of molecular ions, 
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but after running for some time it changes over and becomes nearly all 
protons and neutral particles. 

Accderaiin/j System .—The discharge tube is mounted in a tall glass cylinder 
N, closed at the bottom by a second steel disc. The proton beam is accelerated 
by a potential of up to 200,000 volts applied between C and E. The steel 
shield S prevents the impact of secondary electrons upon the glass walls and 
the consequent heating, while it also serves to remove the strong electric 
field from the region of the bottom plasticene joint between the glass cylinder 
and the steel plate. Immediately after acceleration the beam is bent round by 
a magnetic field produced between the shaped pole pieces P. The mean radius 
of curvature of the path is 10 cm , and the pole pieces are about 4 cm wide 
and are separated by a 1-cm gap. The electromagnet used will produce a 
field of 18,000 gauss between these pole-pieces. A slit Y, 0*5 cm. by 1 cm., 
serves to define the deflected beam and sort out a given kind of ion with a small 
range of energies. The beam which passes Y falls upon the target T. This is 
of steel and has three faces at 45° to the axis, which form a sort of truncated 
pyramid with a circular base. Each face bears a recess, 1*2 cm. m diameter 
and about 1 rum. deep. The metal or powder to be bombarded is pressed or 
hammered into these spaces and the beam strikes the surface which is upper¬ 
most. The target is carried on a water-cooled stem M which rotates m a ground 
joint and can be set so as to bring any one of the three faces into the beam. 
By having only three faces any one face is completely shielded from the material 
sputtered from that which is in the beam, and at the same time it is possible 
to make very rapid comparisons between various targets without disturbing 
any adjustment, mechanical or electrical. A number of these targets have 
been made and these can be inserted with great rapidity by unscrewing the 
joint between M and T. The target system is insulated from the mam body 
of the apparatus by the ebonite sleeve L, and the current to it can be measured 
with a microammeter. The stray magnetic field over T effectively prevents 
the escape of secondary electrons, so that the current measured is the true 
ion current. 

Immediately above the bombarded face of the target, and about 1 cm. from 
its centre, is a mica window W, 1 cm. m diameter and supported on a grid 
which subtends the smallest possible area to particles coming from the target. 
The solid angle obtained in this way is approximately 0-7. The windows used 
have thicknesses varying from 5*0 mm. to 1*2 cm., according to the range of 
particles under investigation. All particles from the target which penetrate 
the window can be collected in the chamber of an ionization counter which is 
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mounted immediately above W and which is connected with an amplifier 
designed for us by Wynn-Williams. 

The accelerating chamber is evacuated by an 03 oil condensation pump 
supplied by Metropolitan-Vickers, and this is screwed directly to the bottom 
plate of the chamber so that the full pumping speed can be used. The 03 
pump is connected directly through wide tubing with an 02 pump, and this 
is backed by a rotary oil pump of high speed. The shield X is an umbrella- 
like piece of nickel which prevents a discharge from striking directly down into 
the diffusion pump if the tube should go soft. The portions of the apparatus 
which are below E are enclosed m a lead-lined observation space which also 
acts as an electrostatic shield. 

The accelerating voltage is supplied by a transformer giving 100,000 volts. 
This is rectified and doubled, using the simple circuit developed by Cockcroft 
and Walton. The rectifiers (2) and (3) are in this circuit and are arranged 
to give a large current at relatively low voltage drop. The rectifier (1) is 
used to supply the direct current for running the discharge and is cooled by 
oil-circulation AH three recti tiers are mounted in the same tower of glass 
cylinders and are evacuated by the same oil diffusion pmnp. The filaments of 
rectifiers (1) and (2) are supplied with current through suitable transformers 
from the alternator which supplies the discharge potential, while (3) is lit by 
current from a storage battery 

A zmc-sulplude counting screen and microscope provided with a light angled 
pnsm enable scintillations produced by the particles from T to be observed 
at any time, so that it is possible to check the fact that the electrical counter 
is counting genuine particles. Radiation and electrical disturbances are very 
plentiful in this type of work, and it is essential that this simple check be made 
periodically, and especially when any doubt arises. 

Voltage Measurement ,—The total accelerating voltage is measured by a 
spark-gap as a primary standard, but this is only needed occasionally to 
calibrate a simple valve-voltmeter, fig. 2 The potential is applied to a plate 
A placed about 3 feet from an insulated segmented conductor S. In front of 
this rotates a similar earthed segmented rotor R, so that the vanes on S are 
alternately exposed to and shielded from the field due to A. R is driven through 
a spring belt from a synchronous motor, so that the speed is sensibly uniform. 
S is connected with the grid of one of a pair of valves of relatively low impedance 
which form two arms of a bridge, as shown in the diagram. The condenser 
C which is placed in this circuit blocks any charge which collects on S due to 
corona from A. The valve is used as a leaky gnd rectifier and hence gives an 
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almost linear response with suitable values of the automatic grid bias and grid 
leak. The bridge is enclosed in a suitably screened box and the heating currents 
for the cathodes and the plate potential are both obtained from the mains in 
the usual way. A milhammetcr connected between the two plates serves to 
read the voltage, and a senes of shunts enables the sensitivity to be changed 
readily The current passing in the meter is arranged to be small compared 
with the plate current of either valve, so that an approximately Linear character¬ 
istic is preserved. The voltmeter is easily calibrated by comparison with the 


* 


High nrtnv*L 



spark-gap at two or three voltages for each range. The sensitivity can be 
further reduced by sliding the plate P in front of the rotating sectors and 
shielding off the field of A. In practice 8 is only about one-quarter exposed 
A potentiometer altering the potential of the grids enables the zero to be set 
at any moment with the sectors S earthed. This voltmeter has proved 
exceedingly reliable and robust, and the zero drift is very small once the valves 
have reached a steady temperature. 

Measurement of the Range of the Particles .—The ranges of the particles coming 
from the target have been measured by observing the reduction in the number 
counted, as absorbing screens of mica or of gold were placed between the window 
and the counter. By substituting a weak polonium source for the target a 
check on the thickness of the absorbing screens and of the “ dead-space ” 
between the window and the counter was obtained. We have used also a 
small absorption chamber fixed above the window and provided with a second 
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window in line with the first. The pressure in this chamber, which was 1 *0 cm. 
deep, could be varied, and the stopping power of the gas calculated. When the 
number of particles is large this offers the simplest and most direct method 
for interpolating between mica screens. In some cases more exact measure¬ 
ments of ranges have been made by canalizing the beam of particles from 
the target by placing stops with small openings over window and counting 
chamber. This can only be done where the number of particles is large 

Experimental Procedure.—The discharge tube was freed from occluded gases 
by running for a long time, first without and then, as it hardened, with hydrogen 
flowing in. When it was once degassed it was only necessary to run for about 
half an hour in the morning to get the tube into a steady state. It was found 
to be most easy to degas the mam accelerating electrodes and tube by ad¬ 
mitting hydrogen till it was possible to run a discharge at about 20 -GO kilovolts. 
This is continued at as high a current density as possible for about half an 
hour and on pumping out the hydrogen it is usually found that the tube is 
quite hard and stable up to 200,000 volts. The magnetic field is then set for 
the kind and energy of ion required and the beam is brought on to the target 
by varying the voltage applied to the main transformer. The particles entering 
the counter are recorded on an oscillograph or are counted directly by means 
of the thyratron “ scale of two ” counter devised by Wynn-Williams.* 

The Results. 

Lithium .—We have not done much with this element, j* but we have confirmed 
the order of magnitude of the range and the yield found by Cockcroft and 
Walton In addition we have measured the voltage variation of the number 
of particles emitted from a thin film of Li in the form of oxide. This was 
prepared by burning Li m air and holding a piece of cold steel m the ascending 
stream of vapour for a moment. The film was quite invisible and it is estimated 
that its stopping power must have been much less than I mm. of air equivalent 
at any point, so that when bombarded it is unlikely that any proton made 
more than one collision with a lithium nucleus. The voltage variation of the 
emission of disintegration particles therefore represents the true variation m 
the probability of disintegration at diflerent voltages. Fig. 3 may thus be 
said to represent the “ voltage disintegration function ” for the bombardment 
of lithium by protons. It is seen that particles begin to be detected at about 

* ‘ Proc. Roy. Soc.,* A, vol. 136, p. 312 (1932). 

f Since this paper was written lithium has been examined in more detail and the results 
will be incorporated in a further paper. 
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40 kv., and that thereafter the numbers increase rapidly but not as rapidly 
as an exponential. The course of the logarithmic curve indicates that the 
number of particles may approach a steady value as the energy of the bombard" 
ing protons increases above 200 kv., or may even decrease after passmg through 
a maximum. 



A thick target of Li metal, bombarded by the direct mixed beam, gave a 
practically exponential rise in the number of emitted particles as the energy 
of the beam was increased, and particles were detected at voltages as low as 
30 kv , tig 4 The currents in some of these experiments were of the order of 
50 microamperes and the solid angle over which particles were collected was 
about 0-7, so that it was possible to detect particles when their total number 
was only about 1/10,000 of the number present in the experiments of Cockcroft 
and Walton. Notwithstanding this large factor we have been unable to detect 
particles with any certamty below about 30 kv. 

Boron .—We have determined the form of the voltage variation of the 
number of disintegration particles from boron for protons bombarding both 
thick films and thin films of the element. Fig. 5 shows the curve obtained 
from a thin film of boron prepared by evaporating a single drop of a dilute 
solution of borax as uniformly as possible over the surface of an iron target, 
and then heating to a red heat m an atmosphere of coal gas. The weight of 
borax may be calculated from the strength of the solution, and assuming the 
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usual magnitudes we find that there is sufficient boron present to give a uniform 
layer of about 0-7 molecules thick. This could not have been deposited 
uniformly, but the film was certainly thin enough at all points for us to assume 
single collisions only with bombarding protons. It is seen that particles are 
detected at about 70 kv. and the numbers increase more rapidly with increase 
of bombarding energy than with the lithium film. The logarithmic plot shows 



Pig. 6. 

that in this case also we might expect the number of particles to become 
constant or even fall ofi above 200-300 kv. bombarding energy. The dotted 
curve in the same figure indicates the voltage variation with a thick layer of 
powdered boron element. This curve is given in greater detail m fig. 6. The 
number of particles found is larger than for the thin layer, but the form of the 
curve is very similar. 
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By an appropriate increase in the magnetic field it is possible to bring the 
H a + ions on to the target and determine their effect separately, as shown m 
fig. 7. From the point of view of disruptive collisions the H a + ion may be 
thought of as a pair of protons travelling together with an electron. The 
binding energy between them is negligible compared with the kinetic energy, 
which for either proton is one-half the energy of the particle. Hence a given 
current of molecular ions represents a current of protons of twice the magnitude, 



but with half the energy. We would therefore expect to begin to detect 
disintegration particles at about twice the energy found for the protons, and 
that the curve would rise twice as steeply. It is seen that these assumptions 
are approximately fulfilled. 

The peculiar Bteady emission of particles at low energies may be due to 
instrumental causes such as the presence in the beam of scattered protons, 
or it is just possible that there may be present in the molecular beam some 
component particle which is very efficient in causing disintegrations. If 
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this should be the ion of the hydrogen isotope of mass 2 it could easily be 
increased in concentration and its effect studied in detail. 

Range of the Particles from Boron.— Rough observations indicated that the 
particles emitted from boron by H + and H 2 + were identical m range. Careful 
measurements were then made of the particles produced by protons, the 
observations being made in three sections. The first dealt with the end part 
of the range, beyond 2*5 cm., and is shown in fig. 8. It is seen that the number 
of particles falls off rapidly as the absorption is increased, but that there is a 
very definite end point. This maximum range has been determined with some 
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care and appears to occur at very nearly 4 * 7 cm. The probable error in this 
quantity is estimated to be not greater than ± 1*5 mm., as it is obtained by 
direct comparison with the particles from polonium, which ate assumed to 
ha\e a range of 3*80 cm. at 15° 0. and 760 mm. pressure. The rest of the 
absorption curve is shown, together with the end part on a very different 
scale, in fig. 9. The intermediate portions were obtained by the use of an 
absorption chamber 1 cm, deep, with windows 0*575 cm. equivalent absorption. 
The probable error over this part of the curve is estimated to be about ±1*5 mm. 
The upper part of the curve was obtained with a canalized beam of particles 
by gradually moving the counting chamber away from a 0*575 cm. window by 
increments of known amount. In order to establish the form of this part of 
the curve more than 500,000 particles were counted in groups of about 1500. 
It must be remembered that the probability variation in the count at any 
point is compounded of the ordinary statistical variation together with varia- 
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tions due to changes in the accelerating field derived from the A.C. mains, 
and of the magnetic field which is bending the particles The part of the curve 
beyond 0*775 cm. is obtained by extrapolation m what appears to be an 
obvious manner. The ratio of the number of particles at 5*04 cm. to the 
number at 0*775 cm. absorption was obtained by making 25 counts at eacli of 
these points alternately without any change in the conditions The mean of 
these counts gave for tins ratio 1 -02°,,, 



0 0 5 9 0 IS ZO Z 5 SO SS 4 0 4 3 SO 

Absorption m cm 

Fro. 9. 


Light Element* Iron , Oxygen, Sodium , Aluminium , Nitrogen —In order 
that the above results might be assumed to be due to lithium and boron 
respectively and not appreciably to the iron target holder or to the oxygen or 
sodium present m the borax and oxides used, we made observations of the 
effect of bombarding these elements at energies up to 200,000 volts. 

With a solid angle of collection of about 0*7, and a proton current of 20 
microamperes, carefully cleaned iron or mild steel gave not more than two 
particles per minute, while on oxidizing a steel surface by heating it red hot 
in air no extra particles were observed. Commercial sodium metal gave only 
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four particles a minute* while a sample of pure aluminium, kindly supplied by 
Professor Kapitza, gave the same number. We were unable to detect with 
certainty any effect from NH 4 N0 3 , so that it seems unlikely that nitrogen gives 
any large emission of particles over the range of proton energies investigated. 

Beryllium and Fluorine.— A pure sample of beryllium oxide, kindly supplied by 
Dr. C. Desch of the National Physical Laboratory, was bombarded as strongly 
as possible with both protons and molecular ions. A small effect was observed 
with protons at the highest voltages, but the number of particles was too small 
to enable any definite measurements of range or of voltage variation to be 
obtained. It is therefore uncertain whether the particles arose from the 
beryllium itself or from a minute trace of boron or other impurity on the 
surface of the target. 

Fluorine was bombarded as iron fluoride (Kahlbaum). Fig. 10 (a) shows 
the way in which the number of particles observed varies with the accelerating 
potential applied to the protons, while (6) is the absorption curve for the particles 
emitted at about 200 kv. Although the number of particles is too small for 
the detailed analysis of the range to be possible the course of the two curves 
renders it probable that the particles arise from fluorine itself and not from a 
contamination of boron. 

Much higher accelerating potentials will have to be applied to the protons 
to enable any reliable information about the energies of the particles from Be 
and F to be obtained. 

Heavy Elements — Gold, Lead, Bismuth, Thallimi , Uranium, Thorium .— 
Cockcroft and Walton observed marked effects when they bombarded lead 
with protons, while under the same conditions the radioactive emission of 
a-p&rticles from uranium oxide appeared to increase by an amount which did 
not depend markedly on the energy of the bombarding protons. This was a 
very remarkable observation and it is essential to test whether these elements 
can be disintegrated at low voltages and, if so, whether they exhibit any evidence 
of a “ resonance ” effect which might facilitate the passage of relatively low 
speed particles into favoured levels in the nucleus. Our first experiments 
confirmed the observations of Cockcroft and Walton, but we found it impossible 
-to repeat the results from day to day. It was especially noticeable that the 
activity of the target was considerably increased after the accelerating tube 
had gone soft for a minute or two, as happens sometimes during a run. We 
therefore became suspicious that the effects might be due entirely to an extremely 
active deposit on the surface of the target. Measurements of the ranges of 
the disintegration particles showed that they were of about the same range as 
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the particles from boron, and the fact that our accelerating tube was a large 
cylinder of pyrex, a borosilicate glass, strengthened the supposition that the 
whole effect might be due to boron Thallium and bismuth showed similar 
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Fig. 10 . 

effects, while gold, which gave nothing at first, became active after the passage 
of a discharge through the accelerating space. 

A cylinder of a different glass was now substituted for the pyrex and great 
care was taken to free the whole apparatus from all traces of boron or lithium. 
Fresh targets were prepared from the purest materials we could obtain, these 
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bring provided, for the most part, by Piofessor Kapitza. Under these con¬ 
ditions we detected no effect whatsoever from any of the elements mentioned 
at the head of the paragraph for proton energies up to 200 kv. These observa¬ 
tions do not exclude the possibility of the emission of disintegration particles 
at higher energies, for boron only begins to show an effect at twice the energy 
required by lithium, and it ls possible that the minimum energy required for a 
proton to penetrate a nucleus increases very rapidly with atomic number. 

The Emission of Radiation. - Most substances fluoresce to some extent where 
struck by the beam of protons, but m addition the heavy elements show the 
emission of a form of radiation, probably m the long X-ray region, which is 
completely absorbed in a few centimetres of air and which ionizes gases with 
great efficiency. This radiation gives rise to an inconvenient background 
“ wobble ” in the output from the counting chamber, so that the oscillograph 
records of pai tides are superimposed upon a continuous oscillation. We have 
not looked with any care for evidence of the emission of y-radiation 


Disc ass wo 

A discussion of the disintegration function for thin films of lithium and 
boron will be postponed till results at much higher bombarding energies are 
available, and it can be said with certainty wliether curves such as figs. 3 and 
5 do show a maximum. However, the form of the curve calculated from 
Gamow’s theory* is in general accord with the experimental facts if an appro¬ 
priate cross-section is assumed for a collision. 

The Disintegration of Boron. As pointed out by Cockcroft and Walton it is 
probable that the observed disintegration of boron is due mainly, if not entirely, 
to a splitting of the B n nucleus into three a-particles w hen a proton penetrates 
the nuclear potential barrier and is captured. Measurements of the mass 
defect of the B n lsotopef indicate that such a transformation would lead to a 
release of about 11 million volts of energy. If each a-particle took one-third 
of this energy and no y-ray were emitted the disintegration particles would 
possess a single definite energy of about 3-7 million volts, corresponding with a 
range m air of approximately 2 *4 cm. The experimental curve given in fig. 9 
which was obtained using a narrow beam, shows no evidence whatsoever of 
a smgle range of this magnitude. By substitutmg a w eak source of polonium 

* " Constitution of Atomic Nuclei and Radioactivity,” 1931. 

t Aston, ‘Proo. Roy. Soc./ A, vol. 215, p. 487 (1927); Bainbndge, ‘ Phys. Rev./ 
▼oh 63, p. 424 (1933). 
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for the target used in the experiments the form of the absorption curve for 
a homogeneous group of a-particles can be determined under our experimental 
conditions. It was found that the number of such particles counted remained 
constant to within 3 mm. of the end of the range, and showed an almost linear 
drop to zero over the final 1 5 mm. A slight “ tail ” rounded off the end of the 
curve. The experimental curve for the disintegration particles from boron 
shows no evidence of any homogeneous group of particles with a definite range 
when examined on this criterion. We are forced to the conclusion that there 
are present particles of all possible velocities, from zero to the maximum. 

Without making any particular assumption about the actual process of 
capture and disintegration of the B nucleus we might anticipate that the most 
probable mode of disintegration would be for the three a-particles to escape 



symmetrically with equal velocities, making an angle of 120° with one another, 
fig. 11 (a), the probability of other modes of disintegration diminishing rapidly 
with departure from the symmetrica] distribution 

In our experiments the a-particles which were counted escaped from the 
target at right angles to the direction of the incident beam of protons. It is 
natural to assume that there is no favoured direction ol emission 111 but that 
on the average the a-particles are liberated equally m all directions. To 
simplify the calculations we assume that two of the a-particles are emitted 
symmetrically with regard to the third particle, and thus have equal velocities. 
If is the velocity of each of the symmetrical particles, 0 the angle between 
them, and u t the velocity of the third particle, fig. 12, then from the equivalence 
of momentum 

2^(1 + cosO) = (1) 

* For simplicity in the subsequent calculations the momentum of the incident proton 
is neglected, since iu general it is small compared with that of the released a-particles # 
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If we assume the same total energy Jm« 0 a (where m is the mass of the a-partiole 
ami u 0 the equivalent velocity) is released m all disintegrations, 

W + «2 2 = "o 2 * ( 2 ) 



Fig. 12. 


From (1) we obtain by substitution 



The value of u^/u 0 “ is a maximum and equal to 0*60(3 when 0 — 0, i.e. y when 
one a-particle is emitted at 180 with the pair of particles of equal velocity, 
fig. II (6) The value of — 0*50 is a maximum when 0 = 180° and a 

minimum, 0 * 167, when 0 =- 0. 

Since the maximum energy acquired by an a-particle is 0*666 E 0 this energy 
is taken to correspond w r ith that of the particle of maximum range 4*7 cm. 
observed in our experiments, t e. t to 5*96 million volts. The total energy 
appearing in the disintegration is thus 8*94 million volte. The energy of 
each of the a-particles in the most probable mode of emission at 120° would 
be 2*98 million volts, corresponding with a range of about 1*8 cm. in air. 
Reference to the experimental curve, fig. 9, shows that at this range the slope 
of the curve is a maximum, indicating that this is actually the most probable 
range. This agreement gives strong support to our general hypothesis. 

From equation (3) energy curves are drawn m fig. 13, showing (a) the way 
in which the energy of any one of the pair of particles varies with the angle 0, 
and (6) the corresponding variation in energy of the single opposing particle. 
It is evident that only the latter single particle can contribute to particles of 
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energy less than 0*167 E 0 or more than 0*50 E 0 , while intermediate values 
are made up from both groups of particles. 

On these views the “ tail ” of the absorption curve, fig. 8, is due to the dis¬ 
tribution of particles of energy between 0*50 E 0 and 0*666 to values of 

0 between 0^=90^ and 0 = 0°, corresponding to ranges between 3*0 cm. 
and 4*7 cm. in our experiments It is seen that in this part of the curve the 
numbers of particles fall off rapidly with increasing energy, i.e with decrease 
of 0 between 90° and 0° 



This at once gives us important information about the way the probability 
of emission varies with angle 0 between 0° and 90° If we take the expen- 
mental curve of fig. 8 connecting numbers and range between 3 *04 and 4*7 cm., 
and plot the corresponding curve between number and angle, the numbers are 
found to fall nearly exponentially with 0, decreasing to half value in about 10°. 
It is of great interest to see whether this simple expression for the change of 
probability of emission with angle holds generally. This can be tested by 
calculating the absorption curve of the a-particles on this hypothesis and 
comparing it with the observed curve. For this calculation we suppose that 
the number of particles emitted corresponding to any angle 0 falls off 
exponentially with the difference between this angle and 120°, i.e., 


N §m x e~**, 


(4) 
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where <f> — 120° — 0 for 0 less than 120°, and <f> — 0 — 120° for 0 greater 
than 120°. 

The number of particles emitted with energies greater than that corre¬ 
sponding with any given range can then be calculated by graphical integration 
as follows 

From the curves given in fig, 13 the angles which contribute particles of a 
definite energy may be read of!. For example, consider the energy corre¬ 
sponding with the horizontal lino PQ, fig. 13. Two a-particles have energy 
corresponding to P in the (n) curve and one to Q on the (b) curve, and the 
corresponding angles can be read off If the energy corresponding to the line 
PQ represents the energy lost in the absorber, the number penetrating the 
absorber and finally collected and counted will be the number emitted over 
the angular range from P to the angle giving the maximum energy on the (a) 
curve, i.e. t from 0 r to 0 — 180°, and over the range from 0 Q to 0 = 0° on 
the (b) curve. The distribution function (4) may now be integrated over 
these ranges, and the total number of particles emitted thereby found. This 
was done for representative points all along the absorption curve. In order 
to determine the value of a more accurately than was possible from the end 
part of the absorption curve alone, use was made of the ratio of the numbers of 
particles collected at 0*8 and at 3-04 cm. absorption, which ratio had been 
determined accurately for this purpose as 1*62% The numbers were calcu¬ 
lated for the two absorptions by the method we have described and the calcu¬ 
lated ratio equated to 1-62% In this way we found a = 0-069, in good 
agreement with the value found from the end part of the absorption curve 
The energy absorption curve calculated using this value of a is shown in fig. 14 
This can be transposed readily to a range absorption curve by the application 
of Geiger’s law connecting range and energy, together with the corrections to 
tins law which have been determined experimentally.* This curve is also 
given in the figure. The circles in this last curve are points from the experi¬ 
mental curve given in fig. 9. 

Considering the simplicity of the assumptions the agreement between calcu¬ 
lation and experiment is remarkably good, and indeed better than would be 
expected. Not only does the theory account for the main features of the 
distribution of a-particles with range, but it is in excellent numerical agreement 
throughout the whole curve, where the number of particles for different ranges 
varies more than 1000 times. While the exponential law of distribution 

+ Of . Rutherford, Chadwick, and Ellis, '* Radiations from Radioactive Substances,” 
p. 102 ei aeq. (1930). 
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assumed accords well with the “ tail ” part of the absorption curve, it should 
be pointed out that the main part of the curve is comparatively insensitive to 
variation in the law of distribution in the neighbourhood of 120°. In order to 
make the calculations possible we had to assume that two of the particles 
had identical velocities When the difference between the angle of emission 
and 120° is small this may not be so, but over this langc the fonn of the curve 
is relatively insensitive, as we have seen, to the exact assumptions made. 
When the angle of emission differs widely from 120° i e , for the beginning and 
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end of the absorption curve, two of the particles must possess very nearly 
equal velocities m order to satisfy the momentum laws. The simplifying 
assumption is therefore justified, and in any case it seems likely that the main 
features of the absorption curve would not be seriously altered if it were possible 
to calculate it on the assumption that all three particles could possess different 
velocities. 

On the views we have outlined the total energy released m the boron dis¬ 
integration is 9 million volts, while the available energy calculated from the 
mass is somewhat greater, viz., about 11 million volts. We have not so far 
had time to examine whether appreciable y-radiatioii arises from the bombard- 
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ment of boron. If the emission of high frequency Y’r&di&tion should a ccompany 
the majority of these transformations, it is obvious that the simple theory we 
have outlined would no longer be valid. We hope to examine this point 
subsequently. 

It is obviously of great importance to obtain more direct evidence of the mode 
of disintegration of boron. We have constructed a special counting chamber 
and hope soon to test whether three a-particles are liberated simultaneously. 
A still more direct method of settling this important point is to examine the 
tracks of the emitted a-particlcs m an expansion chamber. Experiments in 
this way have already been made by Kirchner in Munich and by Dee in this 
laboratory. Decisive experiments by this method are much more difficult 
to carry out for practical reasons for boron than for lithium, on account of 
tlie relative shortness of the range of the a-partieles emitted in the 
transformation of boron. We have already seen that in the symmetrical 
case of emission the range of each of the three a-particles is only 1 • 8 cm. It 
will, however, be of the greatest importance to determine the distribution of 
the particles both as regards angle and range 

We desire to express our thanks to Mr. R. B. Kinsey, who has helped in 
many of the experiments and in the development of the high tension volt¬ 
meter ; and to Drs Cockcroft and Walton for much useful information, and 
to G. R. Crowe for his assistance throughout the investigation. 


Summary . 

(1) An apparatus is described which enables an intense beam of hydrogen 
canal-rays to be produced and then accelerated with potentials up to 200,000 
volts. The different kinds of ion present in the beam are separated by bending 
in a magnetic field, and any chosen constituent can be allowed to fall upon a 
target of the material to be examined. A mica window subtending a solid 
angle of about 0*7 allows any disintegration particles produced to pass into 
a counting chamber. In this way it is possible to examine the disintegration 
of some elements at comparatively low voltages. The voltmeter used for 
measuring the high D.C. potentials is described, and methods used for measuring 
the ranges of the particles are indicated. 

(2) Lithium gave particles at 30 kv. with protons bombarding the target, 
while the effect from boron was not appreciable below 60 kv. The voltage 
variation of the yield of disintegration particles was measured for very thin 
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films of Li and B, as well as for thick films. Molecular hydrogen ions gave 
particles at approximately twice the energy required for protons and the yield 
increased at twice the rate as the energy was increased. 

(3) Careful measurements of the range of the particles from boron are 
described and it is shown that there is a maximum range of 4*7 cm. By far 
the greater number of particles possess ranges distributed about 1*8 cm., but 
there are present particles of all ranges from zero up to the maximum. 

(4) It was shown that Fe, 0, Na, Al, N gave no detectable effect when 
bombarded with protons or molecular ions at energies up to 200 kv. 

(5) Be and F gave detectable effects, but the yield was too small to enable 
accurate measurements to be made. 

(6) Au, Pb, Bi, TI, U, Th gave no observable effect at our bombarding 
energies. Slight traces of active impurities, probably boron, gave large 
effects until they were eliminated by suitable means. 

(7) A discussion is given of the disintegration of the B n nucleus by proton 
capture. It is assumed that the nucleus disintegrates into throe x-particles 
which escape with a probability distribution of directions about the sym¬ 
metrical coplanar 120° position, and it is shown that this distribution may be 
obtained and the absorption curve calculated. 

(8) The total energy produced m a disintegration on the theory we have 
described is about 9 million volts, whereas the energy available calculated 
from the mass of the B n nucleus and the disintegration particles is 11 million 
volts. 
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Results of Calculations of Atomic Wave Functions . I.— Survey, and 
Self-consistent Fields for Cl* and Cu + . 

By D. R. Hartree, F.R.S., Department of Mathematics, Manchester 

University. 

(Received May 1, 1933.) 

1. Introduction . 

An approximation to the structure of a many-electron atom can be obtained 
by considering each electron to be a stationary state in the field of the nucleus 
and the Schrodinger charge distribution of the other electrons, and rather 
more than five years ago I gave a method of working out atomic structures 
based on this idea, and called the field of the nucleus and distribution of 
charge so obtained the “ self-consistent field.”* 

The method of working out the self-consistent field for any particular atom 
involves essentially (a) the estimation of the contributions to the field from the 
various electron groups constituting the atom in question ; (6) the solution of 
the radial wave equation for an electron in the field of the nucleus and other 
electrons, this solution being carried out for each of the wave functions sup¬ 
posed occupied by electrons in the atomic state considered; and (c) the 
calculation of the contribution to the field from the Schrodinger charge dis¬ 
tribution of an electron group with each radial wave function. The estimates 
of the contributions to the field have to be adjusted by trial until the agreement 
between the contributions finally calculated and those estimated is considered 
satisfactory. 

In the paper in which the method was first suggested, some results were 
also given, and since then, results for a number of atoms have been worked 
out by myself and others, and some of these have been published. But the 
results published have usually been results for the whole atom, such as the 
total charge distribution or field ; detailed results such as individual wave 
functions, and contributions to the field from the different electron groups 
have not been given except for 0, 0 + , 0 ++ , 0 ++ andSi +4 .f These individual 
wave functions and contributions to the field, however, are often the quantities 

* Hartree, ‘ Proc. Camb Phil. Soc vol. 24, pp. 81), 111 (1928). 

•f Oxygen: Hartree and Black, * Proc. Roy. Soc./ vol. 139, p. 311 (1933). Silicon 
MoDougall, ‘ Proc. Roy. Soc./ vol. 138, p. 550 (1932). 
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required in applications. A considerable amount of information of this kind 
is available, and has been supplied privately to anyone who knew of its existence 
and asked for it, but for some time it has seemed desirable to publish it so as 
to make it more widely available. 

There were, however, some objections to publishing it as it stood. As 
experience of working out atomic structures has increased, several improve¬ 
ments have been made in numerical teclmique, and also the standard of what 
is considered a u satisfactory ” agreement between estimated and calculated 
contributions to the field has gone up considerably. A good deal of the available 
information was based on old work in which neither the degree of agreement 
between estimated and calculated fields, nor the numerical accuracy to which 
the work was carried out, now seem adequate. It seemed desirable therefore 
to carry out a revision of the work, using the unproved methods and working 
to a higher numerical accuracy (principally in order to lessen the effect of 
possible cumulative integration errors), and also aiming at a higher standard 
of agreement between estimated and calculated contributions to the field, 
before publishing the detailed results. That such revision is desirable is 
shown by appreciable differences in some cases between the revised and earlier 
results. 

The method of carrymg out the numerical work is now fairly well standard¬ 
ized, and the revision of the calculations is largely a matter of expert computing. 
A grant was made by the Government Grants Committee of the Royal Society 
for the purpose of employing the professional assistance of expert computers 
in connection with this work, and l wish to acknowledge my thanks to the 
Committee for its assistance, to Miss D. S. Greene,* for undertaking the 
arrangements for getting the work done, and to Dr. L. J. Comrie and Mr. 
D. S. Sadler who actually did the calculations, for the very satisfactory way 
they have carried out the computing work which is of rather unusual and not 
altogether straightforward kind. 

With this assistance available, the work of improving the earlier results of 
any particular atom is being earned out as follows. From the earlier work, I 
make revised estimates of the contributions to the field from the various 
electron groups, and the computing work earned out professionally is concerned 
with the calculation of wave functions in the field so constructed, regarded as 
given , and of charge distributions from these wave functions. For reference 
1 will call these calculations the “ standard calculations/' Unless estimates of 

* Director, Calculating and Statistical Service, Victoria House, Vernon Place, 
London, W.C.l. 

V 2 
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the contributions to the field have been unusually fortunate, the results of 
these standard calculations are not yet near enough to the self-consistent field 
to be quite satisfactory, but they should be near enough for the effect of any 
variation of the estimates to be treated as a first order variation from the 
results of the standard calculations 

A further revision of the estimates is made if necessary and the variations 
in the wave functions, etc., due to the variations in the estimates from those 
used in the standard calculations, are calculated, and the variations of wave 
functions, etc., added to the results of the standard calculations ; the variations 
are so small that this variation calculation is very much shorter and easier 
than the main calculation. If necessary, further revisions of the estimates are 
made and corresponding variations from the results of the standard calculations 
are worked out, until a satisfactory approximation to the self-consistent field 
is obtained. For the atoms for which results are given here, I have myself 
been responsible for carrying out these final stages of the work. 

This paper presents the results of this work for two atoms, Cl“ and Cu 1 ; 
the earlier work for both of these atoms was done by myself, and some results 
for CI“ were published in my first paper. Some results of the earlier work on 
Cu + have been published by Slater m connection with his approximations to 
the wave functions by analytical formula 1 * Other atoms for which such work 
is in progress are Al +3 , K 1 , Eb + , Cs T . 

The results for Cu + here given arc interesting, as they are the first winch 
have been obtained for an atom with an outer shell of 18 electrons ; the other 
atoms for wdiich calculations have so far been carried out are atoms for which 
the outer shell is a complete or incomplete 8-shell. Comparison of the results 
for Cu 4- and the alkali metal ions may throw light on the characteristic difference 
of properties of the two sub-groups of the first column of the periodic table. 

Since the method of obtaining approximate wave functions for a many- 
electron atom by means of the “ self-consistent field ” was suggested, a better 
approximation has been indicated independently by Slaterf and FockJ, and 
the equations obtained by the latter ; but the numerical application of Fock’s 
approximation involves difficult problems of numerical technique for any but 
the lightest atoms, and as far as I know, no case has yet been worked out 
quantitatively. Slater and Fock have shown that the approximation made in 
the “ self-consistent field ” method is the best for its simplicity that could be 

* Slater, ‘Phys. Rev.,’ vol. 42, p. 33 (1932). 
t * Phya. Rev./ vol. 36, p. 210 (1929). 
x * Z. Physik/ vol. 61, p. 126 (1930). 
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obtained ; also it is probable that in the solution of Fock's equations for any 
atom the first step would be the approximate solution of the equations of the 
Belf-consistent field, so that as well as being the best results at present available, 
the results, of which those presented here form a part, are also steps on the 
way to better approximations. 

§ 2. Summary of Notation and Nomenclature. 

All quantities are supposed measured in natural atomic units, that is units 
such that the measures of the mass of the electron, of the magnitude of the 
charge on the electron, and of hj 2rc, are all 1 ; the unit of length is 

A 2 /4r7T 2 me 2 = 0 • 532 A. U 

If, m spherical polar co-ordinates with origin at the nucleus, the wave 
function of a single electron m a central field of potential v is written 

= <«./>). (i) 

where is a spherical harmonic of degree l, P (r) is called the radial wave func¬ 
tion, and satisfies the equation* 

t/ 2 P/dr 2 + |2r — c - I (l + l)/r>] P = 0, (2) 

where e is the negative energy parameter reckoned with the ionization energy 
of the hydrogen atom as unit, so that if v is the corresponding wave number, 
t = v/tt. It is sometimes convenient to write the quantum numbers n, l of 
the wave function of which P ( r)jr is the radial part, as suffixes [viz., (r)], 
or alternatively in the form P (nl\ r) ; and for specifying the value of l it is 
best to adopt the usual conventional letter according to the scheme 

* 1> <t f y h . 

for 1 = 0 ] 2 3 4 5 

If P (r) ia normalized so that J F 2 dr — J. then P 2 dr is the charge lying 

in a spherical shell between radii r and r + dr, on Schrodinger’s interpretation 
of the wave function, and P 2 may conveniently be called the “ radial density ” 
of the charge distribution of the electron concerned ; if P is not normalized 

the radial density is P % j j P 2 dr. 


* Cf Hartree, toe. rtt. 
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If we write* 

Zo (nl, nl | r) - £ LP (»? | r)] a dr j £ [P (nl | r)f dr, (3) 

then Z 0 (nl, nl\r) is the total charge lying inside radius r, for an electron m an 
( n, l) wave function. If the field of the atom is considered to be spherically 
symmetrical, and Z is the 4 ‘ effective nuclear charge ” at radius r, defined so 
that the field} at radius r is Z/r 2 , then for an atom of nuclear charge N 

Z = N-SZ 0 (w7, nl\r) 

the sum being over all occupied wave functions There may be a number of 
wave functions with the same values of (nl) ; if there are N n , wave functions} 
with given values of n and l, then 

Z = N -- E bI N mI Z„ (nl, w/| r) (4) 

the sum being now over all values of n and l ; if the (nl) group is complete, 

N n ,-2(2Z+1). 

If C is the total charge on the atom, 

< ‘ = N — £ n jN nl , 

so (4) can be written alternatively 

Z — C + [1 — Z 0 (nl, «Z| r)J. (5) 

For an electron occupying an (nl) wave function, [1 — Z 0 (nl, nl | r)] is the 
charge lying outside radius r, and tends to 0 for large r ; [1 — Z 0 (nl y nl\r)] 
may be described as the contribution to Z at radius r from an electron occupying 
an (nl) wave function, and unit charge on the nucleus , it is in terms of these 
contributions to Z that work on the self-consistent field is usually done, and 
the extent of the agreement between estimated and calculated contributions 


* TIiib notation is unnecessarily elaborate for consideration of the self-consistent field 
alone, but is used for consistency with the notation which is necessary in some applications 
of the results (see Hartree and Black, hr. cit.) t and which is also convenient for the extension 
to Fock’s equations. 

f It is important to remember that when Z varies with r t the potential at radius r is 
not even approximately Z/r, in general. 

{ If the (nl) group is not complete, its contribution to the field is not spherically sym¬ 
metrical and for the purpose of the self-consistent field we take a spherical average. Slater 
has shown that the approximation involved in taking this average is of the same order ns 
that involved in omitting the interchange terms which form the difference between Fock’s. 
equations and the equations of the self-consistent field. 
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In the results of which this paper gives a first instalment, the agreement 
will be considered “ satisfactory ” if the difference between the estimated 
and calculated contributions N n? [1 — Z 0 (nl , nl\r)] to Z from each whole 
group does not exceed 0*02 at any radius, and the difference between the sums 
of the contributions for the whole atom does not exceed 0*03 at any radius, 
and probably the actual results presented will usually be well within these 
limits. 

For the standard calculations and subsequent work based on them, the 
contributions to Z have been estimated to 0‘ 005, and the calculated values 
have been calculated to three decimals, the last not always certain to 1 or 2. 
For all but the outermost groups, it has been quite practicable to estimate the 
contributions to Z so that the difference between estimated and calculated 
values is nowhere greater than 0 *005, and for the outermost group it has been 
possible to attain a maximum difference of 0*01 or only slightly over. The 
atoms for which results are given here are the two most troublesome of all for 
which calculations have been earned out, on account in each case of the 
sensitiveness of the outer groups to the estimated contributions to the field, 
and the order of agreement of estimated and calculated contributions to Z, 
and so of approximation to the self consistent field, attained for them should 
always be attainable for others with less trouble. 

The contributions to Z may be called “ stable/’ in the sense that if the esti¬ 
mated contributions from any group is increased over a range of r, the effect 
of this is to decrease the calculated contribution from this group (and from 
others also); for an increase of Z means that the attractive field on an electron 
towards the nucleus is increased, the wave functions of electrons in the field 
become more compact, and the proportion of the electron distribution lying 
inside any given radius is increased; that is Z 0 for that group is increased, 
and 1 — Z 0 is decreased ; and 1— Z 0 occurs with a positive sign in (S). 

For all but the groups of the outermost shell, it is usually if not always the 
case that the change m the calculated contributions is smaller than the change 
in the estimated contributions. If this were so for all groups, an iterative 
process, taking the calculated contributions from one approximation as the 
estimates for the next, would give a series of calculations with results converging 
to those for the self-consistent field ; though this process would be unnecessarily 
lengthy, as with experience it is usually possible to make revised estimates better 
than those obtained by simply taking the calculated contributions of the previous 
approximation. But for the groups of the outer shell, and particularly the 
most loosely bound group, there sometimes occurs a phenomena which may be 
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termed over-stability, in which a change of estimated contribution to Z causes 
a change in the calculated contribution larger than a change in the estimate. 
When a group is over-stable in this sense, an iterative process would not con¬ 
verge, but, for small variations, would oscilllate and diverge, and it is then 
quite necessary to choose, as revised estimates of contributions to Z, values 
better than the calculated contributions of the previous approximation; it 
is also unusually difficult to make satisfactory estimates and adjustments to 
them, so the process of approximation to the self-consistent field is most 
troublesome in such cases, 

A numerical example of over-stability is given in the discussion of the 
results for Cu + in § 4. 


§ 3. Description ami Explanation of (he Tables. 

It is proposed to give the following results for each atom for which calculations 
on these lines are earned out: -- 

(а) A table of the radial wave functions \*(nl\r), not normalized, and also 
P/r n 1 for small r. 

(б) A subsidiary table giving for each wave function the value of the energy 
parameter e in the radial wave equation (2), and the value of the 

normalizing integrals j 1 )2 dr. 

(e) A table of the contributions 2 (2 1 + 1) [1 — Z 0 (nl. nl\ r)] to Z at radius r. 
[The atoms for which calculations are at present in progress all consist 
of complete groups so that -= 2 (2 1 { 1).J 


(a) and (b ).—The radial wave functions are tabulated unnormalized for 
several reasons. 

In applications of the results, integrals of the form j P (a | r) F (r) P ((S | r) dr, 

with normalized wave functions, often occur ; but m evaluating them it is 
at least as easy to use unnormalized wave functions and divide by 



at the end, as to use normalized wave functions throughout. The values of 

J -x 

P 2 dr are given m the subsidiary table, 
o 
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Also as r 0, P/r* +1 tends to a finite and non-zero value, and for numerical 
reasons it is convenient in the integration of the wave equation to keep this 
limit the same for different wave functions with the same /. When this is 
done, these different wave functions are nearly the same for 7 small, and 
advantage can often be taken of this in applications; tins advantage is lost 
when normalized wave functions are used. 

Also m dividing each calculated value of P by the square* root of the normal¬ 
izing integral, and rounding off to the number of places retained in the table, 
there is some loss of accuracy and the resulting rounded-off values may not be 
quite normalized. 

It has therefore seemed best to tabulate actual calculated values of P in 
most cases. In almost all cases the tabulated values are rounded off from the 
values obtained on the calculation sheets, on which usually one, and occasionally 
two, more significant figures appear than m the tables; so that it is hoped 
that the divergence from the correct solution of the equations with the field 
actually used in the final calculations is generally not moie than 1 m the last 
figure tabulated The field actually used was not of course exactly the self- 
consistent field, and it is rather difficult to estimate tin* variation in the calcu¬ 
lated values which would result from replacing the actual field used by the 
self-consistent field, but in the results here given this variation would probably 
not be more than 1 or 2, in the last figure tabulated, for a wave function of an 
inner group, and might be rather more for a wave function of one of the outer 
groups (especially for ('$p) in Cl~ and ()3d) in Cu f ) but should not usually be 
more than 5 

The calculations generally provide values of P at about twice as many values 
of r as those shown m the table, the intervals used in the numerical integration 
being usually half those used in the tabulation ; the tables here given should 
be adequate for all ordinary applications, but the intermediate values of P 
can be supplied as required. 

For some applications, P may be required for small 7 to greater accuracy, 
or at smaller intervals of r, than it is given in the mam table , for such purpose 
it is best to work in terms of P/r l hl , as this is finite and non-zero at r = 0, 
and is nearly linear in r for r small, and so is easy to interpolate , and a small 
table of this function for small r is given at the head of the mam table. 

A table is also given of the energy parameters t for the different wave 
functions. Each of these is formally the negative energy of an electron in a 
wave function m the field of the nudes and the rest of the atom, or the energy 
required to remove this electron from the corresponding wave function to rest 
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at infinity, the rest of the atom being considered as providing a static field ; 
this is not the same as the X-ray ionization energy of the atom, for the rest of 
the atom is not a static field but an electronic system whose configuration and 
energy changes when one electron is removed. But empirically there is a 
close quantitative correspondence between these e's and the X-ray ionization 
energies, which has not been fully explained as far as ] am aware. 

(<•) For each atom the contributions to Z are tabulated, partly because they 
will bo useful as a starting-point for a better approximation to the self-consistent 
field if one is ever required, and also for the first steps in the solution of Fock’s 
equations,* but more particularly because they are probably the most useful 
quantities in terms of winch to carry out the interpolation between different 
atoms. Slater has suggested a method of interpolation of wave functions 
based on the approximate representation of the wave functions bv analytical 
formulae, and interpolation of the constants in these formulae, but hardly 
enough atoms have been yet worked out to provide enough values of the 
constants between which to interpolate accurately; the change of atomic 
structure with atomic number is rather irregular (*/. the occurrence of k * tran¬ 
sition groups ”) so that the relations between the atomic number and the 
constants defining a wave function would not be expected to be very easy 
functions to interpolate* accurately If fairly accurate wave functions are 
required, it seems best at present not to try to interpolate the wave functions 
themselves, hut to interpolate the contributions to Z, which are probably much 
less sensitive to details of atomic structure, and calculate wave functions in 
the field so constructed. This must in any case lie the process in beginning 
the calculation of the self-consistent field for a new atom, and it is mainly 
for this purpose that the contributions to Z are tabulated. 

The contribution from each (nl) group is tabulated, not the contribution 
from one electron, as these contributions from each whole group are the 
quantities usually required. Three decimals are given, as although only two 
decimals and sometimes a in the third place were used in the estimates, 
the variations of the calculated values with the variations in the estimates 
show that the third decimal in the calculated values is probably within 2 or 3 


* The functions occurring m Foek’s equations, corresponding to the P’s in the equations 
of the self-uonsistent field, are orthogonal functions, which the solutions of the self-con¬ 
sistent field equations are not; but the changes in contributions to Z due to making the 
P’s orthogonal are probably smaller than those due to the resonance terms in Fock’s 
equations, and as a first step the Z 0 (aa|r) functions which occur in Fock’s equations can 
be taken as those of the self-consistent field. 
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of its value for the self-consistent field in most cases, and almost certainly for 
the inner groups; so that the third decimal is of some value, although not 
certain to a unit. 


§ 4. Results for Cl - . 

The maximum difference between estimated and calculated contributions 
to Z from any group, for the standard calculations, was 0*03 ; revised estimates, 
were made for all groups on the basis of the results of the standard calculations, 
and a second set of revised estimates was made for the (3p) 6 group only, and 
was used for the calculations giving the results tabulated. The maximum 
difference between estimated and calculated contributions to Z for the field 
used to give these results is less than 0*01 for each group, and the difference 
between estimated and calculated Z for the whole atom is also nowhere larger 
than 0*01 ; for the earlier calculations of which some results were given in 
my first paper, the maximum difference in the total Z was 0*08. 

The wave function for the outermost (nl) group of a negative ion is very 
sensitive to the estimated field. Analytically this arises from the smallness 
of the energy parameter e for such a wave function ; it is related to the looseness 
of binding of this electron, although, as already emphasized, £ cannot be taken 
directly as a measure of the ionization energy. For large r, the behaviour of 
the wave function is chiefly determined by the value of t ; when the estimated 
field is changed, then e for each wave function is changed, and if £ is small, a 
small change in e may be a considerable proportional change and so affect 
considerably the behaviour of the wave function for large r. The (3p) ft group 
is in fact over-stable in the sense explained at the end of § 2, and it is satisfactory 
that such a good agreement between estimated and calculated contributions 
was reached at the second revision of the estimates used in the standard 
calculations. 


Table I.—Cl Wave Functions. 
Tables of YJr 111 for small r. 


r. 

(!«)• 


{■ip) 

<2«). 

(3/>). 

o*ooo 

100 

100 

400 

100 

400 

0 005 

91*80 i 

91 79 

383 4 

91*79 

383*4 

0010 

84-38 

84 14 

367-6 

84*12 

367*5 

0 015 

77*52 

77 01 

3S2-3 

70 97 

352 2 

0 020 

71 23 

1 

70 30 

338-2 

70 30 

337*6 
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1 

(U) 

m 

(“/*)• 

(3»). 

(3p). 

0 000 

0 000 

0 000 

0 000 

0 ooo 

0 ooo 

0 005 

0 459 

0 459 

0 0J0 

0 459 

0 010 

0 010 

0 844 

0 841 

0 037 

0*841 

0 037 

0 015 

1 163 

1*155 

0 079 

1 155 

0 079 

0 020 

1 425 

1*407 

0 135 

1 400 

0 135 

0 03 

1 805 

1 752 

0 280 

1 749 

0*280 

0 04 

2 034 

1 921 

0 460 

1 913 

0 458 

0 05 

2 150 

i ora 

0 664 

1*937 

0 661 

0 06 

2 183 

1 872 

0 884 

1*850 

if 878 

0 07 

2*156 

1 709 

1 113 

1 678 

1*105 

0 08 

2 087 

1 483 

1 346 

1 441 

1 335 

0 09 

1 989 

1 210 

1 579 

1 158 

1 563 

0 10 

1 873 

0 906 

1 808 

0 842 

1*785 

0*12 

1 616 

0 241 

2 244 

0 157 

2 203 

0 14 

1 357 

-0 442 

2 639 

-0*542 

2 572 

0 16 

1 117 

-1 102 

2 984 

-1 208 

2 884 

0*18 

0 905 

~1 710 

3 276 

-1 812 

3 133 

0 20 

0*725 

-2 252 

3 516 

-2 336 

3 320 

0 22 

0 570 

-2 722 

3 704 

- 2 771 

3 446 

0 24 

0*455 

-3 117 

3 845 

-3 115 

3 514 

0 2b 

0*357 

— 3 * 439 

3 942 

- 3 368 

3 S28 

0 28 

0*278 

—3 693 

4 001 

— 3 537 

3 494 

0 30 

0 216 

- 3 884 

4 026 

-3 02. r > 

3 416 

0*35 

0*113 

-4 130 

3*968 

-3 543 

3 058 

0 40 

0 058 

-4 122 

3 786 

-3 116 

2 523 

0 46 

0 030 

-3 944 

3 528 

-2 447 

1 868 

0 50 

0 015 

-3 662 

3 228 

-1 622 

1*137 

0 55 

0 008 

“3 326 

2 912 

-0 711 

0 367 

0-60 

0 004 

~2 969 

2 598 

HO 231 

-0 414 

0 7 

0 001 

-2 276 

2 014 

2 065 

-1 928 

0 8 


-1 681 

1 519 

3 673 

-3 296 

0 9 

* 

-1 209 

1 123 

4*966 

-1 460 

1 0 


-0 852 

0 817 

5*924 

-5 403 

1*1 

i 

- 0 591 

0*587 

6 571 

-0*133 

1*2 


-0 405 

0 418 

6 946 

-6 069 

1 4 


-0 186 

0*207 

7 076 

-7 260 

1 6 


-0 079 

0 101 

6 674 

-7 403 

1 8 


-0 035 

0*048 

6 006 

-7*251 

2 0 


-0*015 

0 023 

5 241 

-6 932 

2 2 


- 0 006 

0 011 

4 488 

-6 529 

2*4 


- 0 002 

0 005 

3 788 

-6 089 

2 6 


-0 001 

0 002 

3*167 

-5 646 

2 8 



0 001 

2 628 

-5 213 

8 0 




2 170 

-4 803 

3 2 




1 780 

-4 419 

3 4 




1 464 

-4 061 

3 6 




1 198 

-3*733 

3 8 




0 979 

—3*431 

4 0 




0 799 

-3 154 

4*5 




0 479 

-2 562 

5 0 




0 286 

-2 089 

5 5 




0 171 

-1*710 

0 0 




0 102 

-1*403 
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Table 1—(continued). 


r . 

(I*)- 

( 2 *). 

( 2 *>). 

( 25 ). 

( 3 y ). 

7 




0 026 

-0 054 

8 




0 (#13 

-0 054 

y 




0 - 004 , 

-0 451 

10 




0 001 5 

-0 313 

12 





-0 152 

14 





-0 075 

16 





-0 037 

18 





-0 010 

20 





—0 000 

22 





-0 004 

24 





-0 002 

26 





-0 001 



! « 

1 i: i " dr - 


t. 

j; »***'• 

(i») 

209 0 

0 6346 

( 35 ) 

1 070 

67 89 

( 2 «) 

18 35 

7 252 

m 

0 114 

119 90 

tap) 

14 37 

7 232 





Table II.—Cl - Contributions to Z. 
Table of 2(2/ + 1)[1 — Z 0 (nl, nl\r) J. 



( U ) 

( 2 *) 

<**)• 

( 3 *). 

< 3 j 0 - 

0 000 

2 000 | 

2 000 j 

6 000 

2 000 | 

6 000 

0 005 

1 999 

2 000 ! 

6 000 

2 000 

6 000 

0010 

1 990 

1 999 

6 000 

2*000 | 

6 000 

0016 

1 971 

1 998 

6*000 

2 000 

6 000 

0 020 

1 940 

1 996 

6*000 

1 909 

6 000 

0 03 

1 840 

1 988 

5 999 

•999 

6 000 

004 

1 700 

1 979 

5*998 

•998 

G 000 

0 05 

1 535 

1 969 

6-995 

997 

6 000 

0 06 

1*368 

1 958 

5*990 

996 

5 999 

0 07 

1-181 

1 949 

5*982 

995 

5 999 

008 

1*013 

1 942 

5*969 

994 

5 998 

0 10 

0 717 

1 934 

5-928 

993 

5 995 

012 

0 488 

1 932 

5 859 

992 

5 991 

014 

0*323 

1 931 

5*760 

1*992 

5*985 

0 16 

0*208 

1 927 

5*628 

1*992 

5 978 

0 18 

0 132 

1 916 

5*464 

1 991 

5-969 

0-20 

0 082 

1 894 

5*273 

1-988 

5*969 

0 22 

0 051 

1 859 

6 056 

1 984 

5*948 

0 24 

0 031 

1 812 

4 820 

1 979 

5*936 

0 26 

0 018 

1 753 

4*568 

1 973 

5-923 

0-28 

0 010 

i 682 

4*306 

1*906 

5*910 

0 30 

0 000 

1 603 

4 037 

1 958 

5*899 
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Table II—(continued). 


r - 

d »). 

( 2 .). 

( 2 P ) 

( 3 ^) 

( lip ). 

0 35 

0 002 

1 379 

3 370 

i 939 

5 873 

0 40 


1*142 

2 743 

1 9 22 

5 853 

0 45 


0 917 

2 187 

1 911 

5 840 

0 50 


0*710 

1 712 

1-905 

5 835 

0 55 


0 548 

1*321 

1 903 

5*833 

0 60 


0 411 

1 005 

1 902 

5*833 

0 7 


0 221 

0 504 

1 898 

5 825 

0 8 

0*114 

0 305 

1 872 

5 791 

0 9 f 

0 050 

0 161 

1 810 

5 713 

1 0 

0 027 

0 083 

1 728 

5*591 

1 1 

0 013 

0 042 

1 612 

5 423 

1 2 

0*000 

0 021 

1-476 

5*217 

i 4 i 

0 001 . 

0 004 

1*182 

4 725 

i b ; 


0 001 

0 900 

4 180 

1 8 1 



0 002 

3 641 

2 0 j 



0 476 

3 137 

2 2 i 



0 336 

2 682 

2 4 




0 236 

2 284 

2 6 




0 164 

1 940 

2 8 




0 114 

1 644 

3 0 




0*080 

1 394 

3 2 




0 058 

1 181 

3 4 




0 042 

1 002 

3 6 




0 032 

0 850 

3 8 




0 025 

0 721 

4 0 




0 019 

0 613 

4 5 




0 006 

0 409 

5 0 




0 002 

0 275 

5 5 




0 001 

0 185 

0 0 





0 125 

7 





0*067 

8 





0 024 

9 





0 010 

10 





0 003 

11 





0 001 


§5. Results for Cu + . 

For Cu" 1 " the (3d) wave function is very sensitive to the estimated field, the 
reason being rather different from the case of the (3p) wave function of Cl”. 
Here the value of e is not inconveniently small, but there is a considerable 
range over which the attractive field is only slightly larger than the centrifugal 
field (whose potential energy is represented by the term l (l + l)/r 2 in the 
radial wave equation (2)) so that a small change in the attractive field makes 
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a large proportional change in the resultant field and so in the wave function. 
Analytically, in the wave equation 

P" f [2i> — c — l (I + l)/r*] P = 0. 

the coefficient of P remains small over a considerable range. 

This feature is closely related to the position of Cu in the periodic table. The 
occurrence of the transition group ” of elements to Sc to Ni in the periodic 
table is associated with the transition of the (3d) wave function from that of 
potassium, where it is nearly hydrogen-like and is an excited state of the series 
electron, to the much more compact (3d) wave function, formmg part of the 
core, of the copper atom This transition, which is ]ust completed m copper, 
is due, roughly speaking, to the variation with atomic number of the range 
over which the attractive force exerted on an electron by the rest of the atom is 
greater than the centrifugal force on an electron with angular momentum 
specified by l = 2 ; for potassium the centrifugal force is greatest except at 
distances well outside the atom ; for copper the atomic field is enough, but 
not much more than just enough, to hold an electron with l = 2 in the core 
against the centrifugal force. 



Fio. 1 —To illtirttmte overstability of (3d) 10 group. - Full-line curve shows change of 

estimated contribution to Z;-broken curve shows cousequont change of 

calculated contribution to Z. 

This sensitiveness of the (3d) wave function, and the comparatively large 
number of electrons with this radial wave function, makes the (3d) 10 group 
seriously over-stable in the sense defined at the end of § 2. Fig. 1 shows 
quantitatively an example; the full curve shows a variation made in the 
estimated contribution to Z from the (3d) 10 group, and the broken curve the 
consequent variation in the calculated contribution, which can be seen at once 
to be considerably greater than the variation in the estimated contribution. 

This pronounced overstability of the (3d) 10 group makes the process of 
approximation to the self-consistent field very troublesome ; altogether, nine 
steps of approximation were made in order to obtain the results here given; 
most of these steps were mainly concerned with revision of the estimated 
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contribution from the (3rf) 10 group. In the final approximation, for which the 
results are tabulated, the differences between estimated and calculated con¬ 
tributions to Z from each group arc less than 0-01 throughout, the (3d) wave 
function, and contribution of the (3d) 10 group to Z, are the best that can be 
obtained without doing the calculation throughout with an accuracy corre¬ 
sponding to three full decimals m the estimated contributions to Z. 

Observed values of v/R for the X-ray levels are given in the same table as 
the values of the energy parameter e of the central field wave functions ; 
although the values of £ cannot be regarded as calculated values of the X-ray 
levels, as already mentioned, they agree very closely with the observed values 
for the X-ray levels , a similar close agreement was also found for Rb + .* 

Table III.—Cu 1 Wave Functions. 

Table of P jr l 11 for small r. 


r . 

(1*). 

(2«) 

(2 P) 

(3*). 

(3y>). 

(IW). 

0 000 

100 0 

UK) 0 

1000 

100 

1000 

1000 

0 005 

86 51 

80 31 

030 

86 29 

930 

953 

0 010 

74 87 

74 12 

806 

74 04 

80« 

909 

0 01. 1 » 

04 80 

03 29 

807 

63-12 

800 

808 

0 020 

>6 00 

53 05 

7.32 

53 38 

750 

828 




Table of J 




r. 

(i«) 

<-!<)• 

(•■ip) 

(3-) 

(Hp). 

(.M). 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

0 000 

0 005 

0 435 

0 432 

0 023 

0 431 

0 023 

0 000 

o oio 

0 740 

0 741 

0 087 

0 740 

0 087 

0 001 

0 015 

0 972 

0 948 

1 0-182 

0 947 

0 181 

0 003 

0 020 

1 122 

1 073 

i 0 301 

1 068 

0 300 

0 007 

0 025 

1 215 

1 127 

! 0-438 

1 118 

0 436 

0 012 

0 03 

1 203 

1 120 

0 589 

1 110 

1 0 585 

0 920 

0 035 

1 276 

1 077 

0 748 

1 055 

0 • 742 

0-031 

0 04 | 

1 264 

0 992 

0 912 

0 903 

0 902 

0 044 

0 05 

1 187 

0 742 

1*243 

0 097 

1 223 

0 079 

0 00 

1 071 

0 427 

1 565 

0 365 

1 527 

0 126 

0 07 

0 940 

0 081 

1*864 

0 004 

1 800 

0184 

0 08 

0 809 

—0 270 

2 132 

-0 357 

2 034 

0 253 

0 09 

0 686 

-0 609 

2 367 

-0 700 

2 226 

0 332 

0 10 

0 574 

-0 925 

2 565 

-1 013 

2-369 

1 0 420 

0 12 

0-392 

i 

- 1 462 | 

2 855 

-1 513 

2 618 

0 621 

0'14 

0 261 

-1 858 

3 013 

-1 830 

2 495 

0*847 

0 10 

0-170 

-2 119 

3 063 

-1 968 

2 326 

1 091 

0 18 

0 110 

-2-263 

3 027 

-1 946 

2 038 

1*346 

0 20 

0 070 

2 311 

2-925 j 

-1 793 

l 1 

1-659 

1 605 


* Hartree, toe. at. 
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r. 

(l*b 

(2*). 

(2p). 

(3*). 

(Bpb 

(3d). 

0*22 

0*044 

-2 28tJ 

2*779 

— 1•536 

1 216 

1 863 

0*24 

0 027 

-2 200 

2 602 

-1 202 

0*731 

2 117 

0 20 

0 017 

~2 080 

2*409 

-0*817 

0-223 

2 302 

0-28 

0 010 

~i 948 

2*208 

-0 400 

—0 290 

2 595 

0 30 

0 000 

-1 795 

2 007 

1-0 030 

—0 797 

2 815 

0*35 

0 002 

-1 400 

1 534 

HI 079 

-1 974 

3 296 

0-40 


-1 044 

1*136 

1*988 

— 2 953 

3 671 

0*45 


—0*754 

0 821 

2 694 

-3 701 

3 944 

0-30 


-0 533 

U 583 

3 190 

- 4 222 

4 126 

0 55 


- 0 369 

0 408 

3*494 ' 

- t 545 

4 231 

0 OO 


—0 253 

0 282 

3*637 

-4 702 

4 276 

0 7 


-0 115 

0 132 

3 578 

-4 664 

4 230 

0*8 


— 0 051 

0 061 

3 247 

-4 314 

4 089 

0*9 


0 022 

0 028 

2 804 

-3 839 

3 888 

1 0 


—0 009 

0 012 

2*349 

—3 328 

3 006 

1 1 


-0 004 

0 005 s 

1*925 

-2 834 

3 439 

l 2 


—0 002 

0 002* 

1*553 

-2 382 

3*217 

l 3 


—0 001 

o m\ 

1 238 

-l 984 

3 004 

1*4 




0*978 

-1 640 

2*803 

1 6 




0 599 

-1 103 

2 437 

l 8 




0 359 

0 731 

2 117 

20 




0 213 

0 479 

1 838 

2*2 




0 125 

-0 311 

l 694 

2-4 




0 073 

—0 201 

1 381 

2-6 




0 042 

0*129 

1*196 

2*8 




0 024 

-0 083 

1 034 

3 0 




0 014 

-0 053 

0*892 

3*2 




0 008 

-0*034 

0 709 

3*4 




0 004 

-0 021 

0 062 

3 0 




0 002 

-0 014 

0 568 

3*8 




0 001 

— 0 009 

0*487 

4 0 





-0 005 

0 417 

4*5 





— 0 001 

0 281 

5 0 






0 188 

5*5 



: 



0 124 

0*0 






0 081 

7 






0 034 

8 






0 014 

9 






0 006 

10 






0 002, 

11 






0 001 

12 









€. 

v/H 

obs. X-ray 
term. 

i: ****■ 

\ 


€ 

vJR 

obs X-ray 
term 

i: 

(1*) 

058*0 

061*6 

0*10589 

(3*) 

8*908 

8 9 

7*905 

(2*) 

78*45 

810 

1-1508 

(3p) 

6 078 

5 7 

14*913 

(2 p) 

69 86 

08*0 

2 0621 

(3d) 

1*195 | 

0 4 

21*296 
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Table IV.—Cu + Contributions to Z. 




Table of 2 (21 + 1) [1 • 

— Z 0 (nl, nl 

|r)]- 

r. 


(2 #)■. 

<2 p)'. 


( 3 *)*. 

( MJ ". 

0*000 

2 000 

2 000 

6 000 

2*000 

6*000 

10*000 

0*005 

1*993 

1*999 

6 000 

2*000 

6*000 

10*000 

0010 

1*958 

1*990 

6 000 

1 999 

6 000 

10*000 

0 015 

1*887 

1*990 

6*000 

1 998 

6 000 

10 000 

0 020 

1*782 

1 981 

5 999 

1 997 

6*000 

10*000 

0 025 

1*662 

1*970 

5 997 

1*996 

6*000 

10*000 

0*030 

1*506 

1*959 

5 993 

1*994 

5 999 

10*000 

0 035 

1*354 

1*949 

5 987 

1*992 

5*998 

10*000 

0 040 

1*201 

1*940 

5*977 

1*091 

5*997 

10 000 

0 05 

0 915 

1 926 

6 942 

1*990 

5 992 

10*000 

0*06 

0*674 

1*920 

5 884 

1 989 

5 984 

10 000 

007 

0*482 

1*919 

6 798 

1 989 

5 973 

10*000 

0*08 

0*338 

1*918 

5*681 

1*989 

5 958 

10 000 

0*09 

0*232 

1*915 

5*533 

1*988 

5*940 

10*000 

0*10 

0*167 

1*904 

5*355 

1*986 

5*919 

9*999 

0*12 

0*069 

1 854 

4*923 

1 977 

5*870 

6*996 

0 14 

0*029 

1*757 

4*418 

1 963 

5*819 

9*991 

0*16 

0*012 

1 618 

3 878 

1*945 

6*772 

9*982 

0-18 


1*451 

3 336 

1*925 

6 733 

9 968 

0*20 


1 268 

2*819 

1 907 

5*705 

9*947 

0*22 


1*086 

2*345 

1 863 

5 688 

9 919 

0*24 


0 910 

1 922 

1*883 

5*680 

9*882 

0*26 


0*750 

1 558 

1 878 

5*678 

9*835 

0*28 


0 609 

1 248 

1*876 

5*678 

9*776 

0*30 


0 487 

0*990 

1 876 

5 675 

9*708 

0 35 


0 266 

0 534 

1*871 

5*633 

9 487 

0-40 


0*137 

0 277 

1*839 

5*507 

9*200 

0*45 


0 068 

0*138 

1 768 

5 282 

8*858 

0*50 


0 032 

0 067 

1 657 

4*963 

8 474 

0 65 


0*015 

0*032 

1*514 

4*673 

8*062 

0*60 


0 007 

0*015 

1*353 

4 141 

7*637 

0-7 


0 001 

0 002 

1 018 

3*249 

6*781 

0*8 




0 721 

2 433 

5 965 

0 9 




0*488 

1*762 

5*217 

1*0 




0*320 

1*243 

4*547 

11 




0*204 

0*861 

3 953 

1 2 




0*128 

0*587 

3 433 

1 3 




0 079 

0*396 

2*980 

1 4 




0-047 

0*266 

2 584 

1*6 




0*016 

0 116 

1*939 

1 8 




0 005 

0 048 

1 454 

2*0 




0*001 

0 019 

1*087 

2*2 





0*006 

0*811 

2*4 





0 002 

0*604 

2*6 






0 448 

2*8 






0*330 

3 0 






0*243 

3*2 






0*179 

3 4 






0*130 

3*6 






0*095 

3 8 






0 068 

4 0 






0*060 
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r . 

(!«)*. 


( 2 p )*. 


( 3 j >)*. 

( 3 d )". 

4 5 

50 

5-5 

6 0 





1 

0 022 
0-008 

0 003 

0 001 

i 


It is interesting to compare the distribution of charge for Cu with an outer 
shell of 18 electrons, with that for inert-gas-like ions which have outer shells of 
8 electrons; and for this purpose the total charge density for Cu* and con¬ 
tributions to it from the groups of the outer shellf are shown as functions of r 
in fig. 2, and corresponding diagrams for K* and Rb* arc shown in figs. 3 and 
4 respectively. { 

The Cu* 1 ion is more compact than K* or Rb* ; although the outer shell of 
Cu* consists of 18 electrons while those of K ^ and Rb f consist of 8, the charge 
density in Cu* is smaller than in K* or Rb* outside a radius of about 1*2 
atomic units ; and it is necessary to pass right inside the outer shell of K* or 
Rb* to the next inner shell before coming to a region of charge density as 
high as that in the outermost shell of Cu*. This agrees with the much smaller 
observed packing radius for a Cu* or Cu f * ion than of a K* or Rb* ion in 
crystals (the effect of a second ionization of the copper atom would be to 
contract the “ tail ” of the (3d) wave function for large r , but it would not 
greatly alter the distribution). 

It should be pointed out hero that the total volume density, which is l/47tr 2 
times the radial density, increases steadily as r decreases, and does not show 
the maxima and minima shown by the radial density curve. 

Another interesting comparison between Cu and the alkali metal atoms is 
that of the series electron wave function and its relation to the interatomio 
distance in metals. This comparison will be given here although it depends 
on some results not given in this paper. Slater’s theory of cohesion in metals§ 
suggests that the interatomic distance in the crystal of a metallic element 

t To avoid crowding the diagram, the contributions from the individual groups of the 
inner shell are not shown ; the point of interest in the comparison is the structure of the 
outer shell. 

f These diagrams are based on results of old wotW, but the alteration in the results due 
to revision based on the standard calculations is not likely to be appreciable on the scale 
of these diagrams. 

§ Slater, * PhyB. Rev.,’ vo\. 35,p. 509 (1930). 

x 2 
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may be given approximately by the condition that the unperturbed series 
electron wave functions of the two atoms overlap so that their maxima nearly 
coincide. 

If V is the radial function for the series electron, then the wave function itself 
is P jr (the normal state of the series electron being an $ state); in Table Y 
the approximate radii of the mam maxima of 1 >2 and of (P/ r ) 2 f° r the normal 
series electron wave function are given ; and also the observed atomic packing 
radius (defined as half the interatomic distance) and its ratio to the radii 
of the maxima of the calculated wave functions. 


Table V. 


Atom. 

1 

Radius of 
max P ( * 
r r 

Radius iif 
max (l*/r) a 
r « 

Crystal structure 
of element.. 

1 

Packing 

radius* 

f o* 

»*<i 

| 'i 


K 

2-66 

2 01 

Body centred cubic 

1 

2-309 

1 

0 87 

M 

Rb 

2-84 

2 18 

•f 

2-43 

0-86 

1 ] 

Cs 

3-21 

2 53 


2 62 1 

<>•81 

M 

Cu 

1 51 

1 04 

Face centred cubic 

1 275 

0-84, 

M 


(All Icngtha in A ) 

* Taken from Ncuborger, ‘ Z. Krystallog vol. SO, p. 103 (1931). 


The results show a relation between series electron wave functions and inter¬ 
atomic distance of the kind suggested by Slater ; the atomic radius in all cases 
lies between the radu at which P and P/r have their maxima, and, except for 
Or, about half way between , and the variation of either ratio is considerably 
less than the variation of the packing radius. 

§ 6. Summary . 

Approximate wave functions for a number of atoms have been calculated 
by the method of the self-consistent field, but of the available results few have 
been published in detail. These results for a number of atoms are being 
revised, and the approximation improved, with a view to publication so as to 
make them more generally accessible ; this paper presents the results for CI~ 
and Cu The results for copper are compared with those for the other alkak 
metals and characteristic differences noted; and the relation between the 
interatomic distance in metals and the wave function of the series electron is 
pointed out. 
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Laboratory Determinations of the Magnetic Properties of Certain 

Igneous Rocks . 

By A. F. Halumond, M.A., Sc.D., with contributions by Professor E. F. 

Herroun. 

(Communicated by Sir Frank Smith, Sec. It.S —Received January 24, 1933 ) 

Although the methods of magnetic survey in the field are now well estab¬ 
lished, there have been relatively few direct determinations of the magnetic 
properties of the rocks concerned. Conclusive evidence has now been obtained 
that some of the natural rock-masses are permanently magnetized ; this effect 
is superimposed upon the magnetization induced by the earth’s field, and in 
certain rocks it appears that even a small permanent magnetization may 
seriously modify the magnetic profiles. Experiments were therefore under¬ 
taken with the general object of linking up the evidence provided by field 
surveys with that obtainable in the laboratory. 

The material was chosen with a view to providing an experimental basis 
for tho interpretation of the magnetic surveys that have been completed by 
the Geological Survey during the past few years. The collection and prepara¬ 
tion of the specimens were undertaken by the Survey, and the laboratory 
measurements have been earned out by Professor E. F. Herroun, to whom 
the author has been greatly indebted for criticism and advice throughout this 
work. 

Violent magnetic disturbances are caused by electric railways and similar 
circuits, and on this account work in very low fields has become difficult 
even at many research institutions ; fortunately it was possible to obtain 
the necessary quiet conditions in Professor Herroun’s laboratory at Reigate. 
The present report contains an account of the apparatus used and of the state 
of magnetization observed in a series of cubes of natural rock. The question 
whether permanent magnetization of the order observed can affect the magnetic 
profiles is discussed with special reference to the magnetic survey of the Lornty 
Dyke. 

1. The Magnetometer . 

Measurements were made by reading the deflection produced on placing 
cubes of rock, of about 3*3 cm. side, at a distance of a few centimetres from a 
freely suspended magnetized needle. 
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The cube must necessarily be of fair size in order to obtain a measureable 
magnetic moment; owing to its low intensity of magnetization it must be 
placed rather near the needle of the magnetometer, in which position its pole- 
face subtends a considerable solid angle at the distance of the needle. This 
face can hardly be treated as a magnetic shell and its surface may not be 
uniformly magnetized. The latter condition is due partly to the fact that 
the surfaces of tho cube, as cut, are not normal to the axis of magnetization, 
and partly to the distribution of the active constituent (magnetite) not being 
always uniform throughout its volume. 

It was therefore considered best, m order to minimize these errors, to place 
the cube as far from the needle as possible, consistent with reliable deflections 
being obtained with the mirror and scale ; and further to increase the sensitivity 
by the use of a small compensating magnet placed on the side of the needle 
remote from the specimen so as to weaken the restoring force of the earth’s 
field at the needle. 

Accordingly the cubes were carefully placed centrally on a horizontal brass 
turn-table, the centre of which was 7 0 cm. from the suspended needle ; on 
the other side of the needle on the E ~W line the small compensating magnet 
was placed with its axis in the magnetic meridian and by a very small move¬ 
ment in the N—S direction the zero of the scale readmg could be made to 
coincide with the original zero in the earth’s field. 

The value of the reduced field at the needle was compared with the full 
field due to H both by finding the squares of the periodic times of oscillation 
of the needle and also by the deflection method with and without the com¬ 
pensating magnet. In this way the reduced field at the needle was found to 
be from 0*067 to 0*07 C.6.S. unit under the various conditions in which the 
instrument was employed. 

It is evidently undesirable to use mucli smaller cubes than those described 
and to place these very close to the needle, since the latter when deflected 
might induce polarity in the specimen and give misleading, high, results. 

But the uncertainty of the distance between the effective poles with a cube 
of 3 *3 cm. in the side is a drawback ; moreover, the usual method of eliminating 
all but the higher terms of i/2 by taking two distances, say in the ratio of 3 * 4, 
is not applicable to the cubes as received, for with any material mcrease in 
distance the deflection falls to such an extent as to render its reading un¬ 
reliable. With an artificially magnetized cube, however, good deflections are 
obtainable at 15 or 20 cm. from the needle, but this distance is too great for 
the feebly magnetized cube in its natural state. 
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By the use of small bars of hard steel, weakly magnetized, and a small cut 
bar of magnetite of known magnetic moment, constants for this instrument 
were obtained for the 7 cm. 'distance. The cubes were all substantially of the 
same dimensions, they were placed centrally on the turn-table and readings 
were obtained on rotating the cube through 180°. It is believed, therefore, 
that the results are strictly comparable with each other and that they represent 
the true values to within II or 4 per cent. 

A magnetizing solenoid and compensating coil were also used with this 
magnetometer; when a cube of Cleveland Dyke rock was put inside the 
solenoid and a current giving a calculated value of H within the solenoid of 
1 *180 C (J.S. was switched on and reversed, deflections were obtained giving 
M —- 0*103, J 0*00290 and lv„ — 0*00252, a result m very good agreement 
with values found by instruments of the type of the Curie balance for somewhat 
higher fields. 

It is evident that, with such a low K v value, the “ end effects,” even with 
cubes, must be small. 

II. Permanent Magnetization of Rocks in situ. 

The Effects of Lightning —Ground struck by lightning is penetrated to a 
depth of many feet, the path of the discharge being indicated in extreme cases 
by tubes of fused rock termed “ fulgurites.” It may be anticipated, therefore, 
that pieces of rock collected from an old land surface will have been magnetized 
at some period in their history. Loewmson-Lessing* has described a very 
marked instance of this effect. andesite from the summit of the mountain 
Petit Ararat has been penetrated by fulgurites and is intensely magnetized, 
to a degree far greater than that produced by cooling in the earth’s field. 

Lightning discharges are less frequent in open country than on mountain 
summits, but there can be little doubt that rocks like that of the Swynnerton 
Dyke must have occasionally undergone magnetization from this cause, for 
they have been exposed at the surface of the ground for a very long period of 
time. 

Magnetization by lightning is virtually instantaneous ; indeed Pockelsf 
has made use of the effect to record the current in a conductor carrying a 
lightning discharge ; small bars of basalt were placed in the vicinity of the 
conductor, and their magnetization was subsequently determined. 

♦ 4 Bull. Acad. Soi. U.S.S.R./ p. 875 (1927); 4 C. R. Acad. Sci. Paris/ vol. 180, p. 242 
(1925). 

t' Ann. Chem. Phys./ vol. 63, p. 195 (1897), and 4 Phys. Z./ vol. 2, p. 334 (1901). 
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Lightning strokes differ in effect from the earth’s field in that the resulting 
magnetization is not uniform m strength or direction. Not only does the 
discharge ramify in the ground, but each line of current exerts a circular field, 
so that pieces of rock on either side of the discharge are magnetized in opposite 
directions ; the total external effect may therefore be relatively small. To 
produce an appreciable effect at a height of 4 feet a magnetized area exceeding 
several inches in diameter would be necessary. Tests by Koenigsberger* 
showed that in most cases the irregular polarity when present varies from 
point to point within a few inches distance ; it is therefore likely that magnetiza¬ 
tion of this kind is generally too irregularly distributed to affect the magnetic 
profiles. This would explain the consistency of the results obtained m field 
surveys, eg., over the outcrop of the Swynnerton Dykes, and it will apply 
with even greater force when the rock mass is at a greater distance from the 
instrument. Lightning strokes, except under abnormally severe conditions, 
and at a direct outcrop, can probably be ignored in considering the results of 
a magnetic survey, f In laboratory determinations, on the other hand, where 
small samples are used, practically all measurements on outcrop material 
will be subject to large errors from this cause ; it therefore seems advisable 
to use only specimens taken from a considerable depth, say 50 feet. 

For the first test of the magnetic condition of a rock taken at depth, speci¬ 
mens were collected from the Cleveland Dyke J This rock is mined at Goath- 
land, N. Yorkshire, as a roadstone ; the drift is at a depth of about 100 feet 
below the open moorland, where the rock outcrop will be subject to considerable 
risk of lightning stokes. Five rough specimens, each about 4 inches across, 
selected from the mined material, were tested in front of the magnetometer 
and gave the following deflections: 25, 20, 15,10, 25 scale divisions. 

The polarity appeared to be somewhat irregular in distribution, but this 
effect was in no specimen large and it seems clear that the rock at this depth 
possesses a weak but fairly uniform magnetization. A cube with 3-3 cm. 
side was next cut from a representative piece of the above set, and was found 
to be magnetized with the intensity 43 X 10~ 5 . The Cleveland rock at 
depth is thus only weakly magnetized. If the susceptibility is taken as 
250 X 10“ 6 , the induced magnetization (&V), due to the earth’s field V, will be 
about 125 X 10~ 6 , a value nearly three times the permanent magnetization. 

* 1 Beitr. Geophys./ vol. 35, p, 204 (1932), containing reference to earlier papers, 
f These remarks apply to moderate anomalies due to ordinary igneous rooks—hardly 
to magnetite deposits, 
t Slide E 16778. 
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In order to ascertain the direction in which the dyke is magnetized, it would 
be necessary to take orientated samples from the rock in situ ; arrangements 
were accordingly made to do this for the material collected from the Blairgowrie 
Dyke and from Leicestershire. The last-named rocks proved, however, to 
be only very weakly magnetic, for reasons to be mentioned below. 

Parallel determinations on the Leicestershire, Blairgowrie and other rocks 
are given in Table I. 

Table I.—Permanent Magnetization of Rock Cubes as cut. Intensity of 


Magnetization J along the cube axes a, b f c. 


Njjocnnen. 

a. 

6. 

Cm 

Susceptibility 

X lo-*. 

Koadatone No. 970, Seacliff Quarry, N Ber¬ 
wick (depth not known) 

Cleveland l)yke, Goathland, N. Yorks. 

121 

26 

69 

(?) 363 

22 

37 

0 

(r) 253 

Tholeito, Cat’s Craig Quarry, Blairgowrie 

— 8 

0 

25 

(P) 164, (?) 226 

Do , 2nd sample 

similar values to preceding. 

Greenstone Dyke, Mt. Sorrel, Loios. 

0 

0 

0 

(?) 36*5 

Granophyre, Bradgate Hill Quarry, Groby, 
Leics (No. 18) 

0 

0 

0 

(r) 5-4 

Granophyre, “ New Quarry,” Groby 

0 

0 

0 

(?) 133 


Note. —The susceptibilities are in 10 _i C G.S. They were determined as follows : ( p ) on a 
out cube, Ii ~ 6-0, (?) on powder, H = 88; (q*) on powder, H = 130; (r) on a cut bar, H 
high. 


Orientation *.—The last five samples were orientated and here the axis c 
was vertical, b pointing E—W and a N—S (magnetic). The sign given is 
positive when the upper, the eastern, or the southern end of the sample has 
“ south ” polarity. 

The Seacliff specimen was selected for a preliminary test, from the collection 
of roadstones ; it may have been at any depth in the quarry. The others were 
specially taken at depths of 30 feet or more below the surface of the ground. 

The values for the Leicestershire rocks are low. This agrees with the weak 
effects observed in a magnetic survey (not published) over a small area of the 
Groby granophyre. Equally low laboratory results were obtained for the 
Mount Sorrel granite; this rock is extensively reddened, and only the grey 
variety was susceptible, f From the very definite results obtained in a magnetic 

* The pieces collected were loose but still in position in the quarry. The orientated 
piece was marked with an arrow to indioate the magnetic) north, and a line to show the 
horizontal plane; it was then detached from the quarry face. At the same time six 
pieoes of the rook were collected within about a yard of the marked pieoe, to check the 
uniformity of the magnetization. 

f Cf. measurements by Wilson, * Phil. Trans.,* A, vol. 219, p. 84 (1919). 



Magnetic Properties of Igneous Rocks . 307 

survey it may be assumed that the granite in depth is susceptible, but in view 
of the weak and variable laboratory results it has not been possible to get 
decisive evidence for the present purpose from any of the Leicestershire rocks. 
The oxidation and loss of magnetic properties may be associated with the fact 
that this region is an old desert land-surface, in which weathering may have 
operated to considerable depths. 

III. Effect of Permanent Magnetization on the Magnetic Profiles . 

The Lornly Dyke . 

Magnetic profiles obtained in the survey of the Swynnerton Dyke were 
symmetrical and gave no indication of any important degree of cross-magnetiza¬ 
tion. At other localities, however, profiles have been recorded indicating the 
presence of a considerable effect which might be due to permanent magnetiza¬ 
tion of the dyke rock. One outstanding case is that recorded by Schulze* for 
dykes in Saxony. Here the curves, instead of a simple maximum above the 
magnetic rock, have also a negative portion, so that their general form is that 
shown in fig. 3 ; the south side of the dyke had apparently a magnetic “ south ” 
polarity. 

The first example of this kind to be recorded in Great Britain was observed 
by Drs. McLintock and Phemister in their survey of the Lornty Dyke, near 
Blairgowrie, in Perthshire.! The Lornty curves suggest permanent magnetiza¬ 
tion, but the direction is the opposite of that which would be induced by the 
earth's present field. It was with considerable interest, therefore, that 
specimens of this rock were tested by the present methods in order to ascertain 
directly the intensity and direction of the permanent magnetization in the 
cut cubes. It will be shown that the values observed, though at first sight 
small, are in the required direction and are of the order required to account for 
the very well-marked peculiarities of the Lornty profiles. 

Six rough specimens and two orientated pieces were collected from Cat’s 
Craig Quarry, the only quarry from which fresh rock was obtainable The 
depth was about 30 feet. One of the rough pieces proved to be rather strongly 
magnetic (deflection -- 150 divisions) and probably represents a local variation 
in the dyke; a microsection (E 29624) shows that the rock is greener and 
more completely crystalline; the other pieces (E 29622/3) show confused 
interstitial patches (mesostasis) containing fine-grained magnetite with a 
few red flakes of ferric oxide. Otherwise the rocks are very similar. The 

♦ 4 Z. Geophys,/ vol. 0. p. 141 (1930). 

t 1 Summary of Progress for 1930/ Part III (Mem. Geol. Survey), pp. 24-29 (1931). 
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remaining pieces were moderately magnetic, yielding the deflections 14, 
15, 20, 13, 14, so that the magnotization appears, as in the Cleveland Dyke, 
to be fairly uniform. Two cubes were cut from the special orientated pieces, 
with axes pointing respectively magnetic north, west and vertical. These 
when tested on the magnetometer yielded the following values :—* 



Deflection 
scale divisions 

Intensity of magnetization 
il)- 4 C.G S 

Axis c (vertical) 

3 

2f> 

o (NT—S) 

— 1 nearly 

-8 

b (K—W) 

0 

0 


The results for cube 2 were exactly similar. 

These values are small but are quite consistent and decisive. 

The resultant intensity of permanent magnetization is therefore J = 26 X 

10~ 5 C.G.S. 

The direction is approximately in the present magnetic meridian, but inclined 
about 15° northwards from the vertical with the south pole on the north side 
of the dyke. It is thus inclined at about 35° to the earth's present field. The 
intensity of magnetization on the walls of the dyke will be 20, and on the 
horizontal top of the dyke, 25 X 10~ 6 C.G.S. 

When placed in a solenoid with approximate field-strength 5*0 C.G.S. the 
susceptibility of one of the cubes was found to be 164 x 10~ 6 C.G.S. 

Comparison of Observed with Calculated Profiles for the Lowly Dyke .— 
Vertical force profiles were published in 1930.* Three of these arc sufficiently 
complete to serve for the present comparison, and these have been reproduced 
in fig. 3 ; they were obtained at places about half a mile apart along the dyke. 
No. II resembles the simple profiles met with at Swynnerton,t and can be used 
in the same way to give a rough estimate of the depth. It was pointed out, 
m discussing the Swynnerton profiles, that such an estimate could only be 
made in the absence of disturbances due to magnetization of the sides of the 
dyke. Such disturbances are evidenced in a profile by lack of symmetry 
between the two sides, and attention was drawn to the presence of this effect 
to a small extent in one of the Swynnerton traverses. The remaining two 
traverses now under discussion, Nos. I and III at Lomty, offer an outstanding 
example of the same asymmetry, which, it will be shown, can be accounted 
for with considerable accuracy on the assumption that the dyke is permanently 

* McLintock and Phemister, loc. tit. 

t Hallimond, “ Summary of Progress ” (* Mem. Geol. Surv.’), Part III, p. 44 (1029). 



Magnetic Properties of Igneous Rocks. 


309 


magnetized. The susceptibility measured on the cut cube of Lornty rock 
agrees with that required by all three profiles, while the small degree of per¬ 
manent magnetization measured on the cubes is the same in direction though 
somewhat smaller in amount than that required by the profiles for the dyke 
as a whole. 

Profiles of the unsymmetrical type (like I and III) were observed by 
Schulze* over E—W basalt dykes in Saxony, and theoretical profiles were 
calculated by way of the gravitational potential, For the Lornty Dyke the 
method of calculation follows that outlined by the present author for the 
Swynnerton Dyke. The geological structure is represented by a model con¬ 
structed of plane surfaces separating regions of uniformly magnetized material; 
each surface has a uniform polarity, and the effect of each surface is calculated 
for the point of observation. Thus the magnetic anomaly is obtained as the 
sum of a number of terms each representing one of the surfaces. This method 
has the advantage of assigning a direct physical meaning to each term, and it 
is correspondingly easy to estimate the effect upon the profile when the model 
is altered either in shape or in material. 

Vertical force profiles will be calculated in this way for the three Lornty 
traverses. 

General Formulce for the Profiles above an Inclined Dyke .—The dyke is 
regarded as a parallel-sided layer of material with susceptibility k , dipping at 
an angle to the horizon and extending indefinitely downwards and to the 
sides. The top is a horizontal infinite strip, of width w. 

(I) Magnetic profiles due to the top of a wide dyke ; horizontal and vertical 
forces at a point P above a horizontal infinite strip of width w , intensity of 
magnetization i. Notation as in fig. I; AB is the trace of the strip. 

From the calculation already made for the Swynnerton Dyke,f the forces 
at a point P due to the elementary infinite strip whose trace is dr. are 

v = 2i cos 0 dx/l h = 2i sm 0 dxjl . 

Integrating across the strip AB, 

v = P 2 i <20 = 2 i (63 — 0!), 

rfi, 

h = j 2 i tan MQ = 2i (log sec 0 a — log sec 0j). 

* hoc. dt. For calculation see H. Haalok, “ Die magnetischen Verfahren ” (Berlin. 
1027) ; Slichter, ' Amor. Inst. Min. & Met. Eng., Tech. Pub.,’ No. 120, p. 17 (1928) points 
out that one of Haalck’s formul® ia erroneous. 

t <( Summary of Progress for 1929» M Part III# * Mem. Geol. Surv., 1 p. 51 (1930). 
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These formulae give the vertical and horizontal force profiles for traverses 
at right angles to the dyke. The vertical force expression is very simple, 
being proportional to the angle subtended by the horizontal strip. It is very 
widely useful, both for the top of a dyke and for the concealed boundary of a 
magnetic formation, when the face of contact is not magnetized.* 



Fia. 1.—Magnetic forces due to a horizontal strip. 


(2) The sides of the dyke. 

(a) Vertical and horizontal forces at a point P above an inclined plane strip. 

Notation as in fig. 2. AB is the trace of an infinite strip of width w 

inclined at an angle <f>> but with its edges horizontal. 

The forces at P perpendicular and parallel to the plane of the strip have 
already been obtained in (1). They are 

Force perpendicular to AB = 2i(0 a — 0 X ) 

Force parallel to AB = 2 i log S6 - C Q = 2 i log r a /r 1 . 

sec (0! + in — <f>) 

The vertical and horizontal forces at P are therefore 

v = 2i log r 2 jr l sin <f> — 2 i (0 a — 0 a ) cos 
h = 2 i log t 2 jr l cos <f> — 2i (0 a — 0j) sin <f>. 

(b) Magnetic profile due to the two sides of an inclined dyke. The horizontal 

and vertical forces calculated in the preceding paragraph for one side 

* In the case of an isolated boundary the width of the “ dyke is infinite and the 
formula becomes v = 2* (n/2 — 0 L ); for a point above the magnetic rook distant from the 
boundary, v — 2iti; for a point directly above the boundary v =? m; at a distance d 
from the boundary, 0 = 46° — n/4 and v ^ Jtci. Thus d can be obtained directly from the 
profile. 
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of the dyke alone, become infinite when the width of the strip is in¬ 
definitely increased (r 2 = oo). When there are two sides (with opposite 
polarity) the distant portions of the strips neutralize one another, and 
the magnetic force at P is still finite. Using the notation r' a> r' v etc., 
for one strip and r" a , r" v etc., for the other strip, when r 2 = 00 ; 
r' a /r" a = 1, 0' 2 = 0" a = <f>, and the forces are given by 

v = v' -f v" = 2 i sin <f> log r*\]r\ — 2i cos — 0'J 
h = A' + A" = 2 i cos <f> log r'\lr\ — 2i sin <£(0'^ — 0\). 



Fig, 2,—Magnetic forces due to an inclined strip. 

(3) Magnetic profiles for the complete dyke. The magnetic profile for a 
traverse across the dyke is given by the sum of the forces due to the top and 
sides. These in general have different values for the intensity i, which is in 
each case the sum of the magnetization induced by the earth’s field and the 
component of the permanent magnetization. It is convenient, therefore, to 
calculate them separately and plot the sum of the values. 

Calculated Profiles for the Lomty Dyke .—Laboratory measurement of the 
susceptibility has provided the value 165 X 10~ 5 . The magnetization induced 
by the earth’s field in the top of the dyke should therefore be kV = 0*46 X 
165 x 10“ 6 = 76 X 10“ 5 . To this must be added the component of the 
permanent magnetization, which is roughly 25 ; so that the total magnetiza¬ 
tion of the top should be about i = 100 X 10~ 6 . The sides are believed to 
dip* nearly parallel with the earth’s field (at about 70°) so they will have no 

* This dip is well proved by the quarry sections. 
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induced magnetization, but the laboratory values indicate a permanent 
magnetization of about 20 units, the north side being south polar. 

The width of the dyke is known to be about 30 feet; profiles were accordingly 
constructed with width 30, dip 65° and depth (a) 6 feet, (6) 30 feet. The values 
proved to be of the right order, but one alteration had to be made before the 
curves could be brought into numerical agreement with the profiles measured 
in the field survey. It was found necessary to regard the sides of the dyke 
as magnetized in the direction already indicated, but with a greater intensity, 
of about 100 X 10~ fi . The theoretical curves for these values are shown super¬ 
posed upon the observed profiles in fig. 3 The agreement is fairly good both 
in form and in magnitudes, the only serious deviation being the rather high 
observed values to the north of the outcrop. In traverse I the curves would 
indicate that the dyke is a little wider than 30 feet and the cover a little tlucker 
than 6 feet. Traverse II is not at right angles to the dyke and the peak is 
consequently rather widened ; the depth indicated is about 30 feet and the 
width 30 feet. Traverse III is over a direct outcrop und is in very close agree¬ 
ment, the dyke being apparently just under 30 feet wide. 

Nearly all dykes contain patches of more basic matenal, usually near the 
sides. These may he erratic in their distribution, and the puncipal difference 
in the curves (which suggests more magnetic material m the deeper pait of 
the dyke) might be explained either by basic patches or by incipient weathering 
of the top part of the dyke. 

Sdf-niagneiization .—The preceding calculation ignores disturbances due to 
the magnetization of the dyke in its own field. The corners of the dyke are 
subject to a field due to the polarity distributed over the top and sides. The 
direction and amount of this field outside the dyke have been calculated above 
(assuming uniform magnetization); at a distance of 6 feet above the corner 
the force zs of the order of 0*00500 C.G.S. But the permeability is only 
0*0016, so that the magnetizing effect of the rest of the dyke on a piece of 
dyke material at 6 feet away would be negligible. Any edge effect might be 
expected to become noticeable only within a foot or less of the extreme corner 
of the dyke. It is difficult to suppose that this will account for the apparently 
enhanced value of the permanent magnetization as indicated in the profiles, 
though some allowance may be required. The disturbance would apparently 
take the form of roughly diagonal magnetization outcropping in narrow strips 
along the comers. The effects of top and sides reinforce on the northern 
comer and neutralize on the southern, so that it seems likely that the general 
effect would be to accentuate the positive peak of the profile. 
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Summary. 

An account is given of the magnetic properties of igneous rock specimens 
collected by H.M. Geological Survey. The rocks were taken from localities at 
which field surveys have been made with the magnetic vertical force variometer 



Of DyH « 
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\Afrrox/mot ^ 
petition 
of Dyke 


Fig. 3. —Observed and calculated vertical force profiles across tho Lornty Dyke. The 
“ calcula ted ” profiles and corresponding position of the dykes are shown by broken 
lines. Points on the *' observed ” ourves represent magnetometer readings. 

during the past few years. A group of several specimens was taken at each 
place in order to ensure uniformity, and from one of these a 3 • 3 cm. cube was 
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cut for magnetic determination in the laboratory. The measurements, which 
were made by Professor Herroun, were obtained by placing the cube near a 
freely suspended magnetized needle, in a partially neutralized field. The 
instrument was standardized by means of bars of known moment and by the 
time of swing. Susceptibility was measured by surrounding the cube with a 
coil. 

Specimens from Leicestershire (Charnwood Rocks) gave low values, but a 
measureable degree of permanent magnetization and susceptibility was found 
for the Cleveland Dyke and for the dyke at Lomty in Perthshire. A method 
is developed for calculating the magnetic profile from the geological model 
assuming uniformity of magnetization. Calculated and observed curves for 
the Lomty profiles show a fairly good agreement; they indicate that the 
north side of the dyke is south-polar, so that the magnetization appears to be 
in the opposite sense to that recorded for certain dykes in Germany, and does 
not coincide with that which would be produced by cooling in the earth's 
present field. 


New Method of Deriving Stresses Graphically from Photo-Elastic 

Observations . 

By H. Neuber,* Munich. 

(Communicated by E. G. Coker, F.R.S.—Received February 4, 1933.) 

In transparent bodies under plane stress the difference and directions of the 
two principal stresses are obtained by observations with polarized light. To 
separate the stresses either additional measurements can be used, for instance 
changes of thicknesaf ; or we may resort to any method of graphical integration. 
Although several different methods exist,{ all are based upon the equations of 
equilibrium and involve considerable time. A new method, which has now 
been worked out by the writer, based entirely upon elastic equations , enables 

* In charge of the photo-elastic investigation in the Moch. Techn. Labor., Technical 
University, Munich under the direction of Professor L. Ffippl. 
f Coker and Filon, " A Treatise on Photo-Elasticity,” Camb., 1931, §§ 2»47-2*49, 

X Coker and Filon, Joe. cit. t § 2.30; Filon, 4 Brit. Aas.,’ Rep. 1923, p. 360; L. FCppl, 
‘SitzBer. bayer. Akad. Wiss.,’ p. 246 (1923); Widdem and Kurzhals, 'Mitt, inech. 
techn. Lab., Mttnohen,’ vol. 34, p. 4 (1930) and vol. 36, p. 14 (1031); Baud, 1 J. Frankl. 
Inst.,' vol. 211, p. 467 (1931). 
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us to trace those lines, along which the sum of the principal stresses has a 
constant value. Since we can assign to each line its appropriate parameter, 
we know in this way the sum of the principal stresses at any point of the plate. 
This method is very accurate and is carried out quite simply as follows. 


(I) Theoby* 

(1) General Relations. 

The lines of principal stress 1 and 2, fig. 1, give at all points the directions of 
the two principal stresses (aj and <y a ); where <f> is the angle between the 
directions 1 and Y, or 2 and Z respectively (Y — Z are Cartesian co-ordinates). 



h'iu. l. 


According to Coker and Filon ( loc . dt .) the lines, along which the sum of 
the principal stresses + a a = p) has a constant value, are called isopachic 
lines ; and are denoted by the integer 3 in fig. 1, where 4 denotes the lines, 
which are orthogonal to the isopachic lines, a is the angle between the positive 
directions 3 and 1 (or 4 and 2 respectively). Since p is constant along the 
isopachic lines, we have dp/ds 3 = 0, and it therefore follows that 


d8 x 0* 4 0* x 0*4 


= 2£.^ = cosa 
0* a 0*4 0* 8 


dp 

0S 4 * 


( 1 ) 


Corresponding equations exist for the isochromalio lines > along which the 
difference of the principal stresses = 9) has 8111 ec L ua l value, and 

denoted here by the integer 5, 6 being the corresponding integer for the 
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orthogonal lines; p is the angle between the positive directions 5 and 1 (6 
and 2). We obtain 


ii 

ds* 


— — sin p 


32 




0*\ 


0s« 


( 2 ) 


Finally, the corresponding equations can be derived from the fact, that along 
the isoclinic lines the angle <f> is constant. These are denoted by the integer 7, 
and the orthogonal lines by 8, and y is the angle between the positive directions 
7 and 1 (8 and 2). We find 



— sin y 


ds 6 ’ 


dj> 



(3) 


To obtain the positive directions 4, fi and 8 let the gradients ?p/?s A , ?q/ds a 
and d<f>/ds R be supposed positive. From the directions 2, 4, fi, 8 the directions 
1, 3, 5, 7 are obtained by clockwise rotation. 


(2) Equation is of Equilibrium. 

Formulating the equilibrium conditions for the curvilinear element of 
fig. 2 we obtain 


do 

ds. 




£» + („,-<„>! 4 =o. 


These equations can in accordance with 




o 2 


1L=JL 


be put into the form 


^ + ^ + 2,^ = 0, |£-|l + 2,|4 = o. 


ds 1 ds x ds 2 ’ ds 2 ds 2 ds x 
Referring back to equations (1), (2) and (3) we now obtain 

sin a = — sin p + 2q cos y, rns a — 


(4) 


(5) 


* .._ .. _ —, ,, _ - . • cos p 2q ^ sin y. (6) 

8« 4 0S fl 0S g 0,^ 0S g * 0Sg 

By means of these equations the directions and distances of the isopachics 
can be derived from those of the isochromatics and isoclinics. 

Over the free boundary , which is a line of principal stress, either a x or o a 
vanishes. If it is a lme 2, a x vanishes, and we have 
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lgx = lg [i + 2 cot y. (8) 



Fia. 2. 


If the free boundary is a line 1, <r a vanishes, and we obtain : 

cot a = cot (3 + 2 tg y. (9) 

Therefore at the free boundary the directions of the isopachics are independent 
of the gradients of q and <f> . 

* Equation (7) gives immediately g — 9 *i 1 ~ q 9 e lo ^ . This integral over 

the free boundary was given originally by L. F6ppl. 
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(3) Stress—Strain Equations. 

In Cartesian co-ordinates Y — Z with normal stresses a v and a shear T vt 
and displacements tj and [i, the stress-strain relations can be put into the form 


where E is Young’s Modulus and 1/m is Poisson’s ratio. 

If we introduce a ¥ + + CT a — P “id the “ rigid body rotation ” 


k = l/itf _ ?a 

E * U/ dz 


dy dz 


( 10 ) 


we can write 

(l + l/m)o f + E| = p, (l+l/m)T„-E| = K. 
Differentiating with regard to z and y and adding, we have 

u+wCf +£)-£+£• 


The left side represents the condition of equilibrium in the direction of the 
Z-axis and therefore vanishes. We find 


ag = _ 3 k 

dz dy ' 

Eliminating the displacement p, we obtain 

3g _ 3K 

dy dz 


( 11 ) 


( 12 ) 


Therefore p and K are conjugate functions.* 

Since equations (11) and (12) are mdependent of choice of axes, we have 
along the lines 3 and 4 

dp 3K dp _ 3K 
05 3 ds A 9 ds A ds $ ' 


(13) 


Referring to dpjds z = 0, it follows, that K must be constant along the lines 
4. Further the gradients of p and —K are the same. If we trace the lines 
3 and 4 with the same intervals (Ap = — AK), it follows, that approximately 
they must form a network with small squares. 


• This result is already known ; see for instance, A. and L. Fflppl, “ Drang und Zwang,” 
vol. 1, 2nd ed., Munohen und Berlin, 1024, § 43. 
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(II) The Graphical Method. 

(1) The Starting Points of the Isopachics at the Boundary . 

The preparatory step in constructing the isopachics consists of determining 
their starting points at the boundary. 

By observations with polarized light the isochromatics are obtained with the 
successive parameters (interval A q): q — 0, A^, 2A q, .... We now trace 
those isopachics, whose parameters proceed by the same equal steps, so that 

A p — A q (14) 

and p = 0, Ag, 2Ag, ..., — A q t —2Ag, .... 

At the free boundary we have p = q, if it is a line 1, or p = — q t if it is a line 
2. Therefore isopachics and isochromatics meet the free boundary at the 
same points. In this way we obtain a large number of starting points. 

At the loaded boundary the determination of the starting points is not com¬ 
plicated. Formulating the equilibrium condition of an element at the boundary 
( f n may be the normal component of the loading forces, which can be measured, 
and c the angle between the direction 1 and the tangent to the boundary) we 
have 

fn = <*i sin 2 e + cos * e 

or, using (4) 

p = 2/ n + q cos 2e. (15) 

The starting points are preferably those, at which p has one of the values : 

0, A q } 2A q, ..., —A q, .... 

(2) The Directions of the Isopachics . 

To trace the isopachics it is necessary to know their directions at a sufficient 
number of points. 

Let a be the distance between two near isopachics, b that between two near 
isochromatics and c that between two near isoclinics as that a , b and c are 
the distances in the directions 4, 6 and 8 respectively ; the interval A<£ between 
two near isoclinics can be supposed constant, generally 5°. Then we can write 
equations (6) approximately in the form 

^ sin a — — sin (3 + 2 q ^ cos y, ^ cos a = cos p -f- 2 q ~ sm y. 
a b ' * o a o c 



320 


H. Neuber. 


Now let 


and using (14) we find 


2 4- ^ b = b', 
Ag 



a 


cos a = - ain Y + c 008 ft . 
a' 


(16) 

(17) 

(18) 
(19) 


By means of these equations a graphical construction can be carried out m the 
following simple manner. 




At any point 0, fig. 3, where an isochromatic intersects an isoclinic, we obtain 
o by measuring the middle distance between the isoclinic through 0 of para¬ 
meter <f> t and the two near isoclinics, <f> + A <f> at one side and <j> — A <f> at 
the other side. Correspondingly we obtain b, The length of b\ see equation 
(16), is obtained by means of a nomographical diagram. Fig. 4 represents 
such a diagram with A<£ = 5° or arc A^ = 0*08727. For any abscissa b 
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the diagram gives us 6' as an ordinate with reference to any parameter q. 
Next we draw the positive direction 1 where the angle <f> is given by the para¬ 
meter <f> of the isoclinic through 0, the negative direction 2 and the positive 
tangents to the isochromatic and the isoclinic. A circle with its centre at 0 
and the radius c intersects these directions at A, B, C and D. Make the arcs 
AC = AE and AD = BF. Along OF make OG = V and draw GE. Then 
a parallel to GE through 0 gives the direction 3 at 0. 



Fio. 4. 


To make this construction more intelligible, draw two lines parallel to the 
directions 1 and 2 through E and G, giving the intersections: K, L and M. 
Referring to (18) and (19), we have 

EG — a' , angle LGE = «. 

Since GL has the direction 1, it follows that GE gives us the direction 3. 

Particular Cases. 

(а) 6'>o:a = 90°-Y, 6' = a' 

(б) b' <4 c: a = — (J, c — a' 

(e) b' — c, (3 = 90° + y- In this case the point 0 is an isotropic point of 
the p — K-network. 
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Having carried out this construction in a sufficient number of points, the 
isopachics can easily be drawn, starting at the boundary. 

A first check gives each isopachic, which meets the boundary twice. At 
both starting points the value of p must be the same. 

A second check gives the free boundary, where the directions of the iso¬ 
pachics can be derived by means of another construction. 


(3) The Directions of the Isopachics at the Free Boundary . 

By means of equations (8) and (9) the directions of the isopachics at the 
free boundary can be derived in a very simple manner as shown in fig. 5. 



t W* 



At any boundary point 0 draw the normal and the tangent to the boundary. 
A circle with 0 as centre intersects these lines at A and B respectively. The 
tangent to the isochromatic through 0 intersects the parallel to the boundary 
tangent through A at 0. The tangent to the isoclinic through 0 intersects 
the parallel to the boundary normal through B at D. If no isochromatic or 
no isoclinic goes through 0, the directions 5 or 7 can be determined by inter¬ 
polation between the isochromatics or isoclinics, which meet the boundary 
near 0. Make CE = 2BD, then OE gives the direction of the isopachic . 

By this construction either equation (8) or (9) is satisfied. If D coincides 
with B, GE is negative and E lies at the left side of C. 
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Particular Cases . 

(o) The boundary is a straight line and therefore an isoclinic ; the isopachic 
and isochromatic then have the same directions. 

(6) The isoclinic intersects the boundary at right angle; the isopachic 
then lies in the boundary. 

(o) The isochromatic lies in the boundary ; in this latter case the isopachic 
lies in the boundary. 

The third check ensures that the distance a can be obtained exactly by means 
of the following construction. 

(4) Exact Determination of the Distance between Two Near Isopachics . 

Referring back to construction II (2), we can derive the intercept a as follows, 
see fig. 3. 

Along EG make EN = b and draw through N a parallel to OG, intersecting 
OE at P. Then EP gives us the intercept a. 

It is clear, from this construction that equation (17) is satisfied. 

Particular Cases . 

(а) b' p* c : a = ■ C 

2 4 - 

Aq 

In this case the intercept a is obtained immediately by means of the nomo- 
graphical diagram, fig. 4. With c as ordinate the diagram gives a as 
abscissa. 

(б) 6' < c : a = b. 

In this case the distance between two near isopachics is equal to the distance 
between two near isochromatics. 

It is not necessary to make use of this construction at all points where the 
directions are derived, but only at those where a check is desired. 

(5) The p — K-network. 

The fourth check is the most important, from the fact, that the isopachics 
must form with their orthogonal lines a network of small squares. This 
offers a valuable means of confirming the experimental and graphical work. 
Further, we obtain in this way the parameters of those isopachics, which do not 
meet the boundary. 
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Using all these constructions the isopachios can be obtained very accurately 
in a short time. 

The isopachics, isochromatics and isoclinics together give the complete 
stress-field analysis, and we obtain immediately values and directions of the 
two principal stresses at any point. 

This graphical method has already been used in many cases and figs. 6 and 7 
represent its application to a symmetrical angle plate under pure bending 
moment. 


Summary. 

The writer gives a new method of deriving the two principal stresses from 
the isochromatics and isoclmics. This method enables us to trace the so-called 
“ isopachic lines/’ along which the sum of the two principal stresses has an 
equal value. Since we can assign to each line its appropriate parameter 
we know m this way the sum of the principal stresses at any point of the plate. 

The method is based entirely upon elastic equations ; therefore it is very 
accurate, offers several alternative methods of checking, and can be carried 
out in a very simple manner. 

Isopachics, isochromatics and isoclinics together give values and directions 
of the two principal stresses at any point; therefore they represent the 
complete field of stress . 
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On Approximation by Polygons in the Calculus of Variations . 

By L. C. Young, M.A., Trinity College, Cambridge. 

(Communicated by G. H. Hardy, F.R S.—Received February 9, 1933.) 

1. Introduction. 

We consider in this note questions of approximation having a bearing on 
variational problems, although the methods we use have no connection with 
those of the Calculus of Variations. The hypotheses we make are a good deal 
simpler than those generally made in variational problems. 

The results we obtain include as special cases certain parts of the theory of 
Weierstrasss E-function, now called the theory of semi-continuity. But the 
information we obtain is much more precise. 

The ideas underlying our methods are elementary. We base our theory on 
a generalization of the nation of curve that suggests itself when we consider the 
analogous notion of a set of oo 1 line elements that occurs in the work of Sophus 
Lie . And in point of fact, our generalized curves, although new to pure 
mathematics, are essentially the same curves as those that occur as paths of 
particles in modern quantum mechanics. 

Corresponding to our generalized curves we have also a generalization of 
curvilinear integration. . But the new integrals are easy to manipulate and they 
have a simple connection with the old ones from which they are derived when 
the integrand is subjected to a process of linear averaging or “ folding over ” 
(Faltung) sttch as occurs in recent work of Norbert Wiener. 

2. Generalized Curves in a Finite Vector Field. 

We consider an interval of the real axis of t and a bounded portion of 
a Cartesian space of a finite number of dimensions in which the variable will 
be denoted by x. 

By a finite vector field we mean a finite number of vectors 0< (i = 1, in) 
that are points of a>space. 

By an ordinary curve belonging to this fieldf we mean a polygon x (£) whose 

f When not restricted to belong to a particular field of 0* an “ ordinary curve ” will 
mean a “ rectifiable curve ” in the ordinary sense. To prevent confusion with generalized 
curves on the one hand and with polygons on the other we shall write “ ordinary rectifiable 
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rate of increasef dxjdt, wherever it exists, is restricted to be one of the 
vectors 0 *. 

Such a polygon is characterized by its first point x 0 together with a set of 
m monotone increasing functions, 

It (<) = measure of the parts of (J 0 , t) for which dxjdi = 0 <, 
and we have the relations 

2 uo -=/-/ 0 

l l 

w 

s e ,/ 4 (o-----i (/) - x B 

t — l 

More generally we shall agree to say of any set of monotone increasing functions 
l { (t) given in (/ 0 , l t ) and satisfying the first condition in (i) that they define a 
generalized curve of the field of the 0 < commencing at the given point x 0 . 

The term generalized curve is here merely a name that we choose to give. 
We shall call moveable point on such a “ curve ” the quantity 3 (*) defined by the 
second of the equations ( 1 ). 

There is then a formal analogy between an ordinary curve in the field of 
0 , and a generalized curve in this field, since in both cases the equations (i) 
are fulfilled. 

On the other hand it would be false to say that the rate of increase of the 
moveable point x (£) is in any way to be equated to one of the 0 , for a generalized 
curve. If we wished to do anything of this kind we should have to agree to 
interpret the words “ rate of increase " in a new way altogether. A natural 
interpretation, that would be in accordance with quantum theoryJ ideas, 
would be to regard dxjdt as a symbol capable of m different values 0 , to each 
of which a definite probability dljdt would be attached. 

In virtue of the first equation ( 1 ) each is absolutely continuous so that for 
almost all i the probabilities dljdt would all exist and their sum would be 
unity. 

2.1. The definition of generalized curve in a finite vector field can also be 
given for curves defined parametrically . The difference is that there is no fixed 
f-axis, and the first of the equations (i) is not longer necessary. We pass to 
the parametric curve by identifying our original t- axis with a component of 

f We ft re considering here a ourve defined with reference to a fixed (-axis, that is to say, 
a defini te vector function of t, which has therefore a definite rate of increase. In the next 
paragraph we shall pass on to the more interesting case of curves defined parametrically 
with which we shall be concerned all through the remainder of the present paper. 

X Of. Dirac, “ Quantum Mechanics,” p. 31, lines 29-31, and similar references* 
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the vector x rather than with the parameter that we now denote by the 
symbol t. 

It is convenient to make the following agreement with regard to change of 
variable. Let / (<) and <f> (u) be two monotone increasing functions. By 
f(<f> («)) we shall then mean not the function obtained by substituting ^ ( u) for 
t in f (t)j but a slightly different function equal to the latter whenever the 
value t = <f> (w) is a point of continuity of /($), and also whenever the value 
t = <f>{u) is assumed by <f> solely at one point u. And we complete our definition 
by stipulating that if t 0 is assumed by <f> (u) in the interval (u 0 , then/[^ (w)] 
is to be defined m this interval (which may be either open or closed) by linear 
interpolation between the values / (t 0 — 0 ) and / (t 0 + 0). This convention is 
a useful one to make when we change parameters along a curve, whether 
ordinary or generalized. 

2.11. We say that m real functions l i (t) monotone increasing in an interval 
(t 0> t t ) define a generalized parametric curve C in the field of vectors 0 < with a 
given initial point x 0 , if the moveable point x (t) defined by the equation 

E l ( ( t ) 0 < = * (t) — x 0 , (ii) 

i - 1 

is a continuous function of L 

And we add the stipulation that the same curve C will be defined by a new 
set of functions l { (<f>(u)) provided that <f> (u) is monotone increasing and that 
any discontinuities of <f> correspond to stretches of constancy of the function 
x (<) just as with the change of parameter along an ordinary curve. 

2 .12. We attach no condition of continuity to the functions l^t) themselves. 
In this respect there is a difference between the parametric and the non- 
parametric case, for we saw that in the non-parametric case the functions 
l { (£) had to be absolutely continuous. 

We can, however, easily arrange that the same should now hold if we make a 
change of parameter. We write 

i(t)= sjmuo, 

and if> (w) for the inverse function of l (t). The functions 

k(* M). 

will then be absolutely continuous since their increments are majorized by 
constant multiples of those of l [<f> («)] EE u. On the other hand we have for 
every pair of values t, t' of t 
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on account of (ii). This shows that the parameter u increases at least as fast 
as the length of arc described by the moveable point x ( t ). The discontinuities 
of <j> («) which correspond to stretches of constancy of l (t) therefore correspond 
to stretches of constancy of x (t) and u is an admissible parameter. 

We can make the analogy with the non-parametnc curve complete by 
supposing that the vectors 0 < are unit vectors and that the parameter t is the 
standard parameter u just defined. Then the relations 

2 UO = t-t 0 

<-1 

s e,?, (/) -= x (t) 

»~ i 

will again be fulfilled. 

3. Curvilinear Integration Relative to a Finite Vector Field. 

Let F (x, y) denote a continuous function of the pair of vectors x, y satisfy ing 
the condition of homogeneity 

F (x, ay) = oF {x, y), 

for every positive scalar a. 

The function F is not restricted to be itself a scalar, it is convenient to allow 
it to be a vector having an arbitrary finite number of components. 

We shall denote by M (F) the maximum of [ F | for | y | = 1 and by ts (F, 8 ) 
the upper bound of the difference | F (x x , y) — F (x # , y ) | subject to the conditions 
\y\ — 1 , [«! — x a | < 8, the x's being in both cases restricted to lie in a fixed 
bounded region. 

3.1. We shall consider here only the parametric case of curvilinear integration. 
Let C be a generalized curve in the field of vectors 0,, let l ( (t) be the functions 
by which C is defined and x (t) the moveable point on C. We define 

I(C,F) = I'* S F (x (t), 6 ,) dl, (<), 

J1. i - 1 

as the curvilinear integral along C of our function F. From the form of this 
integral as a Stieltjes integral in the elementary Bense it follows at once that 
it is independent of the parameter t ; furthermore, since F satisfies the con¬ 
dition of homogeneity the integral remains unaltered when one or more of the 
0 < are multiplied by a positive scalar and at the same time the corresponding 
functions l t (t) are multiplied by the inverse of this scalar. 

We may therefore suppose without loss of generality that the 6 , are unit 
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vectors and that the functions Z. (t) arc absolutely continuous functions satis- 

m 

fying the condition 2 4 (f) — t — t 0 . 
i ~ 1 

An important special case of our curvilinear integral is the quantity 
L(C) = I (C, |y|) = £|0<| j*«,(*), 

which reduces to (t t — / 0 ) with our special choice of the £-axis. We call this 
quantity the length of our generalized curve C. Similarly t — Z 0 is the length 
of arc along our generalized curve, and when we make this special choice of 
parameter we say that C is referred to its length of arc as parameter. 

3.2. Evaluation of a Difference . —We consider two generalized curves C and 
C* in the field of vectors 0*, (i = 1, ..., m) and refer them to the same parameter 
t in (0, 1), writing 4 (i) and x (t) for the functions characterizing C and 4* (t)> 
x * (t) for those characterizing C*. 

We consider a sub-division S of the £-axis into portions of the form (t 0 , Tj) 
and we write for the increments of 4 W> 4W* over such a portion 

(t 0 , t x ). Wc denote by V (S, C — C*), or more shortly V, the quantity 

| x* (0) — x (0)| + X £ 

t 4 ) * — l 
m 

We denote further by L the length L (C) = 2 | 4 (1) | and by AL the length of 

the longest arc of C deterrmned by the sub-division S, i.e. t the greatest of the 
quantities 

£ iu*i)-mt 0 )|. 

t =1 

3.21. Let t and t* belong to the same portion (r 0 , tJ. Then 

I** (0* — * (01 < V+ AL. 

To see this we remark that the expression 

I X* (To) - * (To) | < I *• (0) - X (0) | + £ I l* t (To) -/.(To) |, 

is certainly not greater! than the part of the expression for V that refers to 
the points of division anterior to t 0 , so that it will suffice to show that 

|x* (Z*) — X (e)l < |x* (t 0 ) — x (t 0 )| |§4 — s ^*<l + 

t Observing that (t 0 ) = 4 (t 0 ) — 4 (0) is the appropriate sum of $4 and that (t 0 ) 
is likewise the appropriate sum of 
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and in proving this we may suppose, to simplify the notationf that t 0 = 0, so 
that l { (tq) = l* { (r 0 ) = 0. 

We have then 

<| X* (t 0 ) ~ X (t 0 ) | + s + l* t (T,) + £_ l, (t^, 

where X, refers to the indices % for which l* i (£*) > l t (£) and to the remain¬ 
ing indices 

< I **(*„) — *(t 0 )| +S f |l*,(Tj) — 7 < (t 1 )| + X /„(Tj) 

< k*(f 0 ) - •*(*!>) I + S |i*<(T,) — (x x ) J + S l ( ( T X ) ( 

i — 1 1—1 

which, since l % (t 0 ) = (r 0 ) — 0, gives us that we wished to prove. 

3.22. From what we have just proved we derive the following result 

| P K (X (0, 0,) dl t (0 - P F (x* (£), 6,) dl\ (0 

< n (F, V + AL) . SZ< 4* M (F) 18/*, - 8l t |. 

We obtain this by noticing that if 8l € * = 0 one integral vanishes and the 
other has modulus less than M (F) 8l { which is the same as M (F) ( 8l* 4 — 8l t | ; 
while if 81*i > 0 we can write the difference whose modulus we wish to evaluate 
in the form 

~ | Tl {P (T (0- e,) - P (** (n di t ( t ) di\ (t*) 

+ Wi - «*,) ± f T ‘ p (x* (n o.) di\ (o. 

3 23. The inequality of 3.22 gives us by addition the following evaluation, 
of the difference of curvilinear integrals along C and C*, 

|I(C*, F) — I (C, F)| < L . o (F, V + AL) + V . M (F). 

This result forms the basis of our approximation theorems. 


f The inequality we are aiming at involves only differences and is therefore unaffected 
by subtraction of constants from (t) and £*< (£*). 
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4. Fundamental Approximation Theorems . 

Theorem I .—Let C* be a generalized curve in the field of a finite number of 
vectors 0* and lei the moveable point of C* describe a rectifiable curve C in the 
ordinary sense . Then there is a sequence of polygons P„ of bounded lengths 
converging to C| such that% 

I(P n ,F)-I(C* F). 

4.1. The proof of this is immediate. Let the parameter t to which we refer 
C* be its length of arc (not to be confused with the length of arc of C) as let 
0 , L* be its interval of definition. 

We divide 0, L* into abutting portions of length less than S. 

We denote by (£) and x* (£) the characteristic functions and the moveable 
point of C* and by l t (£), x (0 those of a polygon Pg in the field of the 0, defined 
in such a manner that 

at the points of <livision t of the sub-division, and that each portion into 
which we have divided 0, L* is the sum of a finite number of parts m each of 
which only one of the functions l t (£) does not remain constant. 

We stipulate further that sd(0) = x* (0). 

The two generalized curves C* and Pg fulfil the conditions of our lemma 
3.23 and we deduce 

11 (C*, F) — I (P», F)| < L* . a (F, 8), 
which tends to zero as 8 -> 0. 

Pg is, however, the same as the ordinary polygon described by its moveable 
point and the length of Pg is equal to L*. 

By taking a suitable sequence of numbers $ and the appropriate polygons 
we have what we require and theorem I is proved. 

4.2. Theorem II .—Let P n be a sequence of polygons of length less than K 
converging to an ordinary rectifiable curve 0 and suppose that 

i(p»> n 

tends to a finite limit a as n -> ao , Then there exists a generalized curve C* 

t Convergence of curves is in the sense of Fr6ohefc f * Rend. Ciro. Mat. Palermo,' vol. 
22, p. 1 (1906); see also Toneili, “ Fondamenti di Caloolo delle Vanazioni,” vol. 1, p. 76. 
J By the symbol I (P n , F) where P n is a polygon we mean the ordinary curvilinear 

integral | F ^x, dt taken along P n . 

z 2 
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belonging io a finite vector fieldf such that the moveable point of C* describes the 
given curve C and that 

|I(C*,F)-o|<«. 

4.3. The proof of theorem II is a little longer but quite straightforward, and 
it depends like that of theorem I on our lemma regarding the evaluation of a 
difference of integrals. 

Let x n (t) be the moveable point of P„ in terms of a parameter t proportional 
to the length of arc of P n and defined in the fixed interval 0 t < 1. 

The differential coefficient x n (£) which exists except at a countable set of 
points has modulus K, It follows that the functions x n (<) are equally 
continuous. J 

Since they are bounded for t = 0 we can select a subsequence for which 
x n (t) tends uniformly to a limit, x(t) say, in (0, 1). The limit x(£) will be, of 
necessity, a representation of the curve C in 0 t ^ 1. 

The difference ration Ax/A t limit of Ax n /A£will be bounded by the constant 
K and consequently x (t) will be absolutely continuous and its differential 
coefficient x (t) will exist for almost all t and will be bounded by K. 

4.31. We choose a sub-division S of (0, 1) into intervals of length less than 
8/K in such a manner that 

— x dt < 8/N, 


where N is the number of co-ordinate axes of x-space and where Ax/A^ repre¬ 
sents a stretchwise constant function of t whose value in any portion t 0 , T t 
into which S divides (0, 1) is constant and equal to the corresponding difference 
ratio of x (£). 

The integral in question tends to zero as S describes a suitable sequence of 
sub-divisions (since its integrand does so for almost all t and is less than 2K). 

We denote similarly by Ax rt /A£ a stretchwise constant function of / bearing 
a similar relation to the difference ratio of x n ( t ), and we choose from a uniformly 
convergent subsequence of P n , one of them for which 

k (<)-*( 0|<8 


and 


r 1 ! Az„ 

Joi At 




|I(P„, F)-a|<*e. 


I No particular field of vectors was attached to the polygons P„. 

J Or u equi-continuous *’ according to Hobson, “ Functions of a Real Variable,” 
pp. 167-169. 
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The second of these conditions can be fulfilled like the other two for any 
given 8 > 0 and e > 0 since its left-hand side is majorized by the greatest 

/\ r 

difference — 2 — — at the finite set of points of division. 

Af A t * 

The polygon P n will from now on be fixed, when S and e are fixed, and we 
shall for simplicity suppose that n ----- 1 

4.32. We denote by 0* 1 (A = 1, . , m) x the unit vectors parallel to the 
directions of and we define the functions l h *(t) for h — 1 , . , w, to be the 
monotone increasing functions that characterize P x in this field, that is to say 

l h l (0 = Length m (0, t) for which F v has the direction 0 /t 3 (A 1, . ., m x ). 

We define a second set of functions l h (t) (for h — 1, . m,) also monotone 

increasing in the following way :— 

(i) At the points of division t of S, l h (t) — l^ (t). 

(ii) In each portion t 0 , t x into which S divides (0, 1) the functions l h (t) are 
linear functions. 

We shall have 

x i (0 — T i (°) = s' W (0. 

h -1 

while the functions l h (t) will satisfy the condition 

rt At. 

£ 0A (0 = I dt, 

h *- i J 0 

in which Aar 1 /A t refers to the stretchwise constant function already considered. 

4.33. We denote by 0, (i = 1, ..., m), (m ^ w, + 2N) the system of unit 

vectors 0* 1 together with the 2N directions parallel or anti-parallel to the co¬ 
ordinate axes. The latter which we may denote by 0 fc 2 (k = 1, 2N) may 

for simplicity be supposed not to occur among the 0 A b although mere verbal 
changes would have to be made if this supposition did not hold. 

The vectors 0* a (k = 1, . 2N) form a base from which every vector in 

sr-space can be expressed uniquely as a sum £ a*0* 2 with positive coefficients 

a* as small as possible.f We express in this way the vector 

{* W - *« — Q'A (<)} = * — 

f The 0fc* for which cti ^ 0 then form a linearly independent subset consisting of co¬ 
ordinate directions with a sense such that the projection of the given vector along them is 
positive. These projections will then be the non-vanishing coefficients oc*. 
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and we denote by l { {t) the integral form 0 to t of the B* 2 component of this 
quantity, whenever the index i > m x refers to the vector 0* a in the field of 0*. 
We shall have 

m ( m, ^ 

x(0 — x(0) — I 0<Z,«) = s oAW 

i - 1 l h -1 J 

-jls £•.■!,(«)} *-0. 

We define further 

I* 1 (0 = 0 for » > w>j. 

4.34. We define C* to be the generalized curve in the field of the 

0, {i = 1, m) t 

which has x (0) as its beginning and l* { (0 = (J) us its characteristic 

functions. The moveable point of 0 2 will then, on account of the relation, 

£ 0<Z* (<) = x (t) — x (0), 
i-i 

be precisely x (l) which describes the curve C. 

On the other hand the polygon Pj may be considered to belong to the com¬ 
plete field of 0, (i = 1, in) and its characteristic functions are then the 
functions l t l (t) (i = 1, ..., m) of which the last 2N are now identically zero. 
We have for i > m x 

k (1) < f 1 a; - **■ dt < 8/N. 

Jo. A t 

Hence 

m m 

2 2 \8l t '-8l* t \ = 2 f ( (l)< 2N8/N = 28. 

t % t \ i 1 i — m, 

Thus V (S, Pj — C*) < 38, and since AL < 8 we find that the evaluation 
of 3.2 gives 

|I (C*, F) - I (P„ F)| < K . o (F, 48) + 28. M(F) 

< R 

by choice of 8. Consequently we have, in this case, 


which proves theorem II. 


11 (C*. F)-a | < c. 
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5. Folds and Cycles of a Function F. 

We shall now seek to express our integrals along generalized curves in 
terms of ordinary curvilinear integrals. In order to do this we introduce the 
notions of folds and cycles of F (x, y) —notions that are analogous to certain 
linear transforms of functions of a real variable that have been employed 
recently by Norbert Wiener and others. 

5.1. By a fold\ of F in the field of 0 <( we shall mean a function of ( x , y) 
having the form 

m 

2 F [x, p, (x, y)], 

X 1 

where the p { are a finite set of continuous vector functions of ( x , y) with constant 
directions 0 and satisfy the conditions 

Pi (x, ay) = ap t (x, y) for every a ^ 0 

m 

2 Pi {x, y) — y. 

X - 1 

By a cycle of F at a point x 0 we shall mean a sum of the form 

2 F (x 0 , q { ), 

i - 1 

where the q 4 are vectors with the directions 0, connected by the relation 

E = 0. 

< -1 

5.2. We consider a rectifiable curve C in the ordinary sense and we form the 
curvilinear integral along C of a fold F (x, y) of the function F. To this expres¬ 
sion we now add a finite number of cycles k (F, x f ) of F that refer to points x i 
(not necessarily distinct) of the cuve C. 

It is easy to see that these cycles can be approximated by integrals along C 
of cycles varying continuously with the points of C, so that the effect of adding 
them to the integral of F will not differ appreciably from what we should get by 
making use of a different fold F* of F. But this remark, which is, of course, 
only valid when C does not reduce to a single point, need not concern us. 

f Substantially what Wiener calls “ Faltung ” (" The Fourier Integral,” p. 45, line 8), 
although his process involves two functions instead of only one, the reason for this difference 
being that we have restricted our field to be finite. Another difference is that his process 
is applied to f(x — y) while ours is applied to F (x t y). 
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5.21. We shall show that the sum 

I(C, F) + S*(F, *,)f 

i 

is equal to the integral of F along a generalized curve C* in the field, of the 0* suck 
that the moveable point of C* describes C. 

To see this we define our m monotone increasing functions /, (/) vanishing 
for t — 0 to have, at (say) the first value t i of t for which the moveable point 
or (<) reaches the value x f , discontinuities of amount | q t | where q x is the vector of 
direction 0, that refers to the cycle k (F, xfj. Tliese discontinuities will have to 
be added together if several Xj coincide. Between the points t i we stipulate 
further that l % (t) is to agree except for an additive constant with the indefinite 
integral of \p i |> (t), x(/)]|, this quantity being certainly summable if t agrees 
with the length of arc—and indeed for all admissible parameters on account 
of homogeneity. 

We verify at once that 

m rt rt ^ 

2 F[* (0,0/1 F^W, *(/))!#/ f S *rF,:r(0)l, 

1 Jo Jo t,^t 

and this relation remains true if the function F (xy) is replaced by y itself, 
in which case it gives 

S 0<Z, (0 = x (0 — x (0), 

so that the generalized curve C* defined by the /, (/) has x (l) for its moveable 
point. 

5.22. We shall now show conversely , that if we are given a generalized curve 
C* in the field of the 0, and the moveable point of C* describes a curve C, then there 
exist an expression of the form 

I (C, F) + S k (F, x,), 

where the x f lie on G\ approximating as closely as we please to I (C*, F). 

We write the monotone functions by means of which C* is defined in the 
formj (0 + (0 where X< (0 is absolutely continuous and where ^ (0 has 

denvates zero for almost all t. 


| When C is an ordinary reotiflable curve we mean by I (C, Sfy the ordinary curvilinear 
integral along C 




dt . 


t Of. De la Vallee Poussin, “ Integrates de Lebesgue,” p. 93. 
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m 

The Hum D jji| (tf) whose derivate are zero for almost all i is absolutely con- 

m 

tinuous since it can be written in the form x (f) — x 0 — S 0, X, (<). Con- 

i -1 

sequently it is constant, and so zero, 

The expression 

£ [f [x (I), 0,1 (I[i, (/), 

regarded as a finite sum of elementary Stieltjes integrals can be approximated 
as closely as we please by a system of Cauchy sums relating to a sub-division 
independent of the index ?, that is to say by an expression of the form 

2 £. F \x (/,), 0,1 {(jt, (t } ) — |i, (<,_j)}. 

t -1 j 

which on inverting the order of summation (and noticing that 

m 

^ ( 0 ) — 

i = l 

vanishes for each j ) reduces to a sum of cycles of F 

2 k (F, Xj). 

There now remains only to deal with the absolutely continuous part of our 
integral, that is with the expression 

5 \v\r(i) 9 0J//X, (/), 

% -1 j 

and we shall show that we can approximate to it by an I (C, F). We can 
verify this in a number of ways, the simplest of which seems to be the following 
which depends on integration in the sense of Radon.f 

We suppose our parameter t to coincide with the length of arc along C so 
that x (£) exists with unit modulus for almost all t. We denote by T(E) the 
function of the sets E of values of x, y for which \y \ ~ 1, defined so as to 
equal the increment of t over the totality of points of the t- axis for which 
x (i) exists with unit modulus and the pair of vectors x — x (t), y — i (i) lies 
in E. 

We denote similarly by A, (E) the corresponding increment of X* (0* and we 
remark that in virtue of a well-known theorem of Radon and de la Vallfe 
Poussin 

A,(E)=f Mar.tfiT. 

Je 

t ‘ SitzBer. Akad. Wiaa. Wien,’ vol. 122. p. 1295 (1913). 
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We shall have also 


£ 0,4, (E) = f ydl, 

i - 1 JE 

m *t 

since £ (<) = x (f) dt , and it follows that outside T-measure zero 

i Jo 

m 

s M, (*, y) = y. 

We shall have further 

|f (x (0, e,) dx, (<) - Jf (x, 6 <) dA< = Jf (x, e ( ) & (*, y ) <zt 
— [f \x (t), ej <f>( [x (<), i (<)] 

and we can approximate to the <f> % (i, y) by continuous functions for which 
this integral is altered arbitrarily little and for which at the same time the sum 

m 

£ becomes equal to y for all ( x t y) when |y| =1. Writing now 

Vi ( x > y) " <f*i i x > V) | y | 1 and prolonging the definition of by the 

condition p t ( x , ay) =*= ap i (x , y) for all a^> 0, we find that the expression 


5 fp(*(0t« i)dh(t), 

i -l J 


differs arbitrarily little from an integral of the form I (C, F). It follows that 
our generalized integral 

I (€*, F) = Jf (X (I t), 0,) d {X 4 (<) + * («)}, 
differs arbitrarily little from an expression of the form 


I (C, F) + £ * (F, *,), 

and this is what we wished to establish. 

5.3. We shall now state a few results relative to folds and cycles of F easily 
deducible from the theorems we have established until now. 

5.31. Let P n bea sequence of polygons of bounded lengths tending to a rectifiable 
curve C and let I (P n , F) tend to a finite limit a. Suppose further that on C there 
is a cycle of F, or a sum of such cycles , having the value 6. Then there will exist 
a sequence of polygons Q„ tending to C for which I(Q n , F) tends to the limit a + b. 

5.32. Let F be a fold of F and P n a sequence of polygons of bounded lengths 
tending to C, such that I (P n , F) tends to a finite limit a , then there unll exist a 
sequence of polygons Q„ tending to C for which I (Q„, F) tends to a. 
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6, Convexity and Semi-continuity . 

We shall call a real function F(x, y) of the pair of vectors x, y convex for a 
particular pair of values z 0 , y 0 , if whenever yj v ... yj m is a system of vectors of 
sum y Q we have 

^ F (x 0 , rj ( ) > F {x Q , y 0 ). 

The term convex refers here, of course, only to the dependence of F on its 
second argument. 

We shall call F (x, y) convex along a rectifiable curve C if— 

(i) the values of F are real numbers ; 

(li) the cycles of F at all points of C are non-negative ; 

(iii) at almost all points of C, F is convex for the pair of values x (t), x (f) 
of x y y . 

6.1. It is easy to see that the necessary and sufficient condition for a real 
F to be convex along C is that for every fold F of F and for every system of 
a finite number of cycles of F on C > k (F, x,) we shall have 

I(C, F)<I(G\F) + Sk(F,s,). 

i 

In consequence we may also say that the condition 

I(C, F)<I(C* F), 

for every generalized curve whose moveable point described C will also be 
necessary and sufficient for the convexity of F along C. Hence, in order that 
for every sequence of polygons P n of bounded lengths for which P B tends to 
C and the quantity I (P n , F) has a finite limit we shall have 

Lim. I (P nJ F)>I(C, F), 

it is necessary and sufficient that F be convex along C, 

6.2. Let us now consider a sequence of rectifiable curves C n converging to 
C, and suppose that for a particular way of folding—that is a particular choice 
of the vectors p x (x, y) t ..., p m (x, y) —the quantity I (C*, |y|) remains bounded. 

I say that in this case, if F is convex along C, we shall have 

Lim. inf. I (C„ F) > I (C, F). 

For if this were false we could select a subsequence for which, denoting by 4> 
a vector with the two components F and \y\, the quantity 

I(C„, *), 
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would tend to a limiting vector whose first component was less than I (C, F). 
And by theorems proved in 4 and 5 wo could approximate to C n by a polygon 
P„ for which I (P n , <J>) would differ as little as we pleased from I (C n , <D). We 
could therefore select P n so that P n -> C and I (P n , <t>) had the same limit as 
1 (C*, <I>). In particular, the lengths of the P n as components of the quantities 
I (P n , <l>) would be bounded, while the limit of I (P n , F) would exist and be less 
than I (G\ F), which we know not to be the case if F is convex along (\ 
d,3. We have thus proved that in order that for every sequence of curves C n 
of bounded lengths converging to C we should have 

Lira. inf. I (C n , F) > I (C, F), 

n ao 

it is necessary and also sufficient that F be convex along 0. And this condition 
is at the same time sufficient to ensure the more general result that if C n -+ C 
and I (C n , |y|) remains bounded Lmi. inf. I (C n , F) I (C, F). 

H -► 00 

6 4. We have obtained our semi-con tin uity theorem without any reference 
to classical criteria of the Calculus of Variations. We now observe that in 
virtue of classical results of the theory of convex bodies and their planes of 
support (StUtzebenen) it is necessary and sufficient for convexity of F at a 
point that there should exist numbers (ji a such that for an arbitrary vector 
7 ] of components r\ h along the axes the expression 

v (*<>> y) - (*o. y 0 ) — s Hh • to* — y 0 hi 

h 

which we write for shortness 


F (x 0 7 )) - F (r 0 ?/ 0 ) — 2 fA . (>) - y 0 ), 
shall be non-negative. 

In particular, choosing for r\ a vector whose Ath component alone differs 
from that of y Q we have by making 75 y 0 from both sides 


Lower limit 



tx h > Upper limit [ - (‘ r °* y ° - ^ , j- 

l - 81 


3/o) \ 


where 8 denotes a small vector along the Ath co-ordinate axis. And if F has 
partial derivates with respect to the components of y our expression reduces 
to the E-function of Weierstrass 

E (x 0 , y Qy rj) — F (x 0 7 j) F (x 0 yfj £ 
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If the partial derivates do not exist we may still use the same nomenclature, 
remembering that there may possibly be a number of different E-functions in 
such a case. 

6.5. We can now restate the semi-continuity theorem m the following 
manner 

In order that the function of lines I (C, F) be lower sem,i-continuous for C — C 0 
in a neighbourhood consisting of curves C of bounded lengths it is necessary and 
sufficient that — 

( 1 ) The (real) function F should have no negative cycles on C u . 

(ii) There exist p.p f m a non-negative E function. 

We shall return later to the significance of this and our other results m 
connection with the Calculus of Variations. 

Summary. 

In this paper we introduce notions closely related to those of modern quantum 
mechanics. We give to these notions a rigorous form by means of Stieltjes 
integration. 

We obtain new methods for analysing the behaviour of a curvilinear integral 
I 0 when C is a variable curve of bounded length and we show how to determine 
the limits to which l c will tend when 0 approximates to a particular curve C 0 . 

As a special application we consider the case in which the integrand of l c 
is a scalar function of the position and velocity and wc obtain general con¬ 
ditions for semi-continuity. 

Throughout the paper we take our curves to be defined parametrically. 


f p.p. stands for “ ptesque par tout ” (almost everywhere). 
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The Infra-Red Absorption Spectrum of Nitrogen Tetroxide and the 
Structure of the Molecule. 

By G. B. B. M. Sutherland, Trinity College, Cambridge. 

(Communicated by T. M. Lowry, F.R S—Received February 17, 1933.) 

History . 

The earliest observations on the infra-red absorption spectrum of nitrogen 
peroxide were made by Warburg and Leithauser,* who found that at ordinary 
temperatures the mixture of the tetroxide and dioxide had strong absorption 
maxima at 3-4 5*7 jx, and 6*1 fx. By varying the temperature, and so the 

degree of dissociation of tetroxide molecules into dioxide molecules, they were 
able to attribute the absorption band at 5*7 fx to the nitrogen tetroxide 
molecule, and show that the other two bands were due to the molecule of 
nitrogen dioxide. A later investigation by Eva von Bahrf confirmed these 
observations and disclosed another band due to the dioxide at 7 *3 p. None of 
these investigators examined the region beyond 8 |x, and all the work was done 
using low dispersion. Recently Strong and WooJ have examined the 
spectrum between 23 (i and 150 p. and find two main regions of absorption, 
one near 26 [x, and the other around 80 |x. 

Experimental . 

The spectrometer used in the first survey of the spectrum was a prism instru¬ 
ment having a 60° rock salt prism in the Wadsworth mounting. Subsequently 
several of the bands were examined on gratmg instruments of high resolving 
power. The absorption cell used in the preliminary work was of brass, 20 cm. 
in length, and with rock salt windows. This cell was lagged with asbestos 
and could be heated electrically until the temperature of the gas which it 
contamed was as high as 160° C. The absorption cell used in the examination 
of the individual bands was of glass, 10 cm. long, and with mica windows. 
For work in the region beyond 7 p, the mica windows were replaced by ones of 
rock salt. The nitrogen peroxide was taken from a very pure sample specially 

* 1 Ann. Physik,’ vol. 23, p. 209 (1907); vol. 28, p. 313 (1909). 

•f 4 Verh. deuts. phys. Gea.,’ vol. 15, pp. 673, 710 (1913); 4 Ann. Physik,* vol. 33, p. 586 
(1910). 

J * Phvs. Rev.,’ vol. 42, p. 267 (1932). 
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prepared for research work.* It was kept in a sealed pyrex tube as a liquid 
(under its own pressure) and the gas was transferred to the cells as required, 
drying tubes containing phosphorus pentoxide being used to avoid con¬ 
tamination from water vapour in the atmosphere. 

In the first examination of the spectrum, the brass cell was filled with the 
mixture of gases at room temperature and pressure. The absorption was 
determined from 1 p to 14 p. The coll was then slowly heated until the 
temperature of the gas was between 150° C. and 160° C., a tap being opened 
from time to time so that atmospheric pressure was maintained by the escape of 
some of the heated gas. After equilibrium had been reached at this tempera¬ 
ture the tap was kept closed, and the absorption spectrum of the heated gas 
was found between the same limits.f Finally the gas was pumped out and a 
run was made with the empty cell. The result of these observations is 
illustrated in fig. 1, Below 2*8 p the absorption was apparently continuous. 
It would appear that the number of overtone and combination bands falling 
in this region is too great for them to be resolved by this spectrometer, and 
we hope to reinvestigate it later under high dispersion. The curves in fig. 1 
are merely meant to indicate roughly the positions and relative intensities of 
the various bands ; there is, however, no relation between the intensity of a 
band in fig. 1 a and the intensity of the same band in fig. 1b or fig. lc. The 
curves represent the composite result of several sets of observations with 
different amounts of gas in the cell. 

It will be seen that in addition to the bands observed by Warburg and 
Leithauser at 3-4 p, 5-7 p, and 6*1 p, several new bands were observed of 
which the strongest lie at 7-9 p and 13*3 p. It would appear that the band 
observed by Eva von Bahr at 7 • 3 p may be spurious and due to the sodium 
nitrite formed when the nitrogen peroxide attacks the rock salt windows. It 
is interesting to note that this band at 7*3 p and the one at 12 p, which is also 
due to the deposit on the windows of the cell, agree fairly closely with Hainan 
lines found in crystalline sodium nitrite. + The method employed here to 
separate the spectrum of nitrogen tetroxide from that of nitrogen dioxide is 
not entirely satisfactory, in that it only determines with certainty which bands 

* The author is indebted to the Research Department of Nobel’s Explosive Company 
for this material. 

f At ordinary temperatures nitrogen peroxide consists of a mixture of N,0, and NO,, 
there being roughly five molecules of the former to every one of the latter. Dissociation 
into NO, is complete at 140° C. 

t The latter lie at 1333 cm." 1 and 814 cm.* 1 , rf. D&dieu, Jele and Kohlrausoh, 
SitzBer. Akad. Wiss. Wien., vol. 140, p. 293 (1931). 
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are due to the dioxide. It may be the case that some of the bands of the tetr¬ 
oxide are obscured by the bands of the dioxide, but we shall find when we come 
to the final interpretation of the combined infra-red and Raman spectra that 
this is unlikely. We may conclude that the main absorption bands of the two 
oxides in the region from 3 ^ to 14 [i are those given in Table I. 


Table I.—Infra-red Absorption Bands of Nitrogen Peroxide. 


NO^. 

n,o 4 . 

cm.” 1 

Intensity 

mi.' 1 . 

Intensity. 

1000 | 

Very w*ak 

752 

Strong 

1350 (?) 

Weak 

HH2 

Weak 

1615 

Very strong 

948 

Very weak 

2220 

Weak 

1265 

Strong 

2910 

Medium 

1749 

Strong 

3120 

Medium 

2020 

Weak 

:mo 

Weak 

2975 

Medium 


The Contours of the Bands. 

The contours of the bands were next determined, using grating spectro¬ 
meters of very high resolving power. The runs were carried out at room 
temperature, as the preliminary examination had enabled one to decide which 
bands were characteristic of the different molecules. The amount of gas in 
the cell varied according to the intensity of the band under examination, being 
adjusted to give a maximum absorption of about 60 per cent. Only the bands 
due to the N 2 0 4 molecule will be described in this paper.* 

The Band at 752 cm.' 1 , fig . 2.—The band at 13*3 p. was examined first on 
the prism instrument , with a very small amount of gas in the cell, and definite 
indications of what may be termed P, Q, and R branches were observed. 



* A complete description of the dioxide bands and a discussion of the NO* molecule is 
reserved for a later paper. 
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On re-examination with a grating instrument (using the first order of a 
grating with 1200 lines to the inch) no sign of resolution into individual rotation 
lines was observed. The slit width employed corresponded to 0*5 cm. " 1 . 
The effect was simply to spread out the contour obtained from the prism 
spectrometer without revealing anything new. The separation between what 
may be conventionally named the P and R branches was approximately 
17 cm. -1 . 

The Band at 12G5 cm. -1 , fig. 3 —With the prism spectrometer the band at 
7*9 [x was exceedingly narrow and intense, but showed no structure whatever , 
upon examination in the second order of the 1200 line grating definite indications 

70 h 



1280 1 270 1260 1250 1 240 cm 1 

Fm 3 

of a “ P, Q, R ” structure were found, but no resolution into rotation lines. 
The slit width used corresponded to an interval of 0-6 cm. 1 ; the approxi¬ 
mate P-R separation in this band was 14 -5 cm -1 . 

70 h 



Fia 4. 


The Band at 1749 cm. \ fig . 4.—The band at 5-7 p is in rather a difficult 
region, as it overlaps the end of the water vapour band at 6*2 p.. The prism 
spectrometer revealed it as a very narrow intense band with a single maximum . 
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Under high dispersion, however, and with small amounts of gas m the cell, a 
doublet structure was revealed. The definite absence of anything in the 
nature of a Q branch in this band will be found to have important theoretical 
consequences. The slit had a width corresponding to an interval of 3 - 0 cm." 1 ; 
the approximate doublet separation was 13*5 cm." 1 . 

The Band at 2975 cm.' 1 , fig, 5.— In the examination of the absorption band 
at 3-4 p. under high dispersion it was discovered that what had appeared to 
be a single band under low dispersion was, in fact, two distinct bands. One of 

50 h 

30 

10 

3010 

these was a simple doublet, due to N0 2 , but the other was a narrow unresolved 
band, which was proved to be due to N 2 0 4 . The grating used had 7200 lines 
to the inch, and the slit width was 2 cm." 1 . 

The Bands at 882 cm." 1 , 948 cm. 1 , and 2620 cm. 1 , —These bands have not 
been examined under high dispersion. They are all very weak and it is quite 
improbable that any of them is a fundamental frequency of the molecule. 
A knowledge of their contours would be of little use to us since the theory of 
the combination bands in this type of molecule is as yet rather undeveloped. 

The Structure of the Mdecide 

From chemical evidence there have been three different theories regarding 
the structure of this molecule.* These are illustrated by the three diagrams 
of fig. 6. Each of these forms will give rise to certain characteristic features 
m the infra-red and Raman spectra. It will be shown that the present data 
on the infra-red and Raman spectra are overwhelmingly in favour of the 
structural formula O a N-NO a . From the ease with which the molecules of 
N a 0 4 dissociate into molecules of NO a this formula has for long been preferred 

* Mellor, “ Treatise on Inorganic Chemistry,” vol. 8, p. 546. 
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to the other two. It has been suggested that the three forms co-exist in an 
equilibrium mixture, this will be shown to be extremely unlikely. 

Since there are six atoms in the molecule, there are twelve (3x6 — 6 ) 
degrees of internal freedom, and therefore twelve fundamental frequencies. 
We can form a physical picture of these twelve modes of vibration for the 



6 N 0 0 N 0 

C 

Fig G 


O a N-N0 2 model by considering them to be built up from the mutual 
vibrations of two NO a groups Each N0 2 group has three fundamental 
frequencies, so if we consider them to be loosely coupled together six frequencies 
will result, since each pair can be taken either exactly in phase or exactly out 
of phase. These frequencies we illustrate in fig. 7 as v t , v a , v 3 , v 4 , v 5 , v 6 . To 
obtain the other six frequencies we consider the mutual vibrations of the two 
NO a groups, treated as rigid triangles This method of building up the normal 
vibrations by using extreme force fields has been justified by Dennison.* 
The diagrams m fig. 7 are merely intended to give a rough idea of the type of 
motion which is to be associated with each frequency. The accompanying 
table Bhows which of the frequencies are active in infra-red absorption and 
which m Raman scattering ; the direction of vibration of the electric moment 
is given for the infra-red frequencies. The selection rules for the infra-red 
frequencies are derived from the assumption of a symmetrical charge dis¬ 
tribution in the molecule, those for the Raman scattering, from an application 
of Placzek’s rules.*}* 

Of the twelve frequencies, only five are active in absorption, and none of 
these are active in Raman scatter mg ; of the remaining Reven, six are active 
in the Raman effect, but v 7 is completely inactive. Since the molecule belongs 
to the class of “ asymmetrical top molecules,” the character of its fundamental 

* 1 iicv Mod. Phy« vol. 3, p 280 (1031). 

t 4 Leipzig Vort p. 71 (1931). 
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absorption bands will depend on the direction of vibration of the electric 
moment in the manner stated by Dennison ( loc . ctL ); and so, of the five 
fundamental absorption bands, two should possess a well-defined Q branch 
(vibration along the least axis of inertia), two should possess no Q branch 
(vibration along the middle axis of inertia), and one should possess a broad 
ill-defined Q branch (vibration along the greatest axis of inertia). As regards 
the Raman frequencies, we should expect those corresponding to v a , v 4 , v 8 to 
be much more intense than those corresponding to v e , v 10 , v 12 since the rate 
of change of polarizability of the moleculo would appear to be much greater 
for the former than the latter.* 

Assignment of the, Fundamental Frequencies. 

With the above criteria in mind the arrangement of the infra-red and Raman 
spectra of nitrogen tetroxide in terms of fundamental frequencies and com¬ 
binations of them is not difficult. The intensity of the infra-red bands at 
762 cm." 1 ,1266 cm." 3 , and 1749 cm. 1 makes the choice of them as fundamental 
frequencies reasonable and natural. There is little doubt that the other two 
active infra-red frequencies must lie in the region below 700 cm. -1 which has 
not yet been carefully examined.*)- Now of the active frequencies, v 3 , and 
v 5 will lie higher than v 9 and v n , being essentially inter-atomic frequencies, 
whereas the latter are inter-group frequencies, t.e ., due to the relative motion 
of the two N0 2 groups treated as rigid triangles. From the fact that it is 
the only one with no Q branch we may immediately associate the band at 
1749 cm." 1 with v 3 . Next wc can differentiate between and v 3 , for although 
the contours are similar, each having a well-defined Q branch, may be expected 
to be greater than v 3 since the group frequency from which it is derived is 
always greater than that from which v 3 is derived in the triangular molecules 
so far investigated. This enables us to fix and v 3 as 1265 cm. 1 and 752 cm.” 1 
respectively. 

Now consider the Raman spectrum as given in Table II. We shall disregard 
the frequencies 28 cm. 57 cm. \ and 79 cm." 1 , which are obviously too low 
to be fundamental vibration frequencies and which are to be discussed else- 

* Cf. Plaezek, ‘ Z. Physik,’ vol 70, p. 684 (1931), where it is shown that the intensity 
of a particular Raman frequency depends on 3 a I fig where a is the polarizability and q is 
the associated normal co-ordinate. 

t The very broad band, with its centre at approximately 380 cm.- 1 , observed by Strong 
and Woo, is probably one of them, although this band has not been proved to be due to 
N t 0 4 rather than NO # . 
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Table II.—Raman Spectrum of Nitrogen Tetroxide* (solid). 


Frequency 
cm ™ 1 . 

28 

57 

79 

283 

500 

813 

1337, 1382, 
1724 

Intensity 

Weak 

Weak 

Strong 

Very 

strong 

Medium 

Strong 

Medium 


where.* We are left with six Raman frequencies, of which the one ate283 cm. -1 
is much more intense than all the others.f This frequency may immediately 
be identified with the highly symmetrical vibration v 8 in which the two halves 
of the molecule u oscillate against each other.” Its character agrees with 
what might be expected from the fact that the molecule is so easily dissociated. 
A small binding force between two such heavy groups means that this must be 
a very low frequency. Again, a small binding force means comparatively 
large amplitudes in the oscillations and so large changes in the polarizibility, 
and therefore great intensity in the Raman effect. J The other fairly strong 
Raman line at 813 cm. 1 will be either v 2 or v 4 . Using the same criterion as 
we employed to differentiate Vj from v 3 we see that the correct choice is v 4 . 
The absence of a third strong Raman line is a little disturbing at first, but w© 
notice that in the region where it might be expected to fall (as the counterpart 
of the active frequency at 1265 cm. -1 ), viz., 1300 cm. -1 , there are two Raman 
lines of comparable intensity forming a doublet of medium strength. This 
would appear to be another example of the resonance degeneracy which haw 
been found in other polyatomic molccules.§ What would normally be a single 
Raman frequency may become a doublet when it happens that the first over¬ 
tone of a certain other frequency falls very close to it. The molecules in each 
level instead of possessing the one definite mode of vibration characteristic of 
that level are divided into two classes, one vibrating in the mode characteristic 
of the one level, the other vibrating in the mode characteristic of the other 
level. The proportion of molecules in each class is a function of the separation 
between v* and 2v B , fig. 8, approaching unity as v A becomes exactly equal to 
2v b , and changing rapidly as the separation increases, until when the separation 

* Sutherland, ‘ Proo. Roy Soc./ A, vol. 141 (1933), in the press. 

t Observed by Menzies and Pringle as the only Raman line of nitrogen tetroxide, 
‘Nature/ vol. 127, p. 707 (1931). 

t Placzek, ‘ Z. Physik/ loc, cii. 

$ Fermi, ‘Z. Physik/ vol. 71, p. 260 (1931); Dennison, ‘ Phys. Rev./ vol. 41, p. 304 
(1932). 
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is large, each level is characterized by only one type of vibration. The fact 
that the two Raman lines at 1337 cm. 1 and 1382 cm." 1 are so nearly equal in 
intensity would seem to indicate that the coincidence was very close in this 
case. We assume, then, an intermediate value of 1360 cm. 1 for v e . Of the 

remaining Raman frequencies, the assignment 
2 - - of the one at 1724 cm. 1 to v 6 as the counter¬ 

part of the active v 5 at 1749 cm. -1 follows 
naturally, while the reasons for taking the 
other one at 500 cm.” 1 to be v 10 rather than 
v 12 will be given m the next section. 

- These results are summarized below, to¬ 
gether with a table showing how all but one 
of the remaining bands in the infra-red spec¬ 
trum now receive a satisfactory interpreta¬ 
tion. Of course, the values of the Raman 
0 .n. frequencies cannot be taken as being correct to 

P IQ 8 more than about 15 cm. -1 , since they were 

obtained for the solid, and there is usually a 
slight increase in the frequency in going from the solid to the gas. Moreover, 
since there are not sufficient combination bands known to determine the 
anharmomc and interaction constants, exact agreement between the observed 
and calculated values of the combination frequencies cannot be expected. 


Infra-red fundamentals . 
vj = 1265 cm. 1 
v 3 = 752 cm. 1 
v fi — 1749 cm. 1 
v 9 or v u — 380 cm. -1 


Raman fundamentals. 
v a = 1360 cm. 1 
v 4 = 813 cm. -1 
v e = 1724 cm.' 1 
v 8 — 283 cm. -1 
v 10 — 500 cm. -1 


Combination 


Frequency observed. 

Frequency assignment. 

Frequency calculated. 

om.* 1 


om. -1 

882 

4- or v n 

880 

2614 

v t + *• 

2626 

2976 

i i 

*i 4- *« 

2989 
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Relations between the Frequencies . 

So far the discussion of the spectra of nitrogen tetroxide has been on rather 
qualitative lines, but if two very simple and very general assumptions are 
made regarding the forces which hold the molecule together, then certain 
quantitative relations may be established between the fundamental frequencies. 
These assumptions are :— 

(1) That the potential function for the molecule possesses the same geometric 
symmetry as does the molecule itself ; 

(2) That, to a first approximation, only neighbouring atoms affect one 

another. 

0 , 

B 

Fro. 



Let ua choose as displacement co-ordinates for the system— 

x 0 the relative displacement of the two N atoms parallel to the line N 4 N a . 

x ! the relative displacement of and A, the centre of gravity of the two 

oxygen atoms 

x 2 the relative displacement of N 2 and B, the centre of gravity of the two 
oxygen atoms 0 3 0 4 . 

the relative displacement of 0 X and 0 a perpendicular to N x N a . 
q% the relative displacement of 0 3 and 0 4 perpendicular to NjN 2 . 
y x the displacement of N x perpendicular to N 4 N a . 
y % the displacement of N a perpendicular to N^Na. 

<f> t the angle that C^Oa makes with the perpendicular to 
<f >2 the angle that 0 a 0 4 makes with the perpendicular to NjN r 

These nine co-ordmates all refer to motions in the plane of the molecule. 
There are three other co-ordinates (corresponding to v 7 , v u , and v 12 ) which 
measure motions out of the plane; these can be treated independently and 
will be considered later. We next write down the expressions for the kinetic 
and potential energies corresponding only to motions in the plane of the 
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molecule. It is clear that the kinetic energy T will be given by an expression 
of the form: 

T = $ {A (J* 2 a -|- x 2 2 ) + B (? t 2 + <? 2 2 ) + <W + 2E (a^x,, + x 2 .r 0 ) -f 2F s t z a 

+ P (f/i 2 + j/ 2 2 ) + Q + $ 2 ) + 2B (Vi^i + + 2T^ 1 ^ 2 }, 

where A, B, C, E, F, P, and S are functions of the masses of the atoms, while 
Q, R, and T will also involve y x or i/ a or both. The absence of cross-product 
terms between #0^1 ^2 an ^ ? A 2/2^1 follows from the decomposition of the 
motions of the atoms into the translational motion of N u N a , A. and B parallel 
and perpendicular to N 1 N 2 , and the rotational motion of Op 0 2 and 0 3 . 0 4 
about their respective centres of gravity A and B. The fact that certain 
terms have the same coefficient follows from symmetry considerations For 
the potential energy we start with a general homogeneous quadratic form in 
the variables, but when we modify it by introducing the assumptions (1) and 
(2) it will be found to reduce to the expression : 

V = 4 {o (x, 2 + x 2 2 ) + b (<h 2 qj) + cx 0 2 + 2d {x l q l + x^) 

+ P (.Vi 2 + !h 2 ) + ? (<t>x + <f> 2 2 ) + 2 r (y^ + y a <f>«) + 'Ay,yJ, 


where a, 6, c, . are undetermined constants. The fact that again no < ross- 
product terms occur between «r 0 x 1 x 2 ^ 1 y 2 and yiy%<f>i <f >2 makes it possible to 
separate the problem into two parts, one dealing with the frequencies v 1? v 8 , 
v 3 , v 4 , v 8 and involving only th e °fber dealing with the frequencies 

V S , V 6 , v # , v 10 and involving only 2 . 

Considering first the frequencies which concern motion along the axis of the 
molecule we have, 


t =! fy - f.y < v+..I f *.■+? + in 


2 ■ 2 

+ 2m(iii 0 + x 2 Xq) 


4m 2 


2m + M 




1 J 2 1 


where M is the mass of an N atom, and m is the mass of an 0 atom while 

V = H« (*1* + x a 2 ) + & (q 2 + ?3 8 ) + cx 0 2 + U (xflt + x 2 y 2 )}. 

Since there are five frequencies involved, but only four independent constants 
in the potential energy expression, it follows that one relation must exist 
between the five frequencies. Proceeding in the usual way we set up the deter- 



Infra-Red Absorption Spectrum of Nitrogen Tetroxide. 355 

minantal equation of the normal vibration problem* From ita solution we may 
readily deduce the following relation* between the frequencies, viz., 


M + 2 m v ft a v a 2 v 4 a 2 , 2 , 2 2 2 

—is -= Vr + V + V 4 “ V 1 - 


Substituting the values assigned to these frequencies we find that the agreement 
between the two sides of the equation is surprisingly good considering the small 
uncertainties m the values of the frequencies.! This must be considered a 
very satisfactory confirmation of the foregoing work. 

When we consider motions perpendicular to the axis of the molecule (but 
still in the plane of the molecule), we notice that there are four arbitrary 
constants in the potential energy expression, and since just four frequencies 
are determined by these it is not possible to find any relations between 
them. 

The problem of treating the motions out of the plane of the molecule may be 
simplified in a similar manner to that just shown by separation into a twisting 
motion of the two NO a groups about the axis, defined by a co-ordinate ty, say, 
and a motion of the atoms perpendicular to the axis of the molecule, correspond¬ 
ing to and illustrated in the diagrams of the frequencies v n and v ia . The latter 
two frequencies are quite analogous to the two perpendicular vibrations in 
acetylene. Methods of treating these two frequencies for acetylene have 
been given by Kramers and Olson, J and by Mecke (£oc. cit.), and need not be 


* A similar relation has been shown to hold between the corresponding five frequencies 
in ethylene by Meoke (‘ Z. phys. Chem ,* B, vol. 17, p 1 (1932)). The proof given above 
is, we feel, more general than that given by Mecke in that it uses less specifio assumptions 
regarding the forces in the molecule, 
t The actual values obtained were 

M4 2m ^ 3W)000 

I- V t- v 4 * - v x 2 - v a * 430,000 

a difference of less than 17 per cent. The sensitivity of the equation to the values of the 
frequencies is shown by the fact that if we choose v t to be 1337 cm.' 1 this gives a difference 
of less than 6 per cent., while if we try the pair of frequencies at 1760 cm as Vj and v # 
we obtain 

M W 
and 

V„» I v,« f v 4 * - v, 1 - v a * 75,000 
J ‘ J. Amer. Chem. Soc.,’ vol. 54, p. 136 (1632). 
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repeated here. We shall only quote the result which is arrived at by all and 

toth *‘ „ / <■. + «. f 

h j 1 + wv 

where 

S x is the active frequency, 

$ 2 is the inactive frequency, 

m 1 is the mass of each of the end atoms, 

m 2 is the mass of each of the centre atoms, and 

3 l ' 

21 being the distance between the centre atoms, 
d being the distance from a centre atom to an end atom. 

We may apply this formula to the molecule of nitrogen tetroxide and obtain 


v 12 16f + 7 

We use as a value for 2/ that found from the Raman spectrum of nitrogen,* 
viz., 1*089 A. ; for d we take the value for the internuclear distance found 
from the electronic spectra of nitric oxide, f viz., 1 • 16 A. multiplied by a factor 
l/\/2 (taking the angle between the NO bands as 90°) and obtain as an approxi¬ 
mate result that ^ 

^ =0-462. 

v l* 

It follows immediately that if the Raman frequency at 500 cm." 1 is chosen 
as v 1# then there ought to be a strong infra-red band near 230 cm." 1 , corre¬ 
sponding to the active fundamental v u . The curves of Strong and Woo ( loc . 
ctt.) indicate that there is no absorption whatever in this neighbourhood. 
An additional argument against taking v 12 = 500 cm." 1 is that the corresponding 
Raman frequency is too weak to appear m acetylene (and in all probability, 
also in ethylene). On the other hand if we take v 10 = 500 cm." 1 then since 
v 9 may be expected from general considerations to lie slightly lower, it seems 
reasonable to interpret the band observed by Strong and Woo (loc. cit.) near 
380 cm," 1 as v 9 . If finally we assume} that v u is the fundamental of which the 

* Rossetti, 4 Nature/ vol. 123, p. 757 (1929). 

t Jenkins, Barton, and Mulhken, 1 Rhys. Rev / vol. 30, p. 150 (1927) 

X This assumption is given considerable support from the fact that in a preliminary 
survey of the infra-red spectrum of nitrogen peroxide between 14p, and 20p. by Mr. 
Tayou Wu a new absorption band was picked up with its centre at 682 cm. -1 (private 
communication). Additional support is given by the fact that the very weak band at 
948 cm.' 1 now receives an interpretation as v t + v u . 
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overtone coincides with the frequency v 2 at 1360 cmr 1 , i.e., that v u = 680 
cm. -1 , then v ia may be calculated to lie at 1480 cm." 1 . In view of the fact 
that this relation between v n and v ia is probably only very approximately 
correct* this value for v 12 must be accepted with caution. 

We have given here one possible assignment for the values of v 9 , v 10 , v u , and 
v 12 , and although on the present evidence it appears to us the most satisfactory 
one, we cannot be certain that the alternative interpretation with v 9 = 680 cm.’ 1 , 
v n — 380 cm. and v 12 — 500 cm. -1 is not the correct one In the latter 
case we have no means of estimating the value of v 10 since no numerical relation 
exists between it and any of the other frequencies. As the inactive counterpart 
of the active frequency v fl it probably lies a little higher than v 9 but its value 
may be anywhere between 800 cm."" 1 and 1000 cm ! . 

The determination of the remaining fundamental v 7 from the existing spectral 
data would appear to be impossible. Its magnitude cannot be related to any 
of the other eleven frequencies since it depends on only one force constant of 
which these are all independent. It can only appear as a combmation band, 
and the observed combmation bands can be readily explained m terms of the 
frequencies already determined. The only clue to its value will be from 
specific heat data whu h we now proceed to consider 


Specific Heat of Nitrogen Tetroxide . 

The calculation of the specific heat of nitrogen tetroxide is of considerable 
theoretical interest in view of the large contributions to the vibrational part 
of it which are to be expected from the numerous low fundamental frequencies 
in this molecule. It is important also in that an accurate value of the specific 
heat of nitrogen tetroxide is very difficult to obtain experimentally and yet is 
often required in physical and chemical investigations on the molecule. It is 
well known that the specific heat (at constant volume) of any molecule is made 
up of three parts corresponding to the three different types of energy which a 
molecule may possess, viz., translational vibrational, and rotational energy. 
Thus we write 

C v — C r + (Jvjb. + C r ot, 


Now at room temperatures the distribution of the molecules in the various 
translation al and rotational energy states is so nearly classical that we may 


* The coi responding relation is by no means well ^tisfied for acetylene. 
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take C T -f- C,ot = 3R, but C\ib will be made up of a number of terms of which 
a typical one is 

l\,i, (v) = R(4 v f . 

" (e* - l ) 2 

where v is any fundamental frequency of the molecule fi = hjx — 4-77 X 10 “ u , 
andT is the absolute temperature. 

When v is above 1000 cm. 1 the value of C v i b (v) at ordinary temperatures is 
practically negligible, but as v decreases the contribution increases very rapidly, 
so that for v = 500 cm. 1 it is 1*27 cals, per mole, while for v — 200 cm ” 1 it 
is approximately 1*83 cals per mole. This means that the value of the 
specific heat may be quite sensitive to changes in the values of the fundamental 
frequencies lying between 500 cm.' 1 and 1000 cm. 1 and each fundamental 
below 850 cm." 1 will add at least 0*5 cal. per mole, so that an accurate experi¬ 
mental value of the specific heat may serve as a useful discriminant between 
different frequency assignments. 

The value of the vibrational specific heat as calculated from the fundamental 
frequencies given in Table III is 6*8 cals, per mole at a temperature of 300° A. 
If the alternative assignment of fundamentals is taken with v 9 680 cm 
v u = 380 cm. -1 , and v 12 — 500 cm. -1 , we arrive at the value of 7*5 cals, per 
mole. The total specific heat is then 12*8 cals, per mole in the first case and 

Table III.—Fundamental Frequencies of Nitrogen Tetroxide. 

v x -= 1205 cm* 1 v 4 - 813 cm -1 v, 0 ~ 500 cm.* 1 

v % — 1300 cm 1 = 1749 cm ~ l : 283 cm 1 v u — 680 cm. ' l 

752 cm. -1 v % = 1724 cm 380 cm ** v u = 1480 era * J 

13*5 cals, per mole m the second If the experimental value of the specific 
heat were sufficiently accurate we ought to be able to obtain at least a rough 
estimate of v 7l supposing that it is less than 800 cm. ~ l . The probability of v 7 
being greater than 800 cm. -1 can be taken as rather small when we consider the 
magnitudes of the other inter-group frequencies. 

Unfortunately the experimental data on the specific heat of nitrogen tetroxide 
are most unreliable. The values collected by Partington and Shilling* (based 
on measurements of the velocity of sound) are vitiated by the unknown con¬ 
tribution which comes from the heat of dissociation of the molecule. Recently 


* “ The Speoific Heats of Gases ” (1924), p. 188. 
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McCollum* has measured the specific heat by a flow method and tried to estimate 
the contribution due to dissociation. The latter is so large, however, that 
errors of 1 or 2 per cent, in it may lead to values of the specific heat differing 
by 20 per cent, or more. From the table of re-calculated values in Partington 
and Shillings book an average value for C u at 300° A , and with 20 per cent, 
dissociation into N0 2 , is 19 cals, per mole. Taking C v for N0 2 to be 7 cals, 
per mole the value of C v for N a 0 4 may be obtained from the equation 

(J„ (apparent) = tC„ (N 2 0 4 ) f ;C„ (N0 2 ) 

as approximately 20 cals per mole. Such a value is too high, because, as we 
remarked, no account has been taken of the heat of dissociation. On the other 
hand, the value obtained by McCollum is certainly too low. He gave for C„ 
at 306-7° A., with 24 per cent, dissociation, the value 11-4 cals, per mole. 
This corresponds to a value for C p (N 3 0 4 ) close to 9-5 cals, per mole and so to 
an approximate value of 7-5 cals, per mole for (N 2 0 4 ). Such a value is 
obviously too low in a molecule winch is definitely known to possess funda¬ 
mentals as low as 283 ora." 1 , 500 cm." 1 , and 752 cm. -1 As a result of such 
uncertainty in the experimental results no estimate of the value of v 7 can be 
made A careful experimental rede ter mi nation of the specific heat of nitrogen 
tetroxide would be of great interest m the light of the above discussion. Mean¬ 
while we can give a theoretical figure for the specific heat of mtrogen tetroxide, 
viz , 14 cals, per mole which is possibly correct to within 10 per cent. 


Discussion of other Possible Structures. 

The correlation of the spectra of nitrogen tetroxide in terms of the funda¬ 
mental frequencies of the model A of fig. 6 is so satisfactory that the con¬ 
sideration of other possible structures might seem tedious and unnecessary. 
It may be shown very briefly, however, that neither of the other structures 
illustrated in fig. 6 will explain even the outstanding features of the mfra-red 
and Raman spectra. Consider first the linear structure 0=N—O—0—N—O ; 
such a molecule would undoubtedly exhibit a strong Raman spectrum as a 
result of its high symmetry. If only the Raman spectrum were known then 
it would not be possible to choose between this structure and the first one. 
But when we remark that the three highest, active, fundamental frequencies 
of this type of molecule would be parallel frequencies (t.e., vibration of the 
electric moment parallel to the axis of the molecule), and therefore would 


* * J. Amer. Chem. Soc.,’ vol. 49, p. 28 (1927). 
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exhibit a simple doublet structure with identical spacing^, whereas we observe 
in the three highest fundamentals that two possess Q branches and that the 
doublet spacing is by no means constant, we may conclude that such a structure 
is definitely ruled out of consideration. A molecule with the third structure 

O 

/ 

proposed, 0=N—0—N being rather unsyinmetrical would not be expected 

\ 

0 

to have a strong Raman spectrum* ; the existence of the very strong line at 
283 cm/ 1 would be especially hard to justify. The same lack of symmetry 
would give rise to a very rich spectrum in the infra-red, for instead of only five 
active frequencies we would expect all twelve fundamentals to appear in the 
infra-red. The comparative scarcity of strong absorption bands in the infra¬ 
red is by itself sufficient evidence against this structure. The theory that 
nitrogen tetroxide exists as an equilibrium mixture of the three forms is now 
clearly untenable. 

There is still one possibility which we have neglected to consider; that is, 
that the molecule is not plane but that the two NO* groups are in planes at 
right angles to each other. Such a molecule will belong to the “ symmetrical 
top ” class of molecules since it has two of its principal moments of mertia 
equal. Its infra-red bands will be divided into two classes according as the 
change of electric moment takes place along, or perpendicular to the symmetry 
axis. The former resemble the bands of a diatomic molecule, having rotation 
lines equally spaced by an amount h/in 2 C (C being the moment of inertia 
perpendicular to symmetry axis), but in addition possess a strong Q branch. 
The structure of the latter is more complex, and the resulting contourf will 
depend on the ratio of the moments A and C. In such a molecule there will 
only be 10 fundamental frequencies (two being doubly degenerate) since the 
frequencies v # and v u , and similarly v 10 and v la become identical. Thus we 
should have only four fundamental infra-red absorption bands and none of 
these would exhibit a simple doublet structure such as is found in the band at 
1750 cm." 1 . An application of Placzek’s rules shows that the Raman spectrum 
of such a molecule would not be so strong but would contain more lines than 
that of the plane molecule. The evidence againBt the staggered form of 
molecule would thus seem to be fairly conclusive. 

* Cf. Formaldehyde and other molecules of this type in the summary by Kohlrausoh 
“ Smekal-Raman-Effekt" (1931). 

t Dennison and Gerhard, 4 Phys. Rev., 4 vol. 43, p. 197 (1933). 
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The Constants of the Molecule. 

One of the definite pieces of information we have come to expect from an 
investigation of the infra-red spectrum of a molecule is an accurate estimate 
of its moments of inertia. Strictly speaking, this is possible only for linear 
molecules, and although for “ symmetrical top ” molecules the value of one 
of the moments can be found, for “ asymmetrical top ” molecules no definite 
relation has yet been deduced between the spacing of the intensity maxima 
and the moments of inertia of the molecule. This being so, we prefer not to 
attempt what would be at best rather unsatisfactory estimates. 

It is possible, however, to evaluate some of the constants m the potential 
energy expression which we have assumed for the molecule, and of particular 
interest is the coefficient c which relates to the binding force between the two 
N0 2 groups. The value of c as calculated from the solution of the deter- 
minantal equation is 1*5 X 10 5 dynes per centimetre. Such an abnormally 
low value* is consistent with the ease of dissociation and with the observed 
low heat of dissociation,! viz., 13 k. cals, per mole. It is worth noting that 
when the latter is expressed in wave numbers (4580 cm." *) it gives a value not 
too improbable as the convergence limit for overtones of the fundamental 
frequency v 8 at 283 cm."" 1 . 
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Summary . 

(1) An account is given of new experimental work on the infra-red spectrum 
of nitrogen peroxide It has been possible to distinguish the absorption bands 
due to the N 2 0 4 molecule from those due to the N0 2 molecule, and the mam 
bands due to the former have been examined under high resolution. 

* Of. the corresponding c in N a which is 22*2 X 10® dynes per centimetre, 
t Bodonstein, ‘ Z. phys. Chem.,’ vol. 100, p. 08 (1922). 
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(2) The normal vibrations of a molecule of the form 

0 0 

\ / 

N-N 

/ \ 

0 0 

are dine unwed and the main features of its infra-red and Raman spectra are 
predicted. 

(3) The new data on the infra-red and Raman spectra of nitrogen tetroxide 
are critically compared with these predictions and found to receive a very 
satisfactory interpretation. 

(4) Certain relations between the twelve fundamental frequencies are deduced 
by making two very simple assumptions regarding the nature of the force 
fields m the molecule. These relations are used to confirm the assignments 
based on more qualitative arguments and enable one to determine eleven of 
the twelve fundamental frequent'ics. 

(5) A discussion of the specific heat of nitrogen tetroxide is given as a means 
of determining the twelfth fundamental. On account of the uncertainty in 
the experimental data it is impossible to obtain even a rough estimate of this 
frequency. A theoretical figure is given for the specific heat, viz., 14 cals, 
per mole which is possibly correct to 10 per cent 

(6) Other models are discussed for the molecule and it is shown that these 
all fail to account for even the main features of the observed spectra. 

(7) The binding constant between the two N0 2 groups is calculated to be 
1*5 X 10 5 dynes per centimetre; such a low value is consistent with the 
observed dissociation properties of the molecule. 
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A New Presentation and Interpretation of the Quantum Equations . 

By H. T. Flint, Reader in Physics in the University of London, King’s College. 

(Communicated by 0 W. Richardson, F R.S.—Received February 18, 1933 ) 

Introduction . 

The attempt to unite the first order equations of the quantum theory with 
the theory of relativity has led to a number of suggestions by various writers, 
most of whom consider operations in a continuum with four co-ordinates 
(x, y , z, t) Some add a fifth co-ordinate in order to complete the description 
of a point. For example, Fock and Iwanenko* add a quantity capable of 
possessing the integral values (1, 2, 3, 4). 

Enustemf in his latest attempt at a unitary theory retains the four dimen¬ 
sional continuum as the fundamental background, but introduces vectors with 
five components which are related to four dimensional vectors by means of a 
set of quantities y, with appropriate affixes. This is a position half way between 
the four and five dimensional continuum and, m making use of this system, 
SolomonJ has found it necessary to introduce a fifth co-ordinate in order to 
include quantum phenomena into the scheme. 

The view taken here and in earlier papers is that five co-ordinates give the 
most satisfactory system for the description of the phenomena studied in 
physics, especially is this so in the development of a unitary theory. 

We adopt, therefore, the form of the continuum proposed by Kaluza and 
Klein,§ with the modification proposed by Fisher.|| 

It is well known that the track of a photon in the theory of relativity is a 
null geodesic, and that, associated with the equation of the geodesic, we have 
a wave equation, which is the equation of a light wave. The first order 
equations, from which this wave equation is deduced, are Maxwell’s electro¬ 
magnetic equations for empty Bpaee. 

In the continuum we employ here the null geodesics are the tracks of protons, 
electrons and photons. 

* * Z. Physik,’ vol. 54, p 798 (1929). 

| ‘ SitzBer. Preuss. Akad Wihs vol. 25, p. 541 (1931). 

x ‘ J. Phys. Radium,’ vol. 3, p. 455 (1932). 

§ 4 Z. Physik,’ vol. 46, p. 188 (1928). 

|| * Proc. Roy. Soc.,’ A, vol. 123, p. 490 (1929). 
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Associated with these tracks is a wave equation, which is the wave equation 
of the quantum theory, and the set of first order equations from which this is 
deduced is the set of first order equations of the quantum theory. In this 
notation it appears that the null geodesic is the basis of the wave theory of 
matter. 

In order to develop this form of the theory it was necessary to introduce 
a system of metrics into the five dimensional Riemannian system. When 
this is introduced, after the manner of the proposals of Weyl and Eddington, 
the first order equations are in the form of a vanishing divergence.* 

Weyl and Eddington introduced a system of metrics in order to include the 
electromagnetic theory into the theory of relativity. This led to the intro¬ 
duction of the function (f> (with components which could be identified as 
the electromagnetic potential. 

In the present case is replaced by the generalized momentum 
= jv 4- efa, where p M is the ordinary momentum of the particle, to which 
the charge e is attached. II M in the five dimensional continuum is the general¬ 
ization of in four dimensions. 

The fifth co-ordmate, when it occurs, does so very simply, in all the quantities 
considered, and the operation djdr* is equivalent to multiplication by 
27 zimtfjh. This suggests a periodicity associated with this co-ordmate and 
further study indicates the discontinuous occurrence of this variable, which 
appears in multiples of hjm Q c, m 0 denoting the rest-mass of the particle. 

This discontinuous introduction of x 5 reminds us of Fock and Iwanenko’s 
£, although there is a difference in the method adopted by these writers. 

The discontinuity of x 6 is connected with a discontinuity along the null 
geodesic and leads to a principle of minimum proper time and to a principle 
of indeterminateness.t 

This principle of indeterroinatrnoss, wluch refers to a definite indeterminacy 
in position, was also discovered by RuarkJ and has been established in a 
variety of ways since by many writers. 

The discovery that Dirac’s equations were able to be referred to equations 
which expressed the vanishing of a divergence was an important step towards 
the object we had in view, but we could only attain that object by showing that 
the quantity concerned m the equation had some geometrical significance in 
the continuum. 

* Flint, ‘ Proc. Roy. Sot*.,’ A, vol, 126, p. 644 (1930). 

t Flint, ‘ Proc. Roy. Soc.,’ A, vol. 117, pp. 630, 637 (1928). 

X 4 Phys. Rev./ vol. 31, p, 344 (1928). 
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This has only been demonstrated indirectly by developing Maxwell's 
equation^ from the vanishing divergence.* * * § 

The tensor, A, whose divergence vanishes, has been related to the electro¬ 
magnetic potential and, the latter being a geometric quantity in the con¬ 
tinuum, it follows that A is a similar quantity. 

Finally the assymetry of the masses of the proton and electron was referred 
to a metrical property of the continuum, f 

The unity thus introduced seems to justify the hope that the interrelation 
of the fundamental constants of physics, e </., the relation between the gravi¬ 
tational constant and e, h, m 0 , and c, will ultimately emerge. 

The vanishing divergence referred to above gives first order equations rather 
more general than those of Dirac, but a slight restriction upon the components 
of the tensor, A, leads directly to those equations. If this restriction be not made 
we find that the radius of curvature of the universe enters into the equations, 
and the result suggests that the restriction should not be too hastily made.* 
It is interesting to note that recent work of Schroedinger§ leads to a more 
general form of Dirac’s equation, which also introduces this radius of curvature. 

There is a great difference in the two methods of arriving at these results, 
and, in comparing the methods, we are able to throw some light on the nature 
of the quantum problem. It appears worth while to do so now that some 
evidence is forthcoming that equations containing the radius of curvature 
can be used to deduce results not before obtamable from the quantum theory.|| 
It may thus be possible to decide between the various possible notations pro¬ 
posed and to obtain experimental eviden< e for or against the hypotheses upon 
which they rest. 


An Alternative Farm far the Fundamental Matrices. 

We begin with some ideas which lead from the matrix notation to ours. 
Matrix operations are similar to those occurrmg between vectors associated 
with Euclidean space. 

Similar operations between tensors are characterized by the introduction 
of gravitational components. 

* Fahmy, * Proc. Phys. Soc vol. 44, p. 368 (1932). 

t Flint, ‘ Proo. Roy. Soo.,’ A, vol. 131, p. 170 (1931). 

J Fahmy, * Proo. Phys. Soc vol. 46, p. 67 (1933). 

§ ‘ SitzBer. Preuas. Akad. Wiss.,’ p. 106 (1932). 

|| McVittie, ‘ Mon. Not. R. Astr. Soc.,’ vol. 92, p. 868 (1932) 
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Thus, if we denote by z a a unit vector in Euclidean space, we have 

e a * e t> “ 

= 0 or 1 according as a 7 * b or a = 6). 

If % M denote the fundamental vector in a curvilinear system, . i„ = g?*, 
where g** is a gravitational component. 

A fundamental operator in the simpler vector analysis is e 0 e fl , summation 
over a being implied. 

This is the unit operator converting a vector into itself. A more general 
operator is 2 2 t a t b , the summation being over a and 6. 

Let us introduce here a generalization of the Kronecker delta, S 6 a , just 
introduced. 

These quantities have the values 0, + 1 or — 1. They have, in the cases 
we require to consider, two superscripts and two subscripts. If the former are 
distinct from one another and the latter the same two numbers as the super¬ 
scripts, the value is + 1 or — 1 according as the two numbers are in the same 
order or not. In all other cases the value is zero. 

Thus S 34 12 - 0, V* - 1, 8 21 12 = - 3. 

We shall also introduce the quantity, d mn ab , with the property that the value 
is unity provided a, b and m, n are the same numbers, independently of the 
order. In other cases the value is zero. 

By means of these operators we can readily pick out terms from the general 
operator, 2 2 t a t b , and can vary the sign of the coefficients. 

Thus the matrix 

<r, = f 0 1 0 0 

10 0 0 
0 0 0 1 


^0010 
can be replaced in our notation by 

°i = <C» ,a E 0 e» + 

and similarly 

0 — i 0 0 


1 0 0 0 


0 0 0 — i 


0 0 i 0 
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can be replaced by 

The notation implies, as usual, summation over the possible values of a and 
6, which, in the first term, are 1, 2 for each, and in the second 3, 4 for each. 

Operations between su< h quantities depend on scalar multiplications between 
the fundamental vectors e a e 6 . 

We can illustrate this by introducing the matrix 

Pi — f 0 0 1 0 

I 

0 0 0 1 

10 0 0 

0 1 0 0 

or 

Pi = 'W's,.*!. + d a ^t a e b , 
and considering the scalar operation • 

«i = Pi°i 

= {d ttb 3 't a e„ + • (<W a e m e„ 4- d m ™ e m c„) 

= d ab ™t a z b + d ab u t a t b , 

which corresponds to the matrix * 

a, = f 0 0 0 1 

0 0 10 

0 10 0 

1 0 0 0 

The notation has been adopted to show the relations of these vector operators 
to Dirac’s matrices. 

It thus appears that the components of the matrices can be obtained from 
the operators: 

± X S e Q e 6 , ± i 12 £*£>, 

and we can imagine a method of treatment in which these operators play the 
fundamental role instead of groups of operators such as <x v which are composed 
of some terms from these more general operators. 



368 


H. T. Flint. 


The Generalization of the Operators. 

Attempts have been made to generalize Dirac’s theory in order to bring it 
into union with the general theory of relativity. 

In these attempts we have, side by side, matrix operations, which may be 
compared with operations between the orthogonal vectors s a , and operations 
introducing gravitational components, &.e., tensor operations. 

This occurrence of the two types of operator suggevsts the occurrence of 
orthogonal vectors within a curvilinear system such as Einstein* introduced 
in his theory of parallelism. 

In this system a vector may be expressed m two ways . by reference to the 
orthogonal system and by reference to the curvilinear system. 

Each orthogonal unit vector t a has components along the curvilinear 
vectors, which we can write so that 

c a - APV, 

or m terms of covariant components 

Any vector, A, may be expressed as A a z a or A m i m and to pass from the former 
to the latter we apply the operator as follows : 

— A M V« a . A b e b = h* a A a z M , 
or 

A* = h* a A a , 

in accordance with the results of Einstein. 

This illustrates the property of the new operator and it occupies a funda¬ 
mental position like the unit operators of the ordinary vector calculus. 

We may thus expect a replacement of the operator E E z 0 s b by one in which 
the A’s occur. 

This is foreshadowed in Fork’s paperf in which his matrix a fc is replaced by 
eji ak <x. k , where e k has the value ± 1 according to the value of the integer k. 

We shall regard the operator h^ a i fi e a as replacing these matrices, which 
are, in fact, obtained by taking some of its components. 

Schroedinger has recently developed a matrix notation by the introduction 
of matrices which appear as fundamental quantities. He states that he 

* 4 SitzBer. Prouss. Akad. Wws.,’ pp. 217, 224 (1928). 
f 4 Z. Physik/ voi. 67, p. 266, equation (23) (1929). 
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wishes to avoid the use of the “ less trusted and decidedly more inconvenient 
form ” of the orthogonal components of Einstein. It is his purpose to treat 
the matrices as fundamental 

One must agree with Schroedmger that the combination of orthogonal 
components and matrices is inconvenient in its form. We avoid this here by 
regarding the operator as fundamental instead of parts of it. He writes also 
that it is not very clear whether the Einstein idea of parallelism plays any 
part or whether the methods adopted are independent of it 

Fock appears to use the Riemannian variation in his paper and then dis¬ 
cusses the mode of variation of a quantity described as a “ half-vector.’' He 
obtains results very similar to those of Schroodinger. 

The present paper is a continuation of an earlier paper* m which it 
was shown that the second order equation of the quantum theory could 
easily be expressed m Einsteins notation and that quantum mechanics 
indicated a special choice of orthogonal components. In the first paper as 
well as in the present one we definitely adopt Einstein's theory of parallelism, 
but we make use of a system of five co-ordinates. It is thought that in this 
way we unite both the theories recently proposed by Einstein and, in so doing, 
make possible the inclusion of physical phenomena into a single theory. 

Schroedmger’s matrices y M or Y^ correspond to our quantities h tJiQ z a or 
A^ ff £ aJ which are no more than the expression of the curvilinear vectors in 
orthogonal co-ordinates. 

We do not imply that y^ is equal to h^ a z (l , but the two quantities play 
similar parts in the two notations. A property of the As is 

h,Xa * 0 ( 1 ) 

This corresponds to Tetrode'sf relation which Schroedmger uses 

Y^Yk + Y.Ym = %,• (2) 

The operator, y^y,, appears here as similar to h^ a h lb z a z b , so that the form 
(2) gives an operator symmetrical in p. and v, viz,, 

(^a^i b "H 0) 

and the spur of this, i.e., the quantity obtained by multiplying the vectors e B 
and scalarly, is 

a “1“ ^va^Va (I)* 

* Flint, * Proc. Roy. Soe.,’ A, vol, 121, p. 070 (1928). 
t ‘ Z. Physik,’ voi, 50, p. 330 (1928), 
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The same theory applies to the relation 

+ rr = 28 /. 

This corresponds to the relation = 8/, and the operator form is obtained 
from (3) by multiplying by 

The other operator of importance is one which is anti symmetrical in \i and 
v, viz., 

- J (rr - rr)* 

In our notation this is 

i (h?*h vh — A‘°A Mb )e 0 e 6 . (4) 

If this operates scalarly on A Afl c fl we obtam 

• K*o = Ra* 10 *. ” P m a h va z a . 

There is thus a remarkable resemblance between the notation and that of 
Schroedmger. 

The Nature of the Problem. 

The actual character of the problem appears to be the discovery of the 
modification necessary to the Riemannian variation 

t?+< 6 > 

It appears that the successful inclusion of quantum mechanics into a unified 
scheme depends on the addition of a quantity to T./ and, in our view, upon 
the extension to a five dimensional continuum. 

One of the methods adopted* is to write 

fjr+(r./ + fiU*)A« (6) 

instead of (5); in which S e „ M is related to II**, where IP is the generalized 
momentum. 

In the paper referred to it is shown that this depends upon the adoption of 
a metric and the metric is determined by the equations of Dirac. 

Both Fock and Schroedmger find a modification to the Riemannian metric. 
For Schroedinger’s modification we find that the covariant matrices undergo 
the variation 

|k, -= iy Ym + r,Y, — y.iv (7) 

* Fisher and FJint, * Proc. Roy Soc.,’ A, vol. 126, p. 644 (1930). 
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This takes the place of 


3Yi _ r m 

a? “ 1 ,£ 




( 8 ) 


which would lead to a contradiction if it were applied to all points in the 
neighbourhood of the point at which y, 1S considered, for §y„ from (8), is a 
perfect differential only if the curvature vanishes at the point considered. 

Schroedinger* obtains (7) from the assumption that the actual variation 
S'y* differs from that given by (8) only by an infinitely small transformation. 

In the Einstein system, which we adopted m the paper quoted, the law of 
variation is 


for a contravariant vector, and 


a? + 



(9) 

( 10 ) 


for a covariant vector. 

The difficulty mentioned above does not arise, for in this notation, during 
a parallel displacement about a closed path, a vector returns to its original 
value and position. The quantity corresponding to curvature in this case 
vanishes and there is no difficulty in adopting (9) and (10) as our laws of 
variation. 

The value of A,/ m terms of the orthogonal components is 


Lfia SK 

dr * 


The covariant derivative of A Ma vanishes m this system, as may be readily 
seen by replacing A M by h^ a in (10). But, in order to compare the laws (9) 
and (10) with (6) and (7), we must introduce the Christoffel symbol IV. 

Now it can be shown that 

IV - A,/ - A'f + 0eA (11) 

where 

A./ = i(A e / - A„ e M ) 

and 

= 9* p (g.c A p / + A p( "). 

Thus (10) may be written m the form 

^ - IV A. - (A,; - 0 M ,*) A„ (12) 


* Loc. ctt. t p. 108, equation (7). 
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or writing 


T • = A *_£) ■ 

_ n , a _ m | i 

^ M 1 ' *** "«• 


(13) 


Thus we have added another term, T M „‘ A«, to the Riemanman variation. 

But from the vanishing of the eovariant derivative of we have 

= IV*.. + % a % a . (14) 

Thus us our form of Schroedinger’s variation of y, (7). 

The only difference between (13) and (6) is the replacement of S by T and 
the procedure to the quantum equations is similar in the two cases. 

The difference is m the underlying metrical interpretation and the choice 
of one or the other must depend upon developments. 

In both cases we again have evidence that quantum phenomena are the 
physical expression of geometry or of metric 

The resemblance between our present notation and that of Schroedinger, 
and the fact that MoVittie has brought forward some evidence m favour of 
Sohroedinger’s generalization, seems to indicate that possibly the notation 
used here is to be preferred to that we used previously 

It is interesting to note how the unearthing of thus geometrical significance 
comes about. 

In former papers we have seen that it is a consequence of the discovery of 
the first order equations from which the wave equation may be derived. 

In making use of orthogonal components it is a consequence of finding the 
first order expression of the line element from which ds 8 = g mn dx m dx n is 
derived. 

We regard ds as having orthogonal components, of which ds a is typical 

Then ds 2 = £ ds 2 , and in terms of the h\ ds a = A Ma dxf. Hence 

ds 2 = h va dx? dx v = g„ v dsf dx'\* 

Thus the linear form of ds introduces the A-compononts and, in imposing 
a limitation upon these confjxments, we are able to derive the wave equation 
m a very simple way.| 

The quantum theory indicates that a special case of Einstein’s theory of 

* Of . Foot and Iwanenko, ‘ Z, Physik,’ vol. 54, p. 798 (1929). 
t Flint, 1 Proc. Roy. Soc.,’ A, vol. 121, p. 676 (1928). 
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parallelism is adopted in nature. The case is somewhat similar to the limita 
tion in the value of the tensor in the theory of relativity. 


The First Order Equations of the Quantum Theory . 

It has been shown, Fisher and Fhnt loc. cit , that Dirac's equations can be 
derived from a set of equations expressing the vanishing of a divergence. 
The similarity with the present case leads to a simple form of these equations 
in the present notation. 

We conclude that T Mt * is related in the same way as 8^* to the generalized 
momentum and that here, as in the former case, the quantity II replaces </> y 
when the five dimensional system is employed. 

Thus extending the previous work (Flint, loc. at. (1928)) we write 


n,. 


(15) 


With this limitation the quantum equations become the expression of the 
vanishing of the divergence of a tensor density. 

A tensor density is defined here as a tensor multiplied by h\ and is similar 
to the same quantity in the theory of relativity, K bemg the value of the deter¬ 
minant ]A mo |, composed of the The vanishing of the divergence of a 

vector, A M , gives the equation 

- A./A- =0, by (!)). 


Writing this in the form in which (FA* 1 ) occurs as the varying quantity, we 
obtain 


But 


Hence we obtain 


£(van + a.-(*'a-)-a-2£-o. 

0a t • 


(A'A m ) - (A./ - A*/) h’A» = 0, 


(16) 


± (V A*) - (A'A*) - 0. (17) 

£ (h'A») (h'A 11 ) = 0, 


or 


(18) 
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where we now write A„ 


1 “U 


as an extension of the earlier value, and 


in agreement with the views expressed in the paper quoted (Fisher and Flint, 
loc. at., equations (15) and (22)). 

Equation (17) introduces us to the operator — 2A,/'), which is similar 

in form to that introduced by Schroedinger and appears to be of special im- 

h / d 

portance in the theory. It reminds us of the operator, u n — — (— — e<f> r 

which plays an important part in the wave equation, and of which it Is a 
generalization. The equation (18) is somewhat similar to the set of equations 
obtained in the earlier paper, to which we have just referred. But the 
difference between the vector and the tensor must be noted. 

This seems to indicate that the quantity ( h f A 4 ) should be replaced by K A 4 " 
and that we require the divergence of this tensor density. 

The vanishing of this divergence gives 


; p. — 2A B( / r A a *' = 0, (19) 

where the first term denotes the covariant .derivative of A M ". If we write 
A M * in the form we obtain from (17) 



( 20 ) 


This equation is now similar to that previously obtained and is remarkably 
like that of Schroedinger. From this point the argument proceeds as before. 


The Union of Cosmic and Quantum Phenomena . 

Eddington* has deduced a relation between the radius of curvature, R, of 
the universe, and quantities associated with atomic phenomena. The relation 

is 

n* me 2 
R = 

n denoting the number of electroas in the universe. 

This result has been shown to fit in with an identity previously adopted by 
us.f The radius of curvature appears very naturally in Schroedmger’s work 
and is related to the additional term m his law of variation of the matrices (7) 
{cf. also his paper, equation (9)). 

* ‘ Proo. Roy. Soc./ A, vol. 133, p. 605 (1931). 
t Fahmy, * Proc. Phys. Soc./ vol. 45, p. 67 (1933). 
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In exactly the same way our equation (13) gives a relation between the 
Riemannian curvature and the quantities T„, - , which, through are related 
to the generalized momentum. 

Summary. 

The union of Dirac’s equations with the theory of relativity is discussed by 
the use of Einstein’s theory of parallelism. 

The relation of the present work to that of Schroedinger is shown and some 
difficulties in Schroedinger \s theory are avoided. 

A feature of this paper is the natural introduction of a relation between the 
Riemannian curvature and quantities characteristic of the quantum theory— 
a feature which the paper has in common with the work of Schroedinger. 


Experiments on the Protons produced in the Artificial Disintegration 

of the Nitrogen Nucleus . 

By E. C. Pollard, Ph.D., Assistant Lecturer in Physics, University of 

Leeds. 

(Communicated by R Whiddmgton, V R.S.—Received February 18, 1933.) 

1 . Introduction . 

It is now familiar that the events relative to the disintegration of radioactive 
bodies, to the scattering of alpha-particles and to artificial disintegration can 
be explained most simply by supposing the nucleus to have a potential field 
similar to a volcano and crater, whose walls can be penetrated by the alpha- 
waves. Using this idea to describe artificial disintegration where an alpha- 
particle hitting a nucleus causes a proton to be thrown out, we are led to the 
question of the fate of the alpha-particle—does it enter the crater and stay 
inside or does it re-emerge or does it cause the ejection of the proton from out¬ 
side ? For the element nitrogen we have the direct experimental answer from 
Blackett’s work, where the tracks of the disintegration process are seen in an 
expansion chamber . all the observations show only three tracks, a fact which 
suggests that the alpha-particle stays inside the disintegrated nucleus; other 
less direct evidence renders it likely that this capture of the alpha-particle 
always takes place. 
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The alpha-particle can make ite entry either by surmounting the top of the 
potential barrier and falling inside; or by passing through the barrier. The 
calculation of the probability of this latter occurrence shows that except very 
near the top of the barrier it is extremely rare unless the energy of the incident 
particle coincides with an unoccupied level of energy inside, when the prob¬ 
ability of entry rises enormously. This resonance was first shown to occur 
for the element aluminium by Pose.* The object of the following experiments 
was to see whether the alpha-particle entered by resonance or over the top of 
the barrier , and if in the former way to fix the energy of the internal resonance 
level; if in the latter, to find the height, of the potential barrier. In addition 
it was intended to investigate whether the protons produced from nitrogen 
are strictly homogeneous (that is, whether they have the same energy, a spread 
of energies, or two discrete energy values) bv finding the absorption curve at 
smaller values than had previously been attempted Such experiments 
might give confirmation to the suggestion put forward by Blackett and Lees,f 
that there is a selective absorption of the alpha-particles at about 2-0 cm. 
range. 

2. Experiments on the Method of Entry of the Alpha'particle 
There is an important difference between the conditions of entry by reson¬ 
ance and by crossing the top of the barrier Entry by lesonance takes place 
for a narrow band of energies above and Mow which the alpha-particle cannot 
make its way m : Chadwick and Constable* have determined the width of 
these bands for the element aluminium , they are roughly 250,000 electron 
volts. Entry over the top is possible so long as the alpha-particle has an energy 
greater than the energy of the top of the potential barner. Thus limitation 
to the entry is two sided for resonance ; one sided for scaling the barrer. Tins 
will be made clear from fig. 1 where the probability of entering is shown on the 
right and half the potential barrier drawn on the left. 

If now we bombard a narrow layer of nitrogen gas with a source of alpha- 
particles of constant energy, and arrange to vary the density (and so the 
absorption) of the layer, we shall vary the limits of energy of the disintegrating 
alpha-particle. Thus with a layer of nitrogen at atmospheric pressure 4-1 cm. 
thick and a source of polonium (range 4*1 cm. in nitrogen) there will be alpha- 
particles of all energies from zero to the maximum encountering mtrogen 
molecules. On reducing the pressure the smaller energies do not encounter 

* ‘ A. Physik,’ vol. 64, p. 1 (1930). 

f ‘ Proc. Roy. Soc.,* A, vol. 136, p. 337, and plate 7. 

X * Proc. Roy. Soc,, 1 A, vol. 136, p. 48 (1932). 
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nitrogen molecules since the alpha-particles have traversed the layer before 
their velocity is reduced to the lower value, and finally when the pressure is 
very low only the maximum energy alpha-particles have any effect. Then if 
there is resonance we should expect such alpha-particles to have too great an 
energy and so to exert no disintegrating action, while for entry over the top 



Fig. 1. 

we should expect disintegration to occur. Now if we increase the pressure 
we shall expect the yield to rise suddenly at a definite value if entry is by 
resonance (where the alpha-particle energy is reduced to the critical value) 
and to reach a maximum quickly, while for entry over the top there will be 
a steady rise from the lowest pressures to a flat maximum. The two types of 
curve are indicated in fig. 2. 
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Further evidence can be obtained from the shape of the absorption curve 
for the protons produced from a thick layer of gas. An absorption curve 
tells us the spread of energies of the protons; a proton of definite energy has 
a definite range and any straggling at the end of a group of protons means 
that the energies are distributed over a region of values. There is reason to 
believe that the energy change in transition from one nucleus to the other is 
constant and so any variation in proton energy must mean a variation in the 
energy of the alpha-particle producing it, i.e. y for “ resonance ” the proton 
will have one energy only, while for entry over the top the protons will have 
values spread between two limits (one due to the maximum energy of the 
alpha-particle, the other to the energy value of the top of the barrier). The 
absorption curve will thus have a definite “ tail.” From the length of this 
tail we can calculate the height of the barrier. 

These considerations indicated that the previous experimental work admitted 
of explanation in different ways. Rutherford and Chadwick,* investigating 
the variation of yield of protons with increasing alpha-particle energy 
found a steady increase beyond about 2*8 cm. range, which points to entry 
over the top and indicates the height of the potential barrier. Comparison 
with the evidence available for other light elements from scattering experi¬ 
ments tends to confirm this. On the other hand Chadwick, Constable and 
Pollard,f working with a thin layer of nitrogen, suggested a definite group of 
protons. This could be taken to be a resonance group. The two experiments 
do not cover the same ground and it was felt that additional work was worth 
while in order to link the two. This work has shown that the two experiments 
are quite consistent, and that they contain no contradiction. 

3. Experiments with a Layer of Variable Density. 

The arrangement of the apparatus can be seen from fig. 3. Alpha-particles 
from the source A are absorbed either in the gas or in the gold foil closing the 
glass tube at B. 

The protons produced in the disintegration traverse the gold foil and cause 
ionization in the chamber which is amplified by valves and detected either by 
telephone or by a loudspeaker unit which rotates a small mirror and makes a 
spot of light record on a photographic strip. Various absorptions can be placed 
in the path of the protons by means of mica screens covering the entrance to 

* 44 Radiations from radioactive substanoes,” p. 297. 
t 4 Proo. Roy. Soc.,’ A, vol. 130, p. 463 (1931). 
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the ionization chamber. The experiment consists of varying the pressure of 
the gas (air was used since oxygen does not disintegrate) and plotting the 
yield of protons against the pressure; as explained above this should decide 
the method of alpha-particle entry. Details of the preparation of the source 
have been given in a previous paper* in which will also be found a preliminary 
account of the varying pressure experiment. In such work it is important 
to ensure that the alpha-particles themselves have a uniform velocity, otherwise 
the sharpness of the yield at resonance will be diminished. Actually the source 
was prepared by electrolytic deposition and a test showed that two-thirds of 
the alpha-particles had ranges between 3 7 and 3*9 cm. 



To pump and manometer 
Fig. 3. 


The distance AB was 11 mm., the opening B was 14 mm. in diameter covered 
■ by gold foil of stopping power 3 G cm., opening of counter 10 mm. radius, 
distance from it to B, 16 mm. The airtightness of the space was ensured by a 
thin piece of rnica of 2 cm. air equivalent waxed outside the gold. 

The results of counting the protons are shown in fig. 4, each curve corre¬ 
sponding to a different absorption in the path of the protons ; stopping powers 
were found from mica screens and gold foil. The mica screens from the 
weight per square centimetre (1*43 mg. for I cm. air equivalent), and the 
gold by direct measurement using an alpha-particle source. Random fluctua¬ 
tions account for the fact that the points do not all he smoothly on the curve, 
particularly in the 9*3 cm. curve where only a hundred particles were counted 
at each point. The absciss® are given in centimetres of mercury and the 
corresponding minimum range is put below each value. It will be seen at 
once that the curves are of the type expected if entry is over the lop and not 
by resonance . This is therefore the first conclusion to be drawn from the 
experiments. 

* Pollard, 1 Proc. Leeds Phil. Soo.,' vol. 2, p. 324 (1932), 


2 0 2 


380 


E. C. Pollard. 


4. Absorption Curve Experiments . 

For the purpose of plotting an absorption curve the distance AB was increased 
to 18 mm. and a thinner gold foil, stopping power 2*4 cm., and thinner mica 
used to close the end : this necessitated a smaller opening, and a cover with 
perforations was substituted for the single hole previously used. Allowing for 
the absorption in the gas itself the smallest range that could be measured was 



Fm. 4. 

5 • 6 cm. The plotting of this curve is complicated by the presence of the natural 
H-particles which are always given ofi by any source: a separate curve for 
these was plotted with the space evacuated and their numbers deducted from 
those of the actual count with gas present. Very great care was also taken to 
eliminate any hydrogen impurity in the air and elaborate drying arrangements 
were used—as a routine the air was dried by standing over strong sulphuric 
acid for at least 2 days and then passed through sulphuric acid and two stages 
of phosphorus pentoxide on its way to the disintegration space. Control 
experiments with methane showed that 6 cm. water vapour pressure would 
be needed to account for the yield obtained, an amount which is certainly far 
in excess of that present in the actual air used. At these small absorptions 
telephone counting was abandoned, reliance being placed only on the photo¬ 
graphic records, which were separately counted by two persons. 
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The absorption curve obtained is shown in fig. 5. For the purposes of ready 
reference the curves found by Chadwick, Constable and Pollard (Joe. c it.) and 
Steudel* are given on the same graph—it will be seen that the present work 
agrees well with that of Steudel, as far as it is taken, but apparently contrasts 
sharply with the other curve. This can be simply explained, since the work in 
Cambridge was made with a relatively thin layer of nitrogen (3 mm.) for which 
the available energies of alpha-particle would be considerably reduced in 



Fio. 5,—Curve A, Chadwick, Constable and Pollard ; B, Steudel; C, Pollard. 

extent, so producing an apparently homogeneous group—in fact, one whose 
properties would fit with resonance entry through a band of energies from 3*6 
to 3-9 cm. alpha-particle range. There is no contradiction between the two 
experiments—the value of the work by Chadwick, Constable and Pollard 
is that it shows the nuclear energy change to be constant, knowledge which is 
necessary for the explanation of both the other experimental results. 

The difference between the present curve and that of Steudel can most 
probably be put down to difference of geometrical conditions : the theoretical 


* 4 Z. Physik/ vol. 77, p. 148 (1932). 
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curve for protons in one direction only can never be attained; in practice a 
certain solid angle must be chosen and the greater this is, the less definitely 
does any critical position on the curve show itself. It is difficult to estimate 
the effect of the geometrical conditions with certainty. The protons can be 
taken as coming from the middle of the gas, which means they subtend an 
outside angle of 22° at the counter. This introduces an average error of about 
8% in the ranges observed. 

If we assume that the flattening of the curve between 9 and 10 cm. is due 
to the inability of the alpha-particles to surmount the potential barrier then 
we can calculate the height of the barrier Wo assume that the atomic energy 
change Q is a constant. 

The energy and momentum equations give* 

2m n Q = m v v*(m v + m n ) — MV 2 (m n — M) — 2MVm p v r 

where m n is the mass of the new nucleus. 
m 9 is the mass of the proton. 

M is the mass of the alpha-particle. 
v 9 is the velocity of the proton. 

V is the velocity of the alpha-particlc. 

For the maximum range we know all except Q which is therefore determinable. 
We can then apply this value of Q to find the value of the velocity of the alpha- 
particle which gives a proton of velocity corresponding to 9 5 cm. range. 
The energy of this alpha-particlc gives the height of the potential barrier. We 
find the value 4*1 X 10° electron volte. 

If we follow the curve closer in there is a rise at 6*6 cm. range. At these 
small absorptions there is difficulty in counting for two reasons : first, because 
we are concerned with fast protons which produce relatively small ionization 
and so are not easy to detect; and second, because the natural H-particles 
produced by the source arc greater in numbers at these short ranges, so that 
there is a little uncertainty about very short range measurements. These 
natural H-particles show a sloping straight line absorption curve, roughly a 
fifth of the nitrogen yield. Nevertheless, the rise in yield, which is confirmed 
by a rise in the number of large size deflections on the records, indicates that 
there is present a second group of protons of range 6 * 6 cm. 

The possibility of the existence of a second group has been suggested by 
Blackett and Lees (loc. cit.) who found, in expansion chamber experiments, 
that alpha-particles of ranges 24, 23 and 29 mm. could produce disintegration. 

* Chadwick, Constable and Pollard (loc. cit.). 
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This corresponds to a group of protons of shorter range, due to entry by reson¬ 
ance. Since nitrogen does not omit an artificial gamma-ray like fluorine or 
aluminium it is not possible to explain this second group in terms of two nuclear 
levels, one excited and one normal, to which the nucleus reverts from the 
excited state; if the alpha-particle is captured the only explanation is the 
existence of a virtual alpha-particle level below the top of the barrier which 
will account for the presence of shorter range protons. The truth of this 



resonance can be confirmed by repeating the varying pressure experiment at 
small absorptions to see whether there is a rise in yield when the minimum 
energy of the alpha-particle falls to the value of the virtual energy level. In 
addition, the flattening of the curve plotted for these small absorptions will 
tell us the height of the potential barrier, deduced from the least energy of the 
alpha-particle which will be effective. The curve resulting from this experi¬ 
ment is shown in fig. 6. The circles are points taken with 5*6 cm. absorption, 
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the crosses at 7*2 cm. It will be seen that there is a flattening when the 
minimum range of the alpha-particle is 3*00 cm. ; alpha-particles of lower 
energy than this do not cause disintegration, presumably because their energy 
s insufficient to cross the barrier, whose height is therefore the energy of a 
3*00 cm. alpha-particle or 4*36 X 10 6 electron volts . This agrees satisfactorily 
with the value 4*1 X 10 6 previously found, 

Thero is a definite rise in yield when the minimum range of the impinging 
alpha-particle falls as low as 2*2 cm. and this is a confirmation of the second 
group found in the absorption curve experiments. This rise in yield is not 
found for the protons of 7*2 cm. range'. This experiment therefore fixed the 
virtual alpha-particle level at 2 * 2 cm. and the absorption curve gives the range 
of the protons produced as 6*6 cm.; we can therefore use the energy and 
momentum equations to calculate the value of Q, the nuclear energy change, 
which should agree with the value found from the maximum range. Sub¬ 
stituting the values in the equation already quoted wc find — 1*32 X 10 fl 
electron volts, while the values for maximum range give — 1*26 X 10 6 electron 
volts, an agreement which is well within the errors of experiment. 

In these calculations a knowledge of the relation between the range and the 
velocity of the proton is necessary. The values given by Blackett* have been 
plotted on a curve from which the particular velocities have been read off. 

Discussion. 

In these experiments an attack has been made on the problem of the 
minimum energy of an alpha-particle which will cause disintegration. In view 
of the potential barrier conception of a nucleus, such a problem has no meaning 
unless it is understood whether the alpha-particle, which enters a nucleus, does 
so over the top of the barrier or by resonance through the barrier, and the 
first aim was therefore to settle this point. It is shown that entry is over the 
top and the height of the barrier is fixed. 

This height agrees with the results of the earlier experiment of Rutherford 
and Chadwick, who found that the yield of protons ceased when the energy of 
the incident alpha-particle fell below 2*8 cm. range, which gives a slightly 
lower figure for the height of the nuclear barrier than is found in the present 
work. 

Now that we know the entry is in this manner we can adopt the simple 
explanation of the tail at the end of groups of protons from elements where 
the barrier is low, such as boron or nitrogen ; this tail is due to the production 
* ‘ Proo. Roy. Soo.,* A, vol, 136, p. 132 (1932). 
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of protons by alpha-particles with energies ranging from that of the top of the 
potential barrier to the maximum energy of the radio-active particle itself. 
Simple calculation of this tailing ofi gives the value of the height of the barrier. 

Stress has been laid on the fact that most elements that produce protons under 
alpha-particle bombardment also produce artificial gamma radiation and this 
has been related to the presence of groups of protons.* Nitrogen does not 
give any gamma radiation and this can be understood if there is only one 
nuclear level possible for the alpha-particle ; this may be due to the fact that 
the alpha-particle level is higher than the proton level. These experiments, 
which indicate a second group of protons, are therefore most readily explained 
in terms of resonance (while other elements such as aluminium or fluorine offer 
the possibility of different nuclear levels). This is the explanation suggested 
by the varying pressure experiment which gives directly the value of the 
resonance level, and enables an independent determination of the nuclear 
energy change to be made. There is, of course, the possibility of other reson¬ 
ance levels existing at lower energies; to find these it will be necessary to 
observe the protons in the backwards direction since the range of the emitted 
protons will be less than that of the alpha-particles from the source. 

It was suggested by Ureyf as a result of an analysis of the cloud chamber 
tracks photographed by Blackett and Harkins, that the oxygen nucleus may 
not always have the same mass, i.e that groups should exist due to different 
nuclear energies. These experiments give no confirmation to this suggestion. 

In conclusion I should like to thank Professor Whiddington for his interest 
and encouragement, and for giving me facilities for this research. I am grateful to 
Dr. Chadwick and also Professor Sidney Russ of the Middlesex Hospital, for 
their gift of radon tubes, and to Dr. Shirodkar for assistance with the counting. 

Summary . 

Experiments to determine the manner of entry of the alpha-particle into the 
nitrogen nucleus are made ; these indicate that entry is in general over the top 
of the barrier and the height of tins barrier is fixed as between 4 • 1 and 4-4 X 10* 
electron volts. 

Further investigation of the absorption curve of the protons confirms the 
work of Steudel on this element and gives an indication of a second group at 
6*6 cm. range, due to resonance with an alpha-particle of 2*2 cm. range or 
3*6 X 10 6 electron volts energy. 

* Chadwick, Constable and Pollard ( loc . cif.). 
t 1 Phys. Rev.,' vol. 37, p. 923 (1932). 
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Ionization of Mercury Vapour by Positive Ions of Mercury and 

Potassium . 

By Rafi Mohammed Chaudhri, M.Sc. (Alig.), Ph.D. (Cantab.). 
(Communicated by Lord Rutherford, O.M., F.R.S.—Received February 24,1933.) 

It was postulated by Townsend some thirty years ago that ionization of 
gases by positive ions played an important part in a self-maintained electric 
discharge through a gas. There was, however, no direct experimental evidence 
in favour of this hypothesis. 

Very few experiments have been done so far in connection with the solution 
of this problem and it appears that no satisfactory method has been devised 
to investigate it. The experiments of Sutton* which showed that positive 
ions of potassium of energy above 100 volts ionized neon and argon are not 
conclusive, since the results obtained can be explained in terms of the secondary 
effects caused by the impact of primary positive ions and excited atoms upon 
different parts of the apparatus. 

When positive ions of a few hundred volts energy bombard metal surfaces, 
they are able to liberate secondary electrons some of which possess energy as 
high as 20 volts, as has been shown by Oliphant.f This energy is greater 
than the ionization energy of several gases, and no allowance has been made for 
this fact in these experiments. Similar uncertainties exist in the experiments 
of Sutton and Mouzon, J Beeck and Mouzon,§ Mouzon,|| and Brasefield,^f and 
it is by no means safe to conclude, on the basis of these experiments, that 
positive ions ionize gases directly. 

The author has investigated the ionization of mercury vapour by Hg *■ and K + 
ions, and the method employed is such that the secondary effects of the positive 
ions and the ionization produced by them can be separately distinguished. 

The Theory of the Experiment . 

Consider two parallel plates 1\ and P a , fig. 1, at some distance apart. The 
upper plate has a rectangular narrow slit S a in the centre, and the space between 

* * Phys. Rev./ vol. 33, p. 364 (1929). 

t ‘ Proc. Roy. Soc./ A, vol. 127, p. 373 (1930). 

t 4 Phys. Rev./ vol. 35, p. 694 (1930); vol. 37, p. 319 (1931). 

§ 1 Phys. Rev./ vol. 38, p. 967 (1931). 

|| ‘ Phys. Rev./ vol. 41, p, 605 (1932). 

% * Phys. Rev,/ vol. 42, p. 11 (1932). 
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the plates is filled with the gas to be ionized. If a beam of positive ions is 
sent through the centre of the plates, the direction of the beam being per* 
pendicular to the plane of the paper and parallel to the length of the slit, and 
if positive ions cause ionization of the gas, electrons will be produced in the 
path of the beam at 0. If a potential V is applied between the two plates 
making P x positive with respect to P 2 then the electrons produced in the path 
of the beam will be pulled upward, and will shoot out of the rectangular slit 
with energy V/2 volts. On the other hand, the secondary electrons liberated 
from the bottom plate due to the bombardment by scattered positive ions or 
other agencies like metastable or excited atoms* will come out of the slit S a 



with energy of very nearly V volts. In the presence of the electrostatic field 
alone, the two groups of electrons will emerge normally to the plate P v 
If now a magnetic field H be simultaneously applied, parallel to the beam of 
positive ions, i.e., perpendicular to the plane of the paper, the electrons of 
energies V and V/2 volts will describe circular paths of different radii depending 
upon the field strength H. The electrons produced through ionization can 
therefore be separated from the secondary electrons. 

It should be pointed out here that under the simultaneous action of the 
electrostatic and magnetic fields the electrons will describe a part of a cycloid 
between the plates and will therefore emerge inclined at certain angles to the 
plate and not perpendicular to it. 

* Oliph&nt, 1 Proc. Roy. Soo.,’ A, vol. 124, p. 228 (1929). 



388 


R. M. Chaudhri. 


The position of an electron of mass “ m ” and charge “ e ” under the simul¬ 
taneous action of an electrostatic field X and a magnetic field H acting perpen¬ 
dicular to each other between the plates along the axes of x and z respectively 
is given at any time “ t ” by 

y = — sin ^ 

x — ^ (1 — cos of). (2) 

coil 


This is the equation of a cycloid ; w is equal to H . e/m and the axis of y is 
perpendicular to the axes of x and z. 

From equations (1) and (2) 

^ (to — w cos at), (3) 

at toH 

and 

(4) 

Therefore 

dy _ 1 — cos M i 

dx sin coe 


From equation (2), for x — o, if t — l\ then 

X 0 . 2 cof' 

T’ 

<ot * _ / toHa 

2 V 2X ’ 

___ /H e H ~ 

V 2 • m ■ X ■ ' 


sin 


( 6 ) 


Consider a particular case in which the plates are at a distance of 2 cm. apart 
and a potential difference of 400 volts is applied between them. X = 200 
volts per centimetre. 

The ionization electrons start from the centre of the plates and therefore 
for them “ a ” is nearly 1 cm. From equation (6), for these electrons 


sin 


= _H 
2 200 


4-1. 


sin = 0-328, t.e., = 19° 12', 

A 2 


If H = 16 Qauss 
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and 

^ = 0*34. (7) 

ax 

Similarly it can be shown that for electrons starting from the bottom plate, 
with X equal to 200 volts per centimetre and " a ” equal to 2 cm. 

^ = 0 - 52 . ( 8 ) 

ax 

We conclude therefore that the two sets of electrons after emerging through 
the slit S >t will be inclined to the plate at angles whose tangents are 0*34 
and 0*52. After emerging out of the space between the plates the electrons 
are under the action of the magnetic field alone and will describe circles of 
different radii. 

An electron of energy V electron-volts, describes in a magnetic field H a 
circle of radius “ r ” given by 

r= v / =xi|Y. (9) 

For the electrons produced in the centre of the plates, in this particular 
case, V = 200 volts, and for the secondary electrons coming from the bottom 
plate, V = 400 volts. The values of “ r " for the two groups, with H = 16 
Gauss, are 3*02 cm. and 4*28 cm. respectively. 

The paths of the two sets of electrons are shown for these particular conditions 
in fig. 1, the magnetic field and the primary ion current beam being perpen¬ 
dicular to the plane of the paper. It can be seen that the ionization and 
secondary electrons focus at two widely separated points. It may, however, 
be pointed out that the two sets of electrons can be made to describe approxi¬ 
mately the same paths for very different potentials between the plates if 
VV/H is kept constant, neglecting the small variation owing to their different 
nclmations to the upper plate with different X and H. It may also be 
observed that since the energies of the two groups of electrons are in the ratio 
of 1:2 the magnetic fields required to make them describe paths of the same 
radius will be in the ratio of 1 : V2. 

Apparatus , 

A homogeneous beam of positive ions of mercury was produced by the 
method devised by Oliphant (loc t cit, t 1930). A hot cathode mercury arc at 
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100-120 volts, passing about 60 m. A. of current was established in the chamber 
“ 0 ” fig. 2. 

The positive ions were pulled out of the ionized vapour by means of the 
negatively charged Langmuir probe K, of molybdenum, which had a small 
perforation in its centre. The positive ion beam which passed through the 
canal D was defined by a circular hole S x , 1-6 mm. in diameter in the closed 
end of the copper cylinder F. 

The parallel plates Pj and P a were made of copper, 6-0 cm. X 5*0 cm. and 
were 2 cm. apart. They were held in position by tungsten seals spot welded 



to copper leads which were silver soldered to the plates. The upper plate had 
a rectangular slit S # in its centre, 3 cm. long and 5 mm. wide. 

The centre of the two plates, the defining hole and the axis of the canal 
D were carefully adjusted to be in one straight line. 

The primary beam of positive ions was collected in the Faraday cylinder 
system C. 

A copper collecting plate N, 3 cm. long, was placed parallel to the slit S, 
at the point P, fig. 1, which was about 3 cm. away from the nearest edge of 
the bottom plate P 2 . It was enclosed in a hollow copper channel which was 
screwed to the upper plate P x to shield the whole path of the electrons between 
the slit 9 f and the collector N, as shown by the dotted lines in fig. 1. 
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A uniform magnetic field over the path of the electrons was produced by a 
pair of large Helmholtz coils. Since the magnetic field required in the experi¬ 
ment was very small, all the metal parts were made of non-magnetic material 
to keep the field uniform at every point. The primary Hg + ion beam reaching 
the cylinder C was measured by a galvanometer of sensitivity corresponding 
to a deflection of 1 mm. in the scale for 10" 10 amperes. 

For a setting of the magnetic and electric fields which would bring electrons 
produced m the path of the beam which lies immediately beneath S 8 on to the 
collector N, the secondary electrons produced at the lower plate will collide 
with the copper shield. Secondary electrons which are not accelerated will 
be bent into circles of small radius by the magnetic field, while the efficient 
shielding ensures that no effects can be produced at N by diffusion of metastable 
atoms or any other agency. The secondary electrons emitted from the defining 
hole Sj, are not effective in producing ionization beneath the slit S a , as they 
will be lost in the electrostatic field at the edge of the plates. The same 
argument holds for other stray electrons entering the space between the plates. 
The electron current to the collector N, measured by means of a quadrant 
electrometer, will therefore be a measure of the ionization of mercury vapour 
produced by positive ions between the plates. 

The ionization chamber was connected to a reservoir of clean mercury, 
which provided the Hg vapour to be ionized. The experiment was done with 
Hg vapour at room temperature only. 

The whole apparatus was made of pyrex. A liquid air trap was incorporated 
in it at L, fig. 2, to reduce the pressure of Hg vapour in the space between D 
and F. The apparatus was baked with a Bunsen flame and the experiment 
was performed in a vacuum produced by a two-stage “ Gaede ” steel diffusion 
pump. 

In carrying out an experiment with K + ions, the Hg arc was replaced by a 
tungsten filament 1*0 cm. long and 2 mm. wide mounted on nickel leads 
exactly opposite the hole in K, and at a distance of 1-5 mm. from it. The 
filament was enclosed in a tubular glass chamber, to the side of which was 
connected a small tube containing distilled potassium, similar to the arrange¬ 
ment described by Moon and Oliphant.* By applying a negative potential 
to the probe K, which in this experiment had a smaller perforation of 1 mm, 
diameter, a homogeneous beam of K + ions of any desired energy could be 
obtained. The ion current at any particular energy was controlled by changing 
the vapour pressure of the potassium. 

* 1 Proc. Roy. Soc./ A, vol. 137, p. 463 (1932). 
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A potential of about 80 volts was applied between the plates P 2 and P lt 
and the strength of the magnetic field was varied from zero upwards. The 
copper shield was earthed and the whole ionization chamber was well shielded 
by thin tin foil on the outside of the glass. The electron current to the 
collector N was measured as the magnetic field H was varied. 

If the direction of the magnetic field was reversed keeping other conditions 
unaltered there was no deflection of the electrometer other than a constant 
leakage current, so that the current reaching the collector in the previous 
experiment must have been an electronic current. 



Magnetic field strength 
Fig. 3.—Energy of the Hg + ions = 1275 volta. 


Result*. 

The curve in fig. 3 shows the variation of the electron current to the collector 
N with the magnetic field strength H, the Hg vapour being ionized by Hg 
positive ions of 1275 volts energy. During an experiment the primary ion 
current and the accelerating potential on the ions were found to remain quite 
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steady. The curve shows two peaks and the magnitudes of the magnetic 
fields at which these occur are, very approximately, in the ratio of 1: \/2. 

The strength of the magnetic field corresponding to the first peak agrees 
within the limits of experimental error with the theoretical value given by ;— 

H - JIl . ^V, 

e r 

where V = 40 volts and r = 3*02 cm. 

Similarly, remembering that “ r ” remains the same and V — 80 volts, this 
relation holds also for the second peak. 

The strength of the magnetic field was determined approximately by 
observation of the time of oscillation of a small suspended magnet. 

The evidence is thus conclusive that the first peak represents electron 
current coming from the centre of the plates, while the second peak corre¬ 
sponds to electrons from the bottom plate. The large spread of both peaks 
is probably instrumental. 



Magnetic field strength 
Fig. 4.—Energy of Hg + ions — 700 volts. 


It has been shown in a previous paper* that the efficiency of emission of 
secondary electrons from undogassed metal surfaces bombarded by Hg positive 
ions falls to a very low value for energies below 1000 volts. It would therefore 
be expected that if a curve be taken with ions of energy less than 1000 volts, 
the secondary electron peak should decrease relative to the ionization peak. 

Fig. 4 shows the results obtained with Hg + ions of 700 volts velocity. It 
can be seen that the second peak has almost disappeared. This supports the 

* Chaudh/i, * Proo. Camb. Phil. Soc./ vol. 28, p. 349 (1932). 
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hypothesis that this peak is due mainly to the liberation of secondary electrons 
from the lower plate by the scattered positive ions. 

A curve taken with Hg ions of 1600 volts energy was practically identical 
with that given in fig. 3, except that the ordinates were increased. 

In fig. 5 are given the curves obtained for ionization of mercury vapour by 
K + ions of 1600 volts energy. The two curves were taken with different 



Magnetic field strength 


Fig. 6.—Energy of K + ions — 1600 volts. 

currents and show proportionality between the collector current and the 
primary beam. Fig. 6 represents the curve obtained with K + ions of 2400 
volts energy. These curves are similar to those found for Hg + ions. There 
are, however, some important differences. For instance, the ionization 
electron peak in the K + ion curve is smaller than the secondary electron peak, 
which is the reverse of that found for Hg + ions. The potassium curve is also 
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more concave to the H-axisfthan the Hg curve ; possibly this is caused by the 
greater spreading of the K + ion beam. 

It is possible to calculate relative ionization efficiencies from the curves by 
rough estimates of the area enclosed beneath the curve drawn symmetrically 



Fig. 6 . —Energy of K+ ions ~ 2400 volts. 


about the first peak, after converting from ij H to t/H a curves. These pre¬ 
liminary estimates are given in Table I. 


Table I.—Ionization of Mercury Vapour at Room Temperaure. 


Kind of ions. 

Energy of ions. 

Relative efficiency 
of ionisation 
(arbitrary). 

Hg*- 

K* 

volts 

1275 

10 

1600 

O 70 

K+ 

2400 

1*53 


Some tests have been made to show that the ionization produced in Hg 
vapour was due to positive ions and not to other agencies. With Hg + ions it 
might be suspected that the effect could be due to radiations coming from the 
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arc chamber. It was found, however, that with the arc at full strength there 
was no electron current to the collector if no accelerating potential was applied 
to the Langmuir probe. This shows that the radiations from the discharge 
were not effective. Similarly it was found that the radiations from the hot 
tungsten plate in the potassium experiment were not effective. 

If a side tube attached to the ionization chamber was dipped into liquid 
air the ionization electron current was found to decrease, as would be expected, 
on account of the diminished vapour pressure of Hg. The current showed a 
further decrease if an additional pad of cotton wool, dipped in liquid air, was 
placed on the glass above the plates. The current, however, rose to its imtial 
values after the pad was removed. 

Discussion . 

Several theories have been put forward to explain the ionization of gases 
by positive ions. According to that due to Sir J, J. Thomson,* a Hg + ion 
would require energy of about one million volts in order to ionize a mercury 
atom. The present experiment shows, however, that ionization takes place 
at as low an energy of the ion as 700 volts. 

Zwickyt has recently suggested that the ionization by ions of moderate 
energies is a secondary result of a momentum transfer from the impinging 
ion to the target atom. Since the momentum change is greatest when the 
two particles are of equal masses it would be expected that the efficiency of 
ionization would be higher for ions having mass equal to that of the atom, 
than for ions of different mass but the same kinetic energy. 

This is in agreement with the experimental results, given in Table I, which 
show that Hg + ions accelerated by 1275 volts ionize mercury vapour more 
efficiently than K + ions of 1600 volts energy. 

The secondary electron emission produced from undegassed metal surfaces 
by the impact of ions is of the same order as for Hg + ions. The experimental 
potassium curves show that the secondary electron peak is greater than the 
ionization electron peak. This is reversed in the mercury curve. This again 
supports the above conclusion that the ionization of mercury vapour is greater 
for Hg + ions than for K + ions of the same kinetic energy. 

It is worth mentioning that the secondary electrons coining from the bottom 
plate are not effective in producing ionization between the plates, the distance 

* • Phil. Mag./ vol. 48, p. 1 (1924). 
t 1 Proo. Nat. Aoad. Sci. Wash./ vol. 18, p. 314 (1932). 
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between which is quite small compared to their mean free path in mercury 
vapour at a pressure of 1CT 3 mm. Hg. If they did ionize at all the peak would 
have occurred at a low magnetic field corresponding to maximum ionization 
near the upper plate, but the experimental curves show that the first peak 
corresponds to electrons coming from the centre of the plates. 

It was not possible to determine a lower limit for the energy of the ions at 
which ionization begins to be apparent. With a small accelerating potential 
on the probe K very few positive ions penetrated the canal D and the resulting 
current could not be recorded by the galvanometer. 

It is my pleasure to record my thanks to Professor Lord Rutherford for his 
encouragement and interest and Dr. Chadwick for his continued advice. I am 
indebted to Dr. M. L. Oliphant for his assistance throughout. 

Summary . 

A method is described by which the ionization of Hg vapour by Hg + and 
K + ions of moderate energies has been investigated. This method is shown 
to be free from many of the defects which existed in the methods of previous 
workers. It has been shown that Hg + ions ionize with greater efficiency than 
K + ions of the same kinetic energy. 

It is hoped to continue the experiments and extend their range. 
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The Structure of Magnesium , Zinc and Aluminium Films. 

By G. I. Finch and A. G. Quarrell, Imperial College of Science and 

Technology, 

(Communicated by W. A Bone, F.R S —Received February 2B, 1933.) 

[Plates 4, 5.] 

Introduction, 

In connection with investigations now in progress in these laboratories, on 
the cathodic* and heterogeneous catalyticf combustion of gases and on the 
electrical condition of metalsj, the need has arisen for a knowledge of the 
nature of the structure of certain metal films, whether obtained by cathodic 
sputtering or by thermal evaporation and subsequent condensation. 

It lias previously been found by spectrographic means that metal sputtered 
into the cathode zone of a cold-cathode high-tension arc appears therein, at 
least in part, in the atomic state ; but the results do not enable it to be inferred 
that aggregates of the atoms are not likewise present. A further important 
question arising out of the results of our investigations required for its solution 
the preparation of oxygen-free metal surfaces and their subsequent examination 
in the absence of oxygen. 

The present investigation was therefore undertaken with the main object 
of developing a technique suitable for the preparation and structural examina¬ 
tion of oxygen-free surfaces of metals, both readily oxidizable and otherwise, 
and of determining whether the crystalline structure, if any, of such surface 
films was due to the deposition of crystals as such, or to their formation on the 
receiver subsequent to the arrival of discrete atoms. 

Experimental . 

The most suitable method at present available for the examination of the 
crystal structure of thin films of the order of 10" 6 cm. or less in thickness is by 
electron diffraction.§ Furthermore, Wierl|| has shown that diffraction also 

* 1 Proo. Roy. Soc.,' A, vol. 133, p. 173 (1931), and seven earlier parts referred to therein. 

t * J. Chem. Soc.,' p. 1544 (1932) and a communication recently submitted to the Society 
for publication in the * Proceedings.* 

t * Proc. Roy. Soc.,’ A., vol. 132, p. 192 (1931) and three earlier parts referred to therein. 

§ Thomson and Fraser, * Proc. Roy. Soc.,’ A, vol. 128, p. 41 (1930). 

|| ‘ Phys. Z.,' vol. 31, p. 1028 (1930). 
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occurs when a jet of molecular vapour is traversed by a suitable electron beam, 
whereas an atomic gas merely gives rise to electronic scattering. 

In view of the necessity for preparing and keeping the films out of all possible 
contact with oxygen until after the completion of their examination, they were 
prepared by evaporation in vacuo in an electron diffraction camera. In 
the course of the experiments to be described below, oxygen-free films of 
magnesium, zinc and aluminium were obtained and it was found, inter alia , 
that the crystalline structure of such films was due to the aggregation of atoms 
which took place on, or shortly after, their arrival at the receiver upon which 
the films were deposited. We have also been able to observe remarkable cases 
of crystal distortion, due to pseudomorphic effects. 

The Electron Diffraction Camera .—The essential requirements to be fulfilled 
by the diffraction camera were as follows : (i) the apparatus should permit 
of the preparation in vacuo of films of readily oxidizable metals and their 
subsequent electron diffraction examination either in vacuo or in the absence 
of oxidizing or otherwise reacting gases , (ii) the electron beam falling upon 
the film, should be sufficiently diffuse (a) to permit of a rapid examination of a 
large area of film and (6) to minimize the possibility of structural changes due 
to any thermal or other effects resulting from an excessive intensity of the beam 
where it impinged upon the specimen, without corresponding loss of definition 
or intensity at the photographic plate itself; (ni) provision was required to 
enable a search to be made for possible crystalline structure or aggregation of 
the metal vapour particles, prior to their deposition. 

The electron diffraction camera which fulfilled these requirements is shown 
diagrammatically in fig 1 The cathode chamber assembly consisted of 
the glass vessel, A, the aluminium cathode, B, and the brass ring, C, the lower 
surface of which was lapped dead flat to make a vacuum-tight joint when 
suitably lubricated with low-vapour-pressure grease. Vacuum-tight joints 
between these components were made with “ Picein ” wax. 

The water-cooled, cast-aluminium anode block was provided with the main 
evacuation port, D, which delivered directly into a “ Leyboldt ” 3-stage 
mercury-vapour pump. The cathode chamber was evacuated through the 
tube, E, the effective diameter of which could be varied by means of a valve, 
F, operated through a ground-glass joint. Gas was supplied to the cathode 
chamber through the leak port, G, connected to the leak system to be described 
below. A Swedish-iron " Morse ” taper, situated in the vertical axis of the 
apparatus, carried the anode diaphragm consisting of a 3 mm. bore copper 
tube spun over at its upper end to 0 * 25 mm. diameter. The main tube, of 
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No. 16 S.W.G. brass, was fitted with side ports, P 1? P a , P a , and P 4 , and was 
joined to the anode and camera blocks with picein wax. V x carried the specimen 
chamber assembly to be described below ; P 2 served as an observation window, 


Cathode chamber @ 



Butterfly 

valve 

drE 


Observatio 
window 


Shutter 



Metal evaporating 
assembly 


Observation 
wi^ow 


© 

Camera block 
Fig. 1.—Electron diffraction apparatus. 


and P 3 was fitted with a lapped brass block carrying the metal evaporating 
assembly. This consisted essentially of a tungsten filament spot-welded across 
the two electrodes, e x and e 2 , one of which was in electrical connection with the 
main body of the apparatus, the other being led through a glass insulator 
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waxed into the block, H. A brass tube, g, 8 mm. bore and surrounding the 
filament served to direct the metal vapour in the form of an approximately 
parallel beam towards the specimen plate. The port, P 4 , was closed by a 
plate-glass observation window. A focussing coil of about 3000 ampere turns 
maximum, the axis of which could be tilted relative to that of the apparatus, 
was situated as shown in fig. 1. The slot, K, in the gunmctal camera block, 
carried the 6 X 9 cm. photographic plate and was closed by the lapped brass 
slide, L. The aluminium plate shutter, M, was backed underneath with lead 
sheet 3 mm. thick, the upper surface being coated with zinc sulphide. The 
screen could be raised, and the photographic plate thus exposed, by rotating 
the ground glass joint, N. 



The specimen chamber assembly is shown in fig. 2 in sufficient detail to 
render clear the manner whereby the following independent adjustments of 
the specimen, i.e., the metal film under examination, could be effected : (i) 
inclination of the plane of the specimen to the electron beam—by means of the 
levelling screws, S 1# S 2 and S 3 , the requisite degree of flexibility being provided 
for by the metallic bellows, V ; (ii) translation into the beam—by turning 0, 
while P was held in such a manner as to prevent its rotation; (iii) rotation 
in the azimuthal plane—by turning 0 and P together and, finally, (iv) lateral 
motion in the specimen plane at right angles to the beam—by means of the 
screws, S 4 and S 6 , which also served as a locking clamp. 
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‘To cathode 
chamber 




The actual specimen carrier could be removed from the specimen chamber 
by unscrewing R, the joint being otherwise rendered vacuum-tight by the 
fine-grade “ Halhte ” washer, T. The specimen, consisting of a film of the 
metal under examination deposited on a 2 cm. diameter flat, polished quartz 
plate, was clamped on to the disc, W, which was provided with three levelling 

screws. These enabled the specimen plane 
of the quartz plate to be adjusted until at 
right angles to the axis of rotation of W, 
The cathode chamber leak, fig. 3, consisted 
in the main of a fine-bore capillary drawn 
out m a flame from a short section of 
1 mm. bore thick-walled glass tubing and 
protected by encasing in a suitable glass 
tube. One end of the capillary leak was 
waxed into the leak tube of the anode 
block, the other was m connection with a 
gas reservoir, a manometer and with suit¬ 
able vacuum and gas-supply services, as 
shown in fig. 3, The rate of leak was 
determined by the pressure in the reservoir, 
the 1*5 litre volume of which sufficed to 
ensure a virtually constant rate of leak over 
long periods. 

The High Tension Supply . — Constant 
current high-tension D.C. was furnished to 
||\ J the cathode as shown in fig. 4 which is 

II j/ self-explanatory, except as regards the 

Fig 3—Leak system water-cooled saturated diode incorporated 

in the circuit. The functions fulfilled by 
this valve may be summed up briefly as follows: (i) by controlling the 
filament temperature the discharge tube current could be varied over a wide 
range independently of the cathode chamber gas pressure; (ii) the current 
passed by the diode when saturated was independent of the voltage drop across 
the smoothing condenser; thus perfect smoothing and hence also a mono¬ 
chromatic electron beam could be obtained with a minimum outlay in smooth¬ 
ing equipment; finally, (iii) since the maximum discharge currents employed 
were of the order of only 0-5 mA. or less, the use of the saturated diode as a 
current-limiting device greatly increased the safety of operation. As protection 


gas supply 
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against X-rays, the saturated diode was also almost completely encased in a 
3 mm. thick lead sheet chamber. 

Preparation of the Films ,—Magnesium and aluminium films were obtained 
by evaporation of*short lengths of wire wrapped Tound the tungsten filament 
of the metal evaporating assembly. For zinc, the filament was first dipped 
into the molten metal. Evaporation was carried out under vacuum con¬ 
ditions such that the discharge tube was hard to 90 kV. or more, the whole 
diffraction apparatus having been previously flushed out with oxygen-free 
hydrogen. The distance between the heating filament and the specimen 
plate was of the order of 2 cm. The average time required for the deposition 
of a suitable film was between 10 and 10 seconds. For reasons which will be 
made clear below, a platinum film was cathodically sputtered in argon on to 



Fig. 4.—High tension current. 


the quartz plate before its insertion into the diffraction apparatus. Thus, the 
films prepared in vacuo were deposited on a substrate of sputtered platinum. 

The Electron Diffraction Examination .—Prior to depositing a film, the speci¬ 
men plate was adjusted in a suitably focussed and biassed cathode beam of the 
required intensity and velocity, until the normal diffraction pattern due to the 
face-centred cubic structure of the platinum film was plainly visible on the 
fluorescent screen. It will be realized from fig, 1 that the relative dispositions 
of the focussing coil, specimen and anode diaphragm were such as to ensure 
the specimen being swept by the electron beam near the region of its maximum 
width, the photographic plate lying in the focal plane of the coil. The cathode 
chamber leak was then closed and the metal under examination evaporated as 
soon as the diffraction apparatus was sufficiently evacuated. Immediately 
after deposition of a film, the tungsten filament heating current was interrupted, 
and hydrogen admitted through the leak at a suitable rate. The discharge 
tube current was then switched on, and the photographic plate immediately 
exposed. In general the time elapsing between preparation of a film and the 
photographic recording of the corresponding electron diffraction pattern was 
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less than half a minute. The discharge tube current and voltage were usually 
between 0 • 1 and 0 ■ 5 mA. and 30 and 50 kV. respectively. The time of exposure 
was generally about 1/5 second. 

A cathodically sputtered substrate of platinum was employed for the reception 
of the films in order to examine the effect, if any, of the substrate on the 
deposited film. Furthermore, it was desirable to be able to adjust beam and 
specimen plate into their relative positions for diffraction prior to the deposition 
of the evaporated film. 

Calibration of the Diffraction Apparatus. —Magnetic focussing and biassing 
of the beam to one edge of the photographic plate introduced two sources of 
error, the one due to non-uniformity of the magnetic field in planes at right 
angles to, and up to the limits of their intersections with, the cones of diffracted 
electrons ; and the other due to the beam axis not being exactly perpendicular 
to the photographic plate. In order to determine the magnitude of such errors 
a series of twelve diffraction patterns were obtained with sputtered platinum 
films over a range of accelerating voltages of 15 to 65 kV. In the case of each 
photograph a value for the side of unit cube of platinum was obtained from the 
radius of each ring. It was found that no systematic error occurred with 
increasing ring radius, from which it may be concluded that the magnetic 
field was uniform in the sense outlined above. Furthermore, the average 
values for the side of unit cube as determined from each plate agreed with 
X-ray values to within the limit of experimental error amounting to not more 
than 2%, this error being due mainly to the difficulty of determining 
the accelerating potential with the sphere-gap meter to an accuracy greater 
than between 3 and 4%. The average value for the side of unit cube of 
platinum cathodically deposited on fused quartz was 3 *89 A. 

Analysis of the Diffraction Patterns. —The patterns were analysed as follows. 
The value of dj N for each ring was calculated from the relationship df N --= XL/R, 
where d is the spacing of the Bragg planes, N is the order of the reflection, X 
the wave-length associated with the electrons, L the effective length of the 
camera from specimen to plate and R is the radius of the ring. The values of 
dj N, plotted on a logarithmic scale and fitted to nomograms due to Hull and 
Davey,* gave the type of unit cell together with the order of its axial ratio and 
the indices of the Bragg planes. For a triangular close-packing lattice (hexa¬ 
gonal system), the relationship 

N *jd* = 4 (*/ + + hjh % )! 3a* + h*l<*a\ (1) 

* 4 Phys. Rev / vol. 17, p. 549 (1921). 
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where the V s are the Millerian indices, a is the basal axis and c the axial ratio. 
a can be calculated for those planes whose third index h — 0 . The average of 
all values of a obtainable in this manner from the pattern, on substitution in 
equation (1), gave a value of c for those rings for which h ^ 0 , the resulting 
average value of c serving to give a for these planes. For crystals of tetragonal 
structure, 

WJd* - (V + V)/a 2 + VW (2 

the cubic crystal being a special type for which c — 1. 


The Results . 


The effective length of the camera from specimen to photographic plate was 
47-5 cm. throughout. 


Table I.—Magnesium deposited on face-centred cubic platinum.— 

Specimen No. 1. 

Photograph 44. Exposure, 1/5 second at 57 kV. X — 0*06236 A. 

The spacings are fitted to the nomograms for a triangular, close-packing lattice 

(hexagonal system). 


Radius jn cm. 

dfS w A. 

Plane. 

a in A. 

c. 

1 04 

i 

2-85 

(1.0.0) 

3*29 

. 

1 17 

2-53 

(1.0.1) 

3*35 

1*68 

1 35 , 

2*19 

(1.2.0)l/2 

3 34 

— 

1 51 

1 0ft 

(1.0.2) 

3*26 

1-65 

1*83 

1*62 

(1.1.0) 

3*24 

— 

1*95 

1*52 

(1.0.3) 

3-29 

1*64 

207 

1*43 

(1 0.0)2 

3*31 

— 

2*16 

1 37 

(2 0.1) 

3*28 

1 56 

2 50 

1*19 

(1.0.4) 

3*14 

1 69 

2-67 

1-11 

(2 0.3) 

3*28 

1 62 

2 80 | 

1*06 

(1 2.1) 

3 30 

1*78 

2*88 

1*03 

(1-1.4) 

3 21 

1-61 

3*03 

0*98 

(1.0.2)2 

3*25 

1*64 

3*13 

0*95 

(1.0.0)3 

3*29 

— 

3 21 

0*93 

(1.2.3) 

3*30 

1*64 

3*29 

0*90 

(3.0.2) 

3*30 

1*71 

3*54 

0*84 

(1.2.4) 

3*25 

1*63 

3 60 

0*83 

(1.1.0)2 

3*30 

— 

3*79 

0*78 

(1.1.8) 

3*29 

1*63 


Mean value of a = 3 • 28 A. 


Mean value of c *= 1 *64. 
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Table II.—Specimen No. 2, fig. 5, Plate 4. 

Photograph 72. Exposure, 1/5 second at 43 kV. X = 0*05763 A. 


Triangular, close-packing lattice (hexagonal system). 


Radius in cm. 

| rf/N in A. 

Plane. 

a in A. 

c. 

0-96 

2 85 

(1.0 0) 

3*29 


1-10 

2*49 

(10.1) 

3*26 

1*71 

1-43 

1*92 

(1.0.2) 

3*27 

1*64 

1-70 

1*61 

(1.1.0) 

3*22 

— 

1*84 

1*49 

(1 0.3) 

3*28 

1*64 

1 97 

1*39 

(1.0 0)2 

3 21 

— 

2* Oft 

1*34 

(2.0 1) 

3*20 

1 *4ft 

2*24 

1*22 

(1 0 1)2 

3*22 

1-68 

2*54 

1*08 

(2 0 3) 

3 21 

1*69 

2 62 

1 Oft 

(1.2.0) 

3*20 

— 

2 67 

1*03 

(1.2.1) 

3*20 

i 41 

2*70 

1 02 

(1*1*4) 

3 26 

1*62 

2 84 

0 97 

(10.6) 

3 22 

1*60 

2 98 

0 92 

(1 0 0)3 

3 19 

— 

3 04 

0 90 

(1.2.3) 

3 23 

1*62 

3 06 

0*89 

(0 0.1)6 

— 

1*67 

3 10 

0 88 

(3.0.2) 

3*22 

1 78 

3 20 

| 0*86 

— 

— 

— 

3-63 

| 0*76 

(1.1.6) 

3*18 

1*60 


Mean value of a *= 3 -23 A. Mean value of c 1-62. 

Mean value of a from both photographs = 3.2ft A. 

Mean value of c from both photographs = 1*63. 

The corresponding X-ray values* are 3-22 A. and 1*624. 

* All X-ray values quoted in this communication have been taken from the ‘ Handbuch d. 
Pbysik,’ vol. 24, pp. 329-330 (1927). 


Table III.—Magnesium Oxide formed by oxidation of magnesium in air.— 
Specimen No. 2, fig. 6, Plate 4. 

Photograph 75. Exposure, 1/5 second at 42 kV. X = 0-05839 A. 


Simple triangular lattice (hexagonal system). 


Radius in cm. 

d/N in A. 

Plane. 

a m A. 

c. 

1*07 

2*60 

(1.0.0) 

2*99 


1*23 

2*25 

(1.0.1) 

2*98 

1*65 

1*76 

1*59 

(0.0.1)3 

3*06 

1*65 

1*95 

1*42 

(1.1.1) 

2*90 

1*61 

2*15 

1*29 

(1.0.0)2 

2*98 

— 

2*46 

M3 

(1.0.1)2 

2*98 

1-66 

2*76 

101 

(2.0.3) 

3*02 

1-61 

2*83 

0*98 

(1.2.0) 

2*99 

— 

302 

0*92 

(1.1.4) 

2*99 

1*56 

3*44 

0*81 

(3.0.2) 

2*98 

1*53 

3*72 

0*75 

(1.1.0)2 

2*98 

— 


Mean value of a « 2 - 99 A, Mean value of c «*■ 1*65. 
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Table IV.—Zinc deposited on face-centred cubio platinum.— 
Specimen No. 1, fig. 7, Plate 4. 

Photograph 54. Exposure, 1/5 second at 42 kV. X = 0-05839 A. 
Triangular, close-packing lattice (hexagonal system). 


Radius in cm. 

dj N in A. 

Plane. 

a in A. 

c. 

1*23 

2-26 

(1.00) 

2-60 


1-36 

204 

(1.0.1) 

2 67 

1*74 

161 

1*72 

(1.0.2) 

2 65 

2 00 

2 04 

1-36 

(1.0.3) 

2 60 

1 03 

2 11 

1*31 

(1.1.0) 

2 62 

_ 

217 

1-28 

(0.0.1)4 

2 CO 

1-94 

2 35 

1*18 

(1.1.2) 

2 65 

2 03 

2-40 

1 ■ 10 

(1.0.0 )2 

2 67 

_ 

2-49 

1 11 

mo.m 

f2 60'l 

/ 2*03 \ 



\( 1.0.4) J 

\2-63 / 

U 

2 65 1 

104 

(1.0.1)2 

2 64 

2 02 

2 92 

0 95 

(2.0.3) 

2-00 

1-97 

302 

0 92 

(1.1.4) 

2 62 

1 05 

i 

! 


f (0.0.1)6") 

f 2 69 1 

fi 95*] 

3*26 

0-85 

( (1.0.2)2 y 

1 2-60 y 




l< 1.2.0) J 

12-60 J 

\ - J 

3*38 

082 

(1.2.2) 

2-64 

2-06 

3 61 

0*77 

(1.2.3) 

2-62 

1 95 

3 80 

0-73 

(3.0.2) 

2-63 

1 98 

3-91 

0-71 

(1.2.4) 

2-60 

1 90 

4 00 

0-69 

(1.0.7) 

2-69 

1 94 

4-23 

0-66 

(1.2.5) 

2-61 

1*92 



AUo seven unidentified rings of radius >-4-3 cm. 


Mean value of a =* 2*62 A. Mean value of c — 1 07. 


In addition there were several rings within this range which did not agree 
with this structure; these rings, however, fitted the nomogram at the point 
for which c = 2*58. At the same point, some of the above rings also fitted 
and these are included in the analysis given in Table VI and denoted by asterisks. 
Seven rings with d/N between 0*62 and 0*54 A. could not be identified and 
these are omitted. Among the additional rings there was no ring from which 
a could be obtained directly, and the value of c obtained from the nomogram 
was therefore assumed and the values of a calculated in the usual manner. 

Magnesium y Zinc and Aluminium Vapours ,—No diffraction patterns were 
obtained with the electron beam traversing a stream of vapour of any of the 
above metals. On the other hand, intense blackening, which faded off towards 
the edges of the photographic plate, afforded ample evidence of profuse scatter¬ 
ing of electrons by the vapour. In these experiments the times of evaporation 
were varied between approximately 5 and 15 seconds, and in each exposure 
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Table V.—Zinc-Zinc Oxide formed by abort exposure of zinc, Specimen No. 
1, to air.—A pattern due to both Zn and ZnO was obtained. The following 
are the rings due to zinc, fig. 8, Plate 4. 

Photograph 55. Exposure, 1/5 second at 38 kV. X = 0-06150 A. 
Triangular, close-packing lattice (hexagonal system). 


Radius in cm. 

dl N in A. 

Plane. 

a in A. 

e. 

114 

2 56 

(0.0.1 )2 

2*72 

1 91 

1*26 

2 32 

(1.0.0) 

2*68 

— 

1 38 

2*12 

(1.0.1) 

2*68 

1*95 

1-08 

1*74 

(1.0.2) 

2*70 

1*96 

211 

1*39 

(1.0.3) 

2*08 

1*93 

217 

1*35 

(1.1.0) 

2*70 

— 

2 25 

1*30 

(0.0.1)4 

2*69 

1 94 

2-45 

119 

(1.1.2) 

2*69 

1*95 

2-50 

117 

(1.0.0)2 

2*68 

— 

2*68 

113 

/ (2.0.1)\ 
\<1.0.4)f 

/ 2*08 \ 
\2*09 j 

{!:£} 

2*75 

1 00 

(1.0.1)2 

2-69 

1*97 

3*00 

0 96 

f(1.0.5)\ 
\(2.0.3)j 

/2*7n 

\2-07/ 

/1-95-1 
\1 -88/ 

3*10 

0*93 

(1.1.4) 

2*00 

1-91 

3-35 

0*87 

(1.2.0) 

2*07 

— 

3*40 

0 86 

© o 
~ o 

/ 2•07 \ 
12*07/ 

ri-en 

\l-92/ 

3*65 

0*84 

(1.2.2) 

2*00 

1-78 

3 06 

0*80 

(1.0.6) 

2*05 

1-91 

3 72 

0 79 

(1.2.3) 

2*09 

1-97 

3*70 

0 78 

r (2.0.5) \ 

\(1.0.0)3/ 

/ 2*70\ 
\2*69 / 

ri-06'i 
\l -96/ 

3*90 i 

0*74 

(3.0.2) 

2*07 

1-83 

4 05 

0*72 

/ (1.0.7)") 
\<1.2.4)/ 

r2*74l 

\2*00/ 

/l-98\ 

\1 -89/ 

4*37 

0*07 

(1.1.0)2 j 

2*08 



Mean value of a = 2*68 A. Mean value of t 1 *03. 

Mean value ot a for both photographs = 2 ■ 65 A. 
Mean value of e for both photographs “ 1*95. 
Corresponding X-ray values 2*07 A. and 1*86. 


the intensity of the beam was suitably reduced to permit of the discharge 
being switched on shortly after, and subsequently maintained throughout, 
deposition without leading to over exposure. Furthermore, in different experi¬ 
ments the electron beam was made to traverse the vapour jet at various points 
between the collimating tube surrounding the evaporating filament and the 
specimen plate without, however, being allowed to impinge upon either. 

The Appearance of the Films .—The appearance of the metal films was 
observed through the window, P a , the necessary illumination being provided 
by the tungsten evaporating filament. The freshly deposited films had 
perfectly clean, bright metallic mirror surfaces. On admission of calcium 
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Table VI.—Rings due to zinc oxide. 
Triangular, close-packing lattice (hexagonal system). 


Radius in cm 

d/S in A. 

Plane. 

a in A. 

1-36 

2 15 

(101) 

2*62 

1-73 

1 69 

(0 0.1)4 

2 60 

1 80 

l 62 

(10 3) 

2 66 

2 39 

1 22 

d K2) 

2-62 

•2 50 

117 

(1.0 5) 

2 64 

*2 58 

1 13 

/(201) \ 




\ (0.0.1)6/ 

\2 63/ 

3 28 

0 89 

(10.7) 

2*63 

*3 35 

0 87 

(2.0 5) 

2 63 

*3 40 

0 86 

(120) 

2 63 

*3 66 

0 80 

(1 2 3) 

2 60 

*3-72 

0*79 

(1.0.8) 

2 60 

*3*96 

0 74 

(2.0 7) 

2 62 

4 29 

0 68 

/<0 0.I)LO\ 

/2 »4\ 



1(1.0 4)2 / 

\2 60/ 

4 43 

0 66 

(1.1 0)2 

2 64 

4 51 

0 65 

(1.2.7) 

2 65 

4 55 

0 64 

(1.0.10) 

2 60 


Mean value of a 2 63 A. 

Mean value of c as given by graph 2’58 (N B.—Tins value was obtained from tho rings 
not marked with an asterisk.) 

Corresponding X-ray values for zinc oxide are : a = 3 22 A. and c *=» 1 *61. 

chloride-dried air to the diffraction camera, however, the zinc and magnesium 
films rapidly lost their brilliant lustre, the surfaces becoming matt and frosted. 
Under similar circumstances, aluminium films, whilst retaining to some extent 
their metallic appearance, lost somewhat in lustre and took on a bluish tint. 

Discussion. 

The results set forth above prove that, under the conditions of our experi¬ 
ments, magnesium, zine and aluminium vapours are monatomic, and that 
crystallization occurs only on or after condensation and deposition on the 
specimen plate, in this respect these metal vapours behave whilst in transit 
between source and receiver as do cathodically sputtered metals.* In view 
of these facts it seemed reasonable to suppose that the crystalline structure of 
the deposited films might well be influenced by the nature of the substrate. 
Such an effect was accordingly looked for in the case of the metals now under 
discussion. 

It was shown in the course of calibrating the diffraction apparatus that the 
side of unit face-centred cube of platinum deposited on amorphous quartz 

* ‘ Proc. Roy. Soc.,* A, vol. 124, p. 303 (1929); vol. 129, p. 314 (1930). 
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Table VII.—Aluminium deposited as a thin layer on face-centred cubic 
platinum. -Specimen No. 1, fig. 9, Plate 5. 

Photograph 46. Exposure, 1/5 second at 45 kV. X — 0-05635 A. 


Face-centred tetragonal lattice. 


Radius in cm. 

dj N in A. 

Plane. . 

a m A. 

c. 

1*17 

2-29 

(1.1 1) 

3*92 

1*07 

1*33 

2-01 

(0 0.1)2 

3-90 

1*04 

1-95 

1*37 

(1.1.0)2 

3*89 

— 

2 25 

1 19 

(1.1.3) 

3-86 

1*02 

2*31 

1 16 

(1.3 1) 

3*84 

0*92 

2 36 

1 14 

(1.1.1)2 

3*81 

1*04 

2 75 

0 98 

(1.0.0)4 

3*90 

— 

2 08 

0 90 

(1.3 3) 

3*87 

1*02 

3 05 

0 88 

(1.0 2)2 
(1.2 0)2 

3-84 

1*02 

3*12 

0 86 

3*84 

— 

3 34 

0-80 

(1.1 2)2 

3*86 

102 

3*41 

0-79 

(1.2 1)2 

3 83 

0 96 

3*54 

0-76 

/dll )3\ 
\(1.1.5) / 

f3 911 
\3 83 J 

fl 061 
\102 / 

3*61 

0 74 

(1 5.1) 

3*82 

0 99 

3-90 

0*69 

(1.1.0)4 

3*89 

— 

3 97 

0 67 

(1.3 5) 

3*89 

104 

4*08 

0 66 

/d.6.3) \ 
\<1.2.2)2 f 

/3*88\ 

\3*90/ 

/ i*04\ 
\ 1*04/ 



f<3 5 1) 1 

f 3 * 64 | 

p 06 ] 

4 15 

0*65 

<(10 0)6 [ 

1 3 88 V 

1 — > 



1(2 2 1)2J 

1 3*88 J 

[1 07 J 

4 35 

0*62 

(1.3.0)2 

3*90 

—. 

4*41 

0*61 

f (3.3 5) 1 

f 3*941 

f] *>51 

\(1.1.3)2 J 

\3*94/ 

\1 02/ 

4*60 

0-60 

(3.5.3) 

3*89 

1 04 

4*60 

0*58 

(1 3 1)2 

3*86 

0 98 

4*89 

! 0*55 

(2.0 3)2 

3*89 

1*03 

5-00 

0*54 

(2.3.0)2 

3*88 

— 

5 29 

0 51 

(1.7.3) 

3-89 

1 04 


Mean value of a — 3 • 90 A. Mean value of c = 1*03. 


is 3-89 A., the normal X-ray value being 3-91 A. The normal structure of 
aluminium as has been revealed by X-rays, is likewise that of a face-centred 
cubic lattice, the side of unit cube being 4*05 A. We have, however, been 
able to obtain a thm layer of aluminium deposited on platinum which possessed 
a face-centred tetragonal structure, the axial ratio being 1 *03 (photograph 46). 
On the other hand, a sufficiently thick layer of aluminium gave a diffraction 
pattern corresponding to a face-centred cubic lattice, the side of unit cube 
being 4*01 A. (photograph 77). Tlius the ratio, the side of unit cube of 
aluminium to that of platinum, as determined above by electron diffraction 
is 1*03 0 and by X-rays 1*03 6 ; values which approximate closely to 
that of the axial ratio of unit cell of aluminium deposited as a thin film on 




Structure of Magnesium, Zinc and Aluminium Films . 411 


Table VIII. —Aluminium deposited as a thick layer on face-centred cubic 
platinum.—Specimen No. 2, fig. 10, Plate 5. 

Photograph 77, Exposure, 1/5 second at 51 kV. X = 0*05277 A. 
Face-centred cubic lattice. 


Rsdiuft in cm. 

dj N m A. 

Plane. J 

a in A. 

106 

2*36 

(u.i) 1 

4*10 

1-24 

2-02 

(10.0)2 

404 

1*76 

1*42 

(1.1.0)2 

4*03 

210 

119 

(1-1.3) 

3-96 

2 4ft 

101 

(1.0.0)4 

4*04 

2 80 

0-89 

(1.2.0)2 

400 

30ft 

0-81 

(1.1.2)2 

3 99 

3-30 

0-76 

/(1.5.1) \ 

\(1.1.1)3/ 

/ 3 • 9fi \ 

\3 95/ 

3-74 

0*67 

J (6.0.0) \ 
\(442)/ 

J 4 02 \ 

\4 02/ 


Mean value of aide of unit cube = 4 01 A. Corresponding X-ray value 4-Oft A. 


platinum. Finally, the length of the basal axis, a, of the face-centred tetragonal 
aluminium unit cell, as determined in the experiments outlined above, is 
3-90 A., a value nearly equal to that of the side of the unit cube of 
platinum, whilst the length of the major axis is 3*90 x 1*03 = 4-02 A, 
i.e ., approximately the length of the side of the unit cube of aluminium. 
In view of these facts it is difficult to resist the conclusion that when aluminium 
vapour is deposited on face-centred cubic platinum, under the conditions of 
our experiments, the platinum atoms exert attractive forces on the aluminium 
atoms arriving to form the first plane, thus causing them to take up positions 
in the lattice similar to those which would have been occupied by platinum 
atoms had the vapour consisted of this metal. The aluminium atoms of this 
layer, in their turn, determine the placing of further atoms, causing these on 
arrival to occupy positions with similar interatomic separations in the next 
parallel plane, and so on. The distance between such parallel aluminium 
planes, however, is governed mainly by the normal properties of aluminium 
and is thus characteristic of this metal, except so far as a drawing together, i.e., 
a packing closer than normal of the aluminium atoms in the individual basal 
planes, may tend to increase the spacing of such planes. On the other hand, 
the fact that the aluminium atoms can be drawn together on the platinum 
lattice shows that the atoms are not close-packed in the normal aluminium 
face-centred cube. The eflect upon the basal plane spacing of pseudomorphic 
closer-packing within these planes is therefore not likely to be large. Indeed, 
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our experimental results show that the effect, if any, is so small as to have 
escaped detection. The fact that a sufficiently thick aluminium layer, even 
though deposited on face-centred cubic platinum, exhibits the normal structure 
of aluminium, shows that the effect of the above-outlined pseudomorphic 
strain upon the surface layers disappears with sufficient film thickness. The 
aluminium films could easily be rubbed off the substrate of sputtered platinum 
without apparent injury to the latter. This fact suggests that no actual 
alloying occurred between the two metals. 

No such pseudomorpluc phenomena were observed with either magnesium 
or zinc deposited on platinum, probably owing to the fact that only relatively 
thick films were examined. The structures obtained for the corresponding 
extremely thin oxide layers, produced by exposing the metal films to dry air, 
however, are not those which have previously been obtained by X-ray examina¬ 
tion of the oxides in bulk. It therefore seems reasonable to suggest that the 
difference in structure between the oxides in thin layers on the corresponding 
metals and the metal-free oxides as usually serving for X-ray examination may 
be accounted for by pseudomorphic effects. Thus, for example, the lengths 
of the basal axes of zinc and zinc oxide m bulk as determined by X-rays are 
2*67 and 3*22 A. respectively , whereas the corresponding electron diffraction 
values for the metal and for a thin oxide film on the metal arc 2 ■ 65 and 2 ■ 63 A. 
Moreover, the volume of the unit cell of zinc oxide in bulk is, by X-rays, 
46*6 A. 3 , whilst that of a thin zinc oxide film on zinc has now been found by 
electron diffraction to be 40-8 A. 3 . Since the possible experimental error 
inherent in the above electron diffraction determinations of axial lengths is 
about 2 per cent., it will be realized that the difference of 6-0 A. 3 between the 
two volumes barely exceeds this error. Thus it would appear that the zinc 
oxide cell, in forming on the metal surface, takes up basal dimensions similar 
to those of the zinc cell, the contraction thus involved being counterbalanced 
by a suitable increase in the axial ratio, with the result that the volume of the 
unit cell tends to remain substantially unchanged. 

The crystal structure of the magnesium films has been shown above to be 
normal, i e , that of a close-packed triangular lattice (hexagonal system), 
whereas that of the oxide film formed thereon is a simple triangular lattice 
(hexagonal system) and therefore differs from the normal face-centred cubic 
lattice structure of magnesium oxide in bulk. Whilst these facts afford 
clear evidence of pseudomorphic effects again coming into play during the 
formation of the magnesium oxide on the metal surface, the crystal structures 
of the metal and oxide films differ to such an extent that a quantitative explana- 
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tion on the lines followed in the two rases previously discussed cannot be put 
forward at this stage. 

The Effect of Heat upon the Crystal Structure. -- It will be seen from the diffrac¬ 
tion patterns, figs. 5 to 10, that the crystals were sometimes orientated in 
certain preferred directions, whilst in others, as shown for example by fig. 10, 
Plate 5, the crystal array was a completely random one. Kirchner* has recently 
observed a similar phenomenon and has shown that its occurrence is due to 
thermal effects. In our experiments the sputtered platinum films employed 
as substrates for the reception of the vaporized metals possessed a completely 
unorientated structure, as is shown by fig. 11, Plate 5. If the conditions of 
vaporization were such as to avoid any pronounced heating of the receiver, 
films were obtained m which the crystals were disposed in random directions. 
On the other hand, when the receiver became sufficiently heated as a result of 
radiation from the tungsten evaporating filament, the crystals took up a 
general alignment m certain preferred directions. It seems reasonable to 
suppose that, under such conditions, the substrate likewise shared in the 
orientation, because we have found that the random dispositions of the platinum 
crystals, giving rise to a diffraction pattern such as is shown in fig 11, changed 
on heating by radiation from the tungsten filament, to an ordered array, m 
the sense that the crystals were strongly orientated, as is shown by fig. 12, 
Plate 5, 

We wish to thank Imperial Chemical Industries, Ltd., for n grant which 
defrayed the cost of building the diffraction apparatus and also part of that of 
the high tension outfit. One of us (A.G Q.) wishes to thank the Department 
of Scientific and Industrial Research for a grant which enabled him to devote 
his whole time to this work. 


Summary. 

An electron diffraction camera is described in which the specimen is swept 
by a diffuse beam of electrons, thereby reducing the risk of injury to the 
specimen. The beam is subsequently focussed electromagnctically. 

Oxide-free surfaces of magnesium, zinc, and aluminium on a platinum 
substrate, also vapours of these metals in transit between source and receiver, 
were obtained and examined by electron diffraction. The oxides of magnesium 
and zinc formed on the corresponding metal surfaces have also been examined. 


* ‘ Phys. Z.; vol. 70, p. 570 (1932). 



414 G. I. Finch, C. A. Munson, N. Stuart and G. P. Thomson. 


It has been found that (i) the structure of a thin aluminium film deposited on 
platinum is that of a face-centred tetragonal lattice and thus differs from that 
of the normal structure which, however, is obtained with sufficient film thick¬ 
ness ; (n) thm oxide layers of magnesium and zinc likewise exhibit abnormal 
crystal structure ; (iii) heating of the receiver causes the crystals in the films 
hitherto examined to orientate themselves in certain preferred directions; 
(iv) the metal vapours do not diffract but scatter the electrons. 

From these facts it is concluded that (i) the abnormal crystal structures are 
due to pseudomorphic strain effects whereby the substrate influences the 
positions taken up by the atoms of the metal or metal oxide layers formed 
thereon ; (ii) such pseudomorphic effects are no longer evident at the surface 
of sufficiently thick films; (iii) in the case of aluminium the pseudomorphic 
strain effects are confined to the two dimensions of the basal planes, because 
no such effect was to be observed in the third dimension ; (iv) magnesium, 
zinc and aluminium vapours are monatomic. 


The Catalytic Properties and Structure of Metal Films.—Part I. 

Spattered Platinum . 

By G I. Finch, C. A. MuRrsoN, N. Stuart, and G. P. Thomson, F.R.S., 
Imperial College of Science and Technology, London. 

(Received February 27, 1933 ) 

[Plates 6-7.] 

Introduction (G.I.F. and N.S.). 

During an experimental study by Stimson and one of us* of the electrical 
condition of a platinum sheet, it was found that the surface sometimes exhibited 
a charge at room temperature after a previous treatment consisting, in the 
main, of heating m oxygen and hydrogen alternately. It was found later 
that cathodically sputtered platinum films were not only frequently electrically 
charged at room temperature, but were also sometimes exceedingly active 
catalysts of the union of hydrogen and oxygen at room temperature. In 

** Proo. Roy. Soo./ A, vol. 124, p. 36tt (1929). 
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the course of these experiments, it soon became evident that the conditions 
under which the sputtered films were prepared in some manner profoundly 
affected their catalytic properties, and the following investigation was therefore 
carried out with the object, inter alia> of determining in what manner and to 
what extent sputtering conditions influenced the catalytic and structural 
properties of the resulting films. 

The experiments of which an account is now given in the ensuing first part 
of this communication were begun by two of us (0.1. F. and N. S.) in September, 
1929. Both catalytically active and inactive films were obtained, and the 
sputtering conditions determining their production sufficiently well defined 
to enable the different types of surface to be prepared at will. It soon became 
evident, however, that the activity or otherwise of the films was in some manner 
intimately associated with structural properties which, owing to their sub- 
microscopic nature,' defied direct examination by the means then at our 
disposal. 

In May, 1930, Mr. H. M. D. White at our request carried out at University 
College an X-ray examination by the Debye-Scherrer method of two platinum 
films which had been sputtered for this purpose on to quartz rods. The 
results were, however, negative. Accordingly, in March, 1931, it was suggested 
to Professor G. P. Thomson, F R S , that an electron diffraction examination 
of these platinum surfaces might possibly disclose that feature of the structure 
upon which their catalytic properties appeared to depend. A preliminary 
examination led to such promising results that it was agreed to collaborate 
in a study of sputtered platinum films on the lines set forth above ; the pre¬ 
paration, chemical and microscopic examination and determination of the 
catalytic properties to be carried out by two of us (G. I. F, and N. S.), and the 
sub-microscopic structure of the films to be investigated by the two other 
authors by electron diffraction. 

The experimental results set forth below throw fresh light, not only upon the 
mechanism of the catalytic combustion of hydrogen by oxygen, but also upon 
the role played by metal atoms in promoting the cathodic combustion of car¬ 
bonic oxide and of hydrogen.* The investigation is therefore being extended 
to the further study of platinum and other metal films with the main object of 
determining the relationship between the catalytic activity and specificity 
of action of such films and their nature and structure. 

* 1 Proo. Roy. Soc./ A, vol. 124, p. 303 (1929) ; vol. 125, p. 532 (1929); vol. 129, pp. 656 
and 672 (1930) ; vol. 133, p. 173 (1931). 
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Experitnental. 

Apparatus .—Sputtered platinum films were prepared in the apparatus 
shown diagrammatically in fig. 1. A wide-mouthed glass vessel closed by a 
ground-in stopper was fitted with two hook-shaped platinum anodes, A, and 
a similar but axially disposed cathode hook, K, from which was suspended a 
length of No. 18 S.W.G platinum wire. The receivers, R, upon which the 



films were deposited by sputtering, consisted either of a pair of transparent 
quartz or glass plates, a molybdenum block and a glass plate, or a 1*25 cm. 
bore glass tube suspended from the anode hooks co-axially with the cathode. 
The complete sputtering assembly was surrounded by the wide-bore glass 
tube shield, S, which served to prevent deposition of sputtered metal on the 
walls of the main vessel. The large ground-in joint was made vacuum-tight 
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by running warm low-vapour-pressure grease into the channel, C, where it 
was allowed to solidify before evacuating the apparatus. In this manner gas 
evolution due to the action of the discharge upon grease at the joint was 
successfully avoided. Similarly, the dish, D, supported above the redistilled 
phosphoric oxide in the bottom of the vessel, protected the grease of the tap, 
T. Fig. 1 is self-explanatory of the remainder of the sputtering vessel and its 
supply services. 

The reaction vessel, within which the catalytic activity of films sputtered in 
the above apparatus was measured in terms of the rate of combination at 
room temperature of electrolytic gas to steam, consisted of a glass vessel 
somewhat similar to, but smaller than, the sputtering vessel. It was fitted 
with a wide-bore, closed-limb mercurial manometer and could be connected 
either to the pumping system or to a supply of previously dried electrolytic 
gas. The receiver bearing the platinum film under examination was suspended 
from a hook carried by the stopper of the reaction vessel, the effective volume 
of which was 464 c.c In the earlier experiments the bottom of this vessel 
contained redistilled phosphoric oxide. Later, however, for reasons which 
will be made clear below, this was replaced by distilled water. 

The Gases. —Oxygen, nitrogen, and electrolytic gas were prepared and purified 
in the manner previously outlined.* The punfication of argon will be dis¬ 
cussed below. 

Procedure .—The receivers were cleaned with aqua regia and distilled water. 
Witli the receivers in position the sputtering vessel and McLeod gauge were 
repeatedly evacuated and flushed out with the previously dried gas within 
which sputtering was to be carried out. During the final evacuation the gas 
pressure was reduced to that chosen for the beginning of the experiment, in 
the course of which McLeod gauge, sputtering cui rent and discharge voltage 
readings were taken at frequent intervals. Since the cathode glow was m all 
experiments abnormal, i.e ., the cathode surface was completely covered by 
the glow, the voltage-current characteristic of the discharge was always 
positive. Sputtering was carried out under pressures of the order of between 
0*04 and 0*5 mm. Discharge current and voltage did not as a rule exceed 
about 10 mA. and 3000 v. respectively and were usually much lower. The 
total time of sputtering a film was generally less than 1 hour. On completion 
of sputtering, either dry air or the gas employed in the experiment was admitted 
into the vessel to atmospheric pressure, whereupon the receiver with its freshly 


* 4 Proo. Roy. Soo./ A, vol. Ill, p. 257 (1926); vol. 124, p. 303 (1929). 
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sputtered film was transferred to the reaction vessel which, after evacuation, 
was filled as required with dry electrolytic gas, usually to an initial pressure of 
30 cm. With a pair of glass or quartz plate receivers, the counterpart was 
reserved either as a control or for the purposes of electron diffraction 
examination. 

The Results . 

Films Sputtered in Oxygen. —Preliminary experiments showed that platinum 
films could be sputtered readily in oxygen under a wide range of conditions of 
pressure aud discharge voltage and current. With certain exceptions these 
films generally proved to be more or less active promoters of the combustion 
of hydrogen by oxygen at room temperature, but differed in that, whilst some 
exhibited a pronounced activity immediately on being brought into contact 
with electrolytic gas, others under similar circumstances were completely 
inactive until after the lapse of a more or less prolonged period of induction. 
It was also found that, given a clean cathode and the absence of grease vapours, 
the chief experimental conditions determining the character of the sputtered 
films were (i) the gas pressure, (ii) the discharge current or voltage, either of 
which in conjunction with (i) determined the other, anil, finally, (iii) the duration 
of sputtering Bombardment of grease by the discharge, or the presence of 
grease vapours resulted in the evolution of gas, and films sputtered under such 
conditions exhibited an irregular behaviour, owing apparently to poisoning 
in the catalytic sense. For similar reasons cleanliness of the cathode was 
found to be essential and could readily be ensured by a suitable running-in, 
in the manner previously outlined,* prior to an actual sputtering experiment. 

In order to define the conditions governing the formation by sputtering in 
oxygen from a platinum cathode of (i) inductively active, (ii) immediately 
active, and, finally, (iii) inactive films, it was found necessary to cover a wide 
range of conditions, which in turn involved the carrying out of many experi¬ 
ments. To illustrate the conditions leading to the production of each of the 
three types of films, however, in addition to giving a detailed account of a few 
experiments selected as typical of each case, it will suffice to set forth the general 
results obtained in the form of brief summaries. 

Inductively Active Films .—The conditions of a typical experiment resulting 
in the formation of an inductively active film were as given in Table I. 

The resulting film, the appearance of which was characteristic of thin 
inductively active films, was faint straw-yellow in reflected daylight and 

* Finch and Cowen, * Proc. Roy. Soo,,’ A, vol. Ill, p. 257 (1926). 
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translucent. On being suspended in the reaction vessel in contact with 
electrolytic gas at a pressure of 30 cm. and at room temperature, it was found 
to be wholly inactive and continued so without any change in appearance 
during 42 minutes, whereupon a few minute black spots began to appear and 
increased steadily in area. During the next 5 minutes the manometer fell to 
28*5 cm. thus showing that the film had begun to catalyse the combustion of 
electrolytic gas simultaneously with the appearance of the black spots. The 
activity continued to rise until the pressure was falling at a steady rate of 3 mm. 
per minute. ’About 2 hours after the first appearance of spots the film had 
become uniformly sooty black* and semi-opaque. 


Table I. 


Total duration 
of sputtering 
(min.). 

Discharge 

voltage. 

Gas 

pressure 

(mm.). 

Remarks. 

1 

o 

600 

0-33 

A low rate of sputtering producing 

X 

675 

0-30 

a relatively slight deposit The 

3 

0-28 

discharge current was maintained 

8 

725 

0*24 

throughout at 1*1 mA. 

13 

770 

0 22 ' 



Sputtering conditions determining the life of the films in the inductive, i.e., 
pre-active state, are shown in fig. 2, in which is recorded the relationship 
between the final discharge voltage and the inductive life of films which were 
sputtered under approximately similar conditions of final gas pressure. For 
reasons previously outlined the rate of dissipation of energy at the cathode, 
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and hence also the actual rate of sputtering, decreased with decreasing voltage.* 
It is clear therefore that, under the conditions of our experiments, a low rate 
of sputtering in conjunction with a relatively high gas pressure favoured the 
production of inductive films. On the other hand, it was found that inductive 
films could also be obtained under conditions involving a high rate of sputtering 
and therefore entailing relatively high rates of dissipation of energy at the 
cathode, provided that the total time of sputtering was either short, i.e., of 
the order of, or less than, 2 minutes, or broken up into short sputtering periods 
separated by intervals sufficiently long to avoid an excessive rise in the tempera¬ 
ture of the sputtering vessel and its contents. Thus, for example, an exceed¬ 
ingly thin film sputtered in 32 seconds with 10*2 mA. at 1200 volts, the final 
oxygen pressure being 0-38 mm., had an inductive life of 21 minutes, after 
which it exhibited a low but steady activity corresponding to 0*4 cm. fall of 
manometer per minute. Another film prepared under closely similar conditions, 
but with a total time of sputtering of 10 minutes, made up of twenty 30-second 
sputtering periods separated by intervals of approximately 10 minutes, during 
each of which the loss in oxygen pressure due to “ clean-up ” was made good, 
had an inductive life of 18 minutes and was then exceedingly active (5 cm. per 
minute). Rapidly sputtered inductive films were found to develop much 
greater activity than did slowly sputtered films of approximately similar 
thickness. 

The longest inductive life which we have so far been able to observe for 
films sputtered on to the cylindrical glass receivers was one of 1G8 minutes. 
All inductively active films were faint yellow to brownish-yellow in colour, 
according to the thickness of the deposit, and even the densest of such films were 
translucent. With the development of activity as a result of a more or less 
prolonged immersion in electrolytic gas, however, the films invariably darkened 
and acquired finally cither a sooty black or bright metallic mirror surface, this 
change being accompanied by a remarkable increase in their opacity. It was 
also found that inductive films blackened and were brought into the active 
state by contact with moist hydrogen alone. Inductive films were insoluble 
in aqua regia and adhered so firmly to the receiver surface that polishing 
with a moist abrasive, such as rouge, was necessary for their removal. Once 

* Gtinthersohulze (‘Z. Physik,’ vol. 36, p. 563 (1926) and vol. 38, p. 575 (1926)) and 
Von Hippel and Blochschmidt (‘Ann. Physik,’ vol. 81, p. 1001 (1926)) have shown that 
the rate of cathodic sputtering is independent of the cathode temperature but id directly 
proportional* the current, and increases rapidly with either increasing voltage or atomic 
weight of the gaseous medium within which sputtering is effected 
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blackened and rendered active, however, whether by contact with electro¬ 
lytic gas or with hydrogen, the films were not only readily soluble in aqm 
regia , but could also be easily wiped off the receiver with either dry or moistened 
cotton wool. From these facts the conclusions may be drawn that the inductive 
deposits consisted in the main of some oxide or, possibly, a mixture of oxides 
of platinum which were wholly inactive in the sense that they did not, as 
such, catalyse the union of hydrogen with oxygen, but that reduction by 
hydrogen to the black and more or less opaque deposit resulted in the 
formation of an active form of platinum or compound thereof. 

The inductive life of the films could be reduced simply by storage in dry or 
moist air or in mono Thus, for example, of two films deposited simultan¬ 
eously on quartz plates, the one tested immediately on removal from the 
sputtering vessel was found to have an inductive life of 21 minutes, whereas 
that of its counterpart after being kept overnight in dry air at atmospheric 
pressure and room temperature was only 7 minutes 


Table II. 


Total time 

Sputtering 


Final 

Cathode 

Appearance and behaviour 

of sputtering 

current 

Final 

oxygen 

temperature 

of films in < ontaet with 

{no intervals) 

(inA ). 

voltage. 

pressure 

at end of 

2H a p O a at room 

(see*.). 


I 

(mm.). 

experiment 

temperature. 

85 

7-0 

1175 

0 28 

Pull red 

Thin translucent yellowish- 
brown inductive him ; black¬ 
ened and borame highly acti\ e 
(3 4 um. per mm.) after 18 
mins. 

90 1 

i 

8 8 

1310 

0 21 

lied 

Thin gold-brown film; im¬ 
mediately active (2 7 cm. per 
nun.), blackening began im¬ 
mediately in certain areas 
from which it spread slowly 
throughout the film. 

180 

6 9 

1010 

! 

1 

I 

0 25 

Bright red 

Shelltly opaque, dark brown 
him , blackened immediately 
and uniformly over its entire 
surface and was at once 
highly active (5 cm. per min.). 


Immediately Active Films .—It has been shown above that inductively active 
films could be prepared in two ways, one of which involved sputtering at a 
relatively high rate for a short time. Other conditions being equal, a further 
and sufficient increase in either the rate of cathodic energy dissipation or 
duration of sputtering resulted in the production of immediately active films. 
The details, Table II, of three experiments will suffice to illustrate these 
facta. 
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Thus, immediately active films could be obtained merely by prolonging the 
duration of sputtering, the gas pressure and discharge voltage and current 
being such as would otherwise with a sufficiently short time of sputtering have 
resulted in the formation of inductively active films. This fact strongly 
suggests that in all cases the films were actually deposited in the inductive state, 
and that the production of the immediately active modification was essentially 
due to the effect of heat emanating from the cathode and acting upon the 
deposited film. In connection with this it is significant that the life in the latent 
state of inductive films sputtered under conditions involving relatively low 
rates of cathodic energy dissipation was independent of the time of sputtering 
(see fig. 2). 

The above view of the manner of the formation of immediately active films 
was confirmed by the results of experiments of which the following ib typical. 

A film was sputtered on to a glass tube receiver, the final oxygen pressure, 
voltage, current and the time of sputtering being 0*24 mm., 770 volts, 1-1 mA. 
(constant throughout) and 13 minutes respectively. On removal from the 
discharge vessel, the tube was cut in half. One piece was baked in air at 
120° during 30 minutes, whereupon, after cooling, it proved to be immediately 
active. The other half which had not been heated was then tested and was 
found to have an inductive life of about 40 minutes. 

Immediately active films produced either by sputtering or by the direct heat 
treatment of inductive films were insoluble in aqua reyia and adhered firmly 
to the substrate. Unlike the typically straw to gold-yellow, translucent indue* 
tive films, however, immediately active films were darker, brown to grey and 
less pure in colour and were generally slightly or even sometimes semi-opaque. 

Immediately active films formed by sputtering could be kept either in vacuo 
or in dry or moist air during several months and probably longer without 
complete loss in activity. It was found, however, that when once a film had 
been completely blackened and its activity thus fully developed by immersion 
in either electrolytic gas or hydrogen, drying by storage in dry air or by evacua¬ 
tion durmg half an hour resulted in a total loss of activity, which could not be 
even partially restored either by heating in the manner previously outlined 
or by prolonged contact at room temperature with either moist air, hydrogen, 
electrolytic gas, or water. On the other hand, a blackened film of fully developed 
activity could be stored in distilled water or in moisture vapour at 12 mm. 
pressure during a fortnight, and probably longer, without loss in activity. 

The continuous working life of a catalytically active film was not indefinitely 
long, even when precautions were taken to keep the electrolytic gas atmosphere 
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saturated with moisture and free from possible poisons such as traces of hydrogen 
sulphide or grease vapours. 

Inactive Films .—The sputtering conditions found to be most favourable for 
the production of films which were completely inactive, no matter how long 
they were left in contact with electrolytic gas at room temperature, were those 
which resulted in the cathode being maintained at a high temperature. The 
records in Table III of three experiments will serve to illustrate these facts. 


Table III. 


Duration of 
sputtering 
(mins.). 

Current 

(raA.). 

Voltage. 

1 

CifW 

pressure 

(ram.). 

Cathode 

temperature. 

0 

4 


0*32 

__ 

2 ! 

4 

600 

0-25 1 

— 

4 

4 

1300 

0 ltt 

Red 

H 

3 2 

1 1400 

0*13 

Brig lit, rod 

ft ! 

3 5 

1000 

012 

»> 

11 

2 

2000 

o n 

\V lute hot 


The resulting almost completely opaque film had a deep blue-black, mirror- 
like surface and was wholly inactive. The second experiment was carried 
out under similar conditions, but was interrupted after 2 minutes sputtering and 
yielded a translucent yellow film with an inductive life of about 70 minutes. 
Finally, in the third experiment, terminated after 8 minutes, an immediately 
active film was obtained. 

These results not only afford further direct support of the view outlined above, 
according to which platinum sputtered in oxygen forms in the first place an 
inductively active deposit which is subsequently converted by heat into the 
immediately active form; but they also suggest that, during sputtering, 
inactive films are likewise formed from the inductive via the immediately active 
variety, as a result of a more intensive heating. On the other hand, it might 
be supposed that the inactivity of films, in the case of which the final sputtering 
pressure approached the limiting gas clean-up pressure, was due to the deposi¬ 
tion of platinum unaccompanied by oxygon. The results of experiments, how¬ 
ever, of which the following are representative of the conditions employed at 
once negative any such view. 

A film was sputtered in oxygen, the initial and final pressures being 0*35 
and the low, nearly limiting “ clean-up ” pressure 0*10 mm. respectively. In 
order to reduce thermal effects as far as possible, the current was maintained at 
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the low value of 0 55 mA., the final voltage being 2200 volts. The resulting 
metallic, blue-grey film was immediately active (1 * 6 cm. per minute). A second 
film, prepared under closely similar conditions, was heated during 1 hour at 
240° in air and was then found to be completely inactive. 

Films Sputtered in Argon .—The argon employed contained between 3 and 
4 % of adventitious impurities, 0*2 % being oxygen. 

Only immediately active or-completely inactive films could be prepared by 
sputtering m argon. The range of conditions leading to the production of 
immediately active films corresponded closely to those which were found to 
yield either the inductive or the immediately active varieties when sputtered in 
oxygen. Furthermore, the conditions suitable for the formation of inactive 
deposits were independent of whether sputtering was carried out in argon or in 
oxygen. It was also found in these experiments that the impurities contained 
in the argon were removed in the initial stages of sputtering, but that little 
or no “ clean-up ” of argon, as such, occurred. These facts may be illustrated 
by the records of experiments given in Table IV. 

Table IV. 


Total time 
of sputtering 
(mins.). 

Current 
(mA ) 

Kinal 

voltage. 

! 

: Gas 

pressure 
(mm ). 

1 

! Remarks 

0 

2 2 

1135 

0-43 

“ Clean-up ” of impurities 

A 

2 2 

1150 

0*42 

occurred within 10 mins 

10 

2 2 

1160 

0 41 

Cathode remained cool 

20 

2 2 

1155 

0 41 

throughout. Sooty black, 

35 

2 2 

1165 

0 41 

completely opaque film. 

60 

2 2 

1160 

041 


70 

4*4 

1350 

0*41 


80 

4 4 

1345 

0*41 



The resulting film was immediately and exceedingly active (11-6 cm. per 
minute). Another film, obtained after 6 minutes sputtering at 1*1 mA. and 
3000 volts, the argon pressure being 0*14 mm., had a bright mirror surface 
and was completely inactive. During this experiment the cathode was at 
a bright red heat. Finally, in further experiments the relationship between 
film thickness and maximum activity was determined. For this purpose the 
deposits were prepared under constant conditions of current (2*2 mA.), 
(voltage 1170 volts), and argon pressure (0*39 mm.), the time of sputtering, to 
which the film thickness was directly proportional, alone being varied. The 
results, incorporated in fig. 3, establish the fact that the activity of these films 
was directly proportional to their thickness, thus proving that, under the 
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conditions of our experiments, catalytio action took place throughout the whole 
film and was not confined merely to the surface. From a colorimetric analysis 
(Ptl a ee )* it was estimated that the average thickness of the film sputtered m 
19 minutes (see fig. 3) was of the order of 6*4 X 10cm., assuming face- 
centred cubic structure with a cube side of 3 *9 A. All films sputtered in argon 
were readily and completely soluble in aqua regia . 

Films Sputtered in Nitrogen .—It will suffice to summarize these results as 
follows. 

As with argon, only immediately active and inactive films were obtained. 
Furthermore, the sputtering conditions suitable for the formation of each 
type of deposit were similar for either gas. In nitrogen, however, unlike in 
argon, “ clean-up ” occurred and continued steadily during sputtering down 



to a limiting pressure similar to that observed in the case of oxygen; but, 
other conditions being equal, the rate of such “ clean-up ” was about four times 
less than in oxygen. Films sputtered in nitrogen closely resembled in appear¬ 
ance those obtained in argon, forming either opaque, sooty-black deposits or 
bright, mirror surfaces. They were readily soluble in aqua regia . 

Microphotographic Examination of Films Sputtered in Oxygen .—The different 
types of films discussed above all appeared to possess perfectly homogeneous 
structure when examined under the microscope with a Zeiss 2 mm. apochxomatic 
oil-immersion objective in conjunction with a Swift oil-immersion condenser. 
Owing to the colour and translucent nature of the inductive and immediately 

* Yoe, fl Photo-Chemical Analysis " (Wiley & Sons, New York), vol. I, p. 356 (1928). 
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aotive films obtained in oxygen and the opacity of the aetive films formed 
therefrom by contact with hydrogen or electrolytic gas, however, it was 
possible to observe the microscopic changes occurring during blackening and 
the development of activity. Whilst under observation on the microscope 
stage, films sputtered on to glass plates were developed in a hydrogen-air jet, 
blackening being arrested as desired by removal of the jet. , In the 
case of fig. 4, Plate 6, an immediately active film was deposited on the 
right-hand half of the slide, whilst the other half was protected by p, mica 
screen. The screen was then removed, and the whole slide, including the active 
deposit, was covered by sputtering with an inductive film, whereupon develop¬ 
ment was carried out in the manner outlined above. The immediately active 
area blackened uniformly within a few seconds, in spite of the relatively thick 
superposed inductive layer, thus clearly revealing the porous nature of such an 
inductive film. Meanwhile no change whatever was to be observed in the 
adjoining purely inductive deposit, except at its boundary with the active 
film, until towards the end of its inductive life of 21 minutes, as determined 
by means of the counterpart. Minute circular black spots then appeared and 
grew steadily, until further development was arrested at the stage shown in 
fig. 4 (left-hand side) by removing the hydrogen jet. It will be seen that, 
during its inductive life, blackening was steadily spreading across the boundary, 
BB, fig. 4, into the inductive deposit, thus proving that catalytic action occur¬ 
ring on active centres can and does bring about the decomposition of that 
completely inactive platinum oxide forming the main constituent of the 
inductive type of film to some form of platinum or compound thereof which 
makes the film catalytically active. We may, therefore, conclude that 
inductive films owe their eventual activity to the presence of a comparatively 
few particles of such immediately active material disseminated throughout 
the deposit. The fact that the inductive film of fig. 4 had a life of 21 minutes 
in the pre-active state, in spite of the considerable number of active centres 
revealed on partial development of activity, suggests that the active particles 
must have been exceedingly small. It has been pointed out above that the 
pre-active life of an inductive film decreased with the age of the film. It was 
also found that on storage the number of spots appearing on development 
likewise increased. In view of these facts it is difficult to resist the conclusion 
that the platinum oxide slowly decomposes spontaneously to form the im¬ 
mediately active material. 

Minute transparent centres are plainly visible in the spots shown in fig. 4. 
These were apparently caused by contraction and subsequent rupture of the 
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catalytically active film, thus leaving bare the glass substrate in the centre of 
each spot. With further development, however, the spots gradually healed 
in the centre, as is shown in the microphotograph, fig. 5, Plate 6, whereupon a 
characteristic zone of rupture appeared at, and kept pace with the expansion 
of, the periphery of each active spot. Such peripheral ruptures healed where 
spots coalesced. 

The appearance of fissures, fig. 6, Plate 6, following approximately linear 
tracks and generally accompanied by peeling of the deposit from off the sub¬ 
strate, signalled the approaching end of the active working life of a film as a 
catalyst. Such direct evidence of contraction and loss of adhering powers 
strongly suggest that exhaustion of the activity of platinum films is in some 
manner closely connected with profound changes in their crystalline structure. 

Classification of Sputtered Platinum Films .— The chief types of films obtained 
in the course of these experiments may now be classified according to their 
more striking properties as follows :— 

Type A .— Inductive films, consisting in the main of a catalytically completely 
inactive platinum oxide, but containing inclusions of a relatively few 
particles of an active substance. 

Type B .— Differs from Type A only in degree, in that while it still consists 
largely of the platinum oxide it also contains the active substance dis¬ 
seminated throughout in far greater profusion than in the case of Type 
A. 

Type C .—A catalytically active form or compound of platinum or mixture 
thereof resulting from the development of either Type A or B in hydrogen 
or electrolytic gas, and differing from Type B in that its activity is 
completely destroyed by drying, and thus forms. 

Type D,—Differs from Type F in that it shows no signs of Assuring or peeling 
from the substrate. 

Type E .—An inactive form of platinum obtained either by sputtering in 
oxygen, nitrogen, or argon, or by heating Types A or B. 

Type F .— An inactive form of platinum, resulting from the exhaustion of the 
working life of Type C and characterized by fisauring and loss of 
adhesiveness to the substrate. 

Tests by Electron Diffraction . (G. P. T. and C. A. M.) 

In older to discover the crystalline structure of the spluttered films, and to 
examine any possible correlation between this structure and the catalytic 
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activity, the surfaces were examined by the method of electron diffraction in 
the apparatus* formerly used by one of us for the study of chemically deposited 
platinum and a number of other surfaces of various chemical compositions.! 
The method consists in making use of the wave properties of electrons in the 
form of cathode rays of about 30,000 volts energy, to derive diffraction patterns 
from the small crystals of the film, the process being strictly analogous to the 
Debye-Scherrer method with X-rays, except that, owing to the low penetrating 
power of cathode rays, the thickness of the film effective in producing the 
patterns is limited to the order 10~ 6 cm. As in the Debye-Scherrer case, the 
diffraction patterns take the form of concentric circular rings, or rather semi¬ 
circles, since about half the field is blocked out by the shadow of the block on 
which the film has been deposited. From the radii of the rings we can deduce 
the spacings of the crystal planes which cause them, and see if they agree with 
those of any known structure. From the width of the rings it is sometimes 
possible to deduce the size of the small individual pieces of crystal, for if these 
latter are very small there will be a diminution in their “ resolving power ” 
regarded as analogous to that of a grating, and the rings, which are analogous 
to the spectral lines of the grating, will be widened in consequence. If, how¬ 
ever, the dimensions of the crystals exceed about 10“° cm. the resolving power 
becomes so good that the width due to the crystal size is small compared with 
that due to the finite size of the electron beam, and to its lack of homogeneity, 
and nothing can be said as to the size of the crystals except that it is at least 
of the above order of magnitude. 

A surprising variety of patterns was found, excluding a few exceptional 
cases, they can be classified as follows :— 

I. Normal platinum, a pattern characteristic of the normal face-centred 

cubic platinum crystals with a cube side of 3*91 A. They are usually 
fairly sharp, but the breadth of the rings has generally been slightly 
increased by the small size of the crystals, fig. 7, Plate 7. 

II. As the above, but with the rings not of uniform intensity, thus showing 

that the crystals are orientated in preferred directions with respect to 
the surface of the receiver on which the platinum has been sputtered. { 

III. A pattern consisting of the normal platinum together with some extra 
rings which have not yet been identified. These latter frequently show 

* Thomson and Fraser, 4 Proc. Roy. Soc,/ A, vol. 128, p. 41 (1930). 
f Thomson, ibid., p. 640. 
t 4 Phys. Soo. Proc./ vol. 45, p. 381 (1933). 
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orientation even when the platinum rings do not. It is possible that 
there is more than one group of these “ extra ” rings. They were always 
narrow though often faint, fig. 8, Plate 7. 

IV(a). A pattern consisting chiefly of two strong broad rings with a few 
faint ones sometimes visible outside. There was usually a strong 
background, fig. 9, Plate 7. 

IV(6). A pattern characterized by two very strong sharp rings with a number 
of fainter ones outside them, fig. 10, Plato 7. 

Identification of Patterns IV(a) and IV(b ). 

It was quickly recognized that these two patterns were due to the same 
substance with a difference in the size of the crystals, which determines the 
width of the rings. In fact, there is almost a complete gradation between the 
two, one of the 1V(6) type having rings as wide as 1*3 mm. and one of the 
IV(a) type as narrow as 1-5 mm. Usually, however, the IV(6) type are very 
sharp (c. 0-8 mm.) and IV(a) type at least 2*0 mm. wide. Tho mean values 
for the spacings producing the two main IV(a) type rings are 2*59 and 1 *52 A., 
and those for the two strong rings of the IV(6) type are 2*69 and I *56 A. 
It is doubtful if any importance is to be attached to the difference. It is 
possible that the effective spacing for a crystal as small as those giving rise to 
IV(a) (about 6 atom diameters) is less than that of the same matter in bulk, 
but it is equally likely that it is a physiological effect due to the difficulty of 
measuring the centre of a diffuse ring on variable background. 

As it seemed probable that this pattern was due to the presence of oxygen 
it was natural to try an oxide of platinum. A specimen of platinum dioxide 
reputed 99% pure obtained from Messrs. Griffin & Tatlock, was very kindly 
tested for us in an X-ray diffraction camera by Mr. Sykes, of Metropolitan- 
Vickcrs. The result showed a large percentage of metallic platinum in the 
specimen, which had presumably partially decomposed, but there were also 
present diffuse bands, due to a substance in a state of minute subdivision, 
corresponding to spacings 2*65 and 1 *56 A. We consider that we are justified 
in identifying this substance, which is presumably colloidal platinum dioxide, 
with the substance of similar spacings which causes IV(a) and (6). It is, of 
course, impossible to be sure that small quantities of other substances are not 
present, although they do not appear in the pattern on the plate. This is 
especially so with a diffuse pattern such as IV(a). Thus we do not wish to 
assert that there is no metallic platinum in the films of type IV(o) and (5), 
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only that the compound is in excess. Patterns IV(a) and IV(6) have so far 
only been obtained in oxygen, as might be expected on the above view of 
their origin. 

Table IV.—Spacings of Patterns III and IV(6) in Angstroms. 

HI 4-4 3 068. 2*06 m s. 1-73 1-31 and smaller. 

1V(6) 2*60 s. 1 *66«. 1*35 1 01 0 *90 0 775 0 742 0*672 0*610 0*578 

also a trace of a diffuse orientated ring with b pacing about 2 2. 


Patterns I and IL 

Pattern I was formed in argon, oxygen, nitrogen, and hydrogen, and is 
regarded as normal. When formed in oxygen, it is inactive catalytically or 
only slightly active. Pattern II occurs in argon, oxygen, and nitrogen. In 
most cases in which it occurred the film had been heated considerably by 
radiation from the sputtering cathode. In all probability the orientation of 
the crystals of platinum which causes this pattern is due to their growth in a 
certain preferred direction being made easy by heat.* There seemed to be no 
necessary connection between the orientation and the catalytic activity of the 
films. Some orientated films were active, but only those sputtered in argon in 
which films of pattern I were commonly active, and the proportion of active 
films in the two cases was not notably different. In what follows patterns I 
and II will be treated together. 

Films Sputtered in Oxygen .—In this gas it has been found possible to correlate 
the type of pattern observed with the conditions of the discharge used in 
preparing the specimen. If the voltage never rose above about 900 volts with 
a current of 2*2 mA., corresponding to a pressure of about 0*35 mm. or over, 
type IV(6) resulted, if the voltage was above 900 with the same current, but 
below 2000, we get typo IV(a). The pressure for these was usually between 
0-1 and 0-35 mm. Since the rate of sputtering is chiefly governed by the 
voltage, these results are consistent with the view that the large crystals of 
IV(6) require a slower rate of deposition than the small ones of IV(a). If 
the voltage was much above 2000 I or II appeared, the cathode being visibly 
hot and thus heating the receiver by radiation, while III occurs in a narrow 
range of conditions with the voltage near 2850. With certain exceptions, 
which will be mentioned shortly, patterns I, II, and III occur on films which are 

* An account of these orientated films was given before the Phys. Soe,, February 3, 
1933. 
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catalytically inactive, while IV(a) and (6) are always potentially active, in the 
sense that they can be developed by electrolytic gas or hydrogen into active 
films. In all 43 films were studied by diffraction: 10 showed I and II; 3 
showed III; 17 showed IV(a); 7 showed IV(6); one showed I on part of its 
surface and III on the rest, the two parts being distinguished by colour; 
one was intermediate between IV(a) and IV(6), one was uncertain, probably 
IV(a); another probably a mixture of I and IV(a); in two cases the rings 
were too poor to enable the pattern to be assigned, the films being very 
thin. 

There were two cases in which a film was active which did not show pattern 

IV. 

Two additional facts are of importance. If a film originally of type IV(o) 
or (6) is used catalytically till it ceases to be active, and then is re-examined 
by diffraction, the pattern is found to have completely changed to the normal 
platinum type I or more rarely to III. If type IV(a) is heated to 225° C. in 
vacuo , the same change is produced, and the film is then inactive. Films giving 
patterns IV(a) and IV(6) are yellow, while I, II, III are usually grey or black, 
so the change can be observed visually as well as by diffraction. 

The counterparts of all films of the type IV(6), and of some of those of type 
IV(a) f were inductive. The specimens themselves had usually a shorter 
inductive period than their counterparts and were sometimes active immedi¬ 
ately. The reduction or disappearance of the inductive period in tho specimens 
tested by electron diffraction is probably a normal consequence of the time 
that necessarily elapses before they can be used for catalysis ; there is no 
evidence to suggest that any detectable change occurs in the pattern on keeping. 
On the contrary, a specimen showed the characteristic IV(6) pattern three 
days after being made. 

The mean width of the rings in the IV(a) specimens is 2*1 mm. (range 1*5- 
2*6) which corresponds to a crystal size of about 1*6 X 10" 7 . The IV(6) 
specimens had often quite sharp rings and their crystal size must have exceeded 
10 ~ a cm. in most cases. 

Films Sputtered in Argon .—These showed before catalytic testing only 
patterns I, II, and III, the latter once only. They were active in 12 cases out 
of 44 tested. 

Films Sputtered in other Gases .—Three films sputtered in nitrogen were 
inactive. All showed normal platinum structure with slight orientation in 
two cases. Three others sputtered in hydrogen were also inactive and showed 
normal platinum structure without orientation. 
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Pattern III (for spacings see Table IV). 

In several cases films prepared in argon showed pattern III after catalytic 
use ; one examined both before and after showed I before, and an abnormal 
pattern (of “ extra ” rings alone) after catalytic use. A similar effect was 
observed in one of the oxygen films (probably IV(a) but pattern poor) which 
showed after partial blackening an abnormal pattern consisting of the “ extra ” 
rings only. One of the 1V(«) type oxygen films changed to III after use, 
while one of the abnormal oxygen films of pattern 1 which was slightly active 
did the same. There is thus some evidence that when a feebly active film 
is used catalytically the “ extra ” rings of pattern III are formed, though they 
can certainly also be formed directly by sputtering, while, on the other hand, 
strong activity leaves normal platinum. 

Influence of Crystal Size —It has often been suggested that the activity of 
platinum is due to a minute stage of subdivision. The particle size, if it is less 
than about 30 units cells in each direction can be deduced from the increased thick¬ 
ness of the rings due to small crystals. Many of the photographs do, in fact, show 
this effect* with the rings due to metallic platinum, the most usual size is about 
20 unit cells in each direction, but occasionally there are as few as six. Taking 
the films sputtered in argon, in which gas a number of films showing the pattern 
of metallic platinum exhibit activity, a comparison shows so far no tendency 
for the films with smaller crystals to be the more active. 

The size of crystals of platinum dioxide does, however, seem at first sight to 
be correlated with the inductivity. This is probably apparent only, the size 
of the crystals depending on the rate of sputtering, the inductive period on the 
temperature of the surface. Usually slow sputtering involves small evolution 
of energy and low temperature, but by sputtering intermittently one can keep 
the temperature low and so get inductive films with small crystals IV(a). 
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* ‘Proc. Phys. iSoc./ vol 45, p 381 (1933). 
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Coroclmion and Summary (Joint). 


We may summarize the results obtained in the following table in which the 


state of the film as determined from its catalytic properties and method of 
preparation is correlated as far as possible with the structure found by electron 
diffraction 

Typo of film. 

Structure 

A, Inductively active. 

Prepared in O t by— 

( 0 ) Rapid intermittent sputtering. 

(6) Slow sputtering. 

IV(a) Fuzzy Pt0 2 imgs, considerable back¬ 
ground. 

1V(6) Sharp PtO t rings, slight background. 

B. Immediately active. 

Prepared by— 

(1) Sputtering in 0, 

(2) Sputtering in Ar. 

IV(a) Fuzzy PtO, nngs, considerable back¬ 
ground ; occasionally also 1 (normal 
platinum). 

I. Normal platinum or 11 orientated plati¬ 
num. 

C. Actual state of catalysis (blackened film) 
Developed from A or B by oloctrolytio 
gas or hydrogen. 

Could not be exammed owing to the destruc¬ 
tion of C and its conversion to D by the 
drying, caused by putting it in a vacuum 

D. Inactive film obtained by drying 0. 

K. Inactive film when obtained byHputtcnng 
in 0„ N„ Ar, or or by heating “ A ” 

or M B.” 

F. Exhausted catalytic film 

These all showed :— 

I, Normal platinum. 

II. Normal platinum orientated. 

til. Normal platinum with extra nngs. 

Of these II was rare in films sputtered in O a . 
and did not occur when types J) or F where 
developed from 1V(«) IV(fc). 


It is unfortunate that it has not so far been found possible to test the film by 
diffraction in the act of catalysis. It is just possible that the peculiar pattern 
of the “ extra ” rings alone, found on two films tested after they had been 
blackened for a short time may be of significance. In one case the film was 
still slightly active after the diffraction experiment. The blackening may not 
have been complete. 

It may bo significant that pattern IV(a) is usually accompanied by more 
background scattering than the others. The presence of single atoms or other 
non-crystalline bodies would produce increased background scattering, but 
other causes are possible. The background of a film of type D derived from 
one of type B is always less than that of the parent film, and the size of the 
crystals is of course greatly increased. We have observed that the PtO a films 
are difficult to move mechanically, unlike the platinum ones ; they never show 
orientation, presumably because the necessary high temperature would dis- 
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sociate the compound. Films sputtered in argon are easily removed mechani¬ 
cally, they show orientation readily and are easily poisoned. The rarity of 
mixed patterns, with the exception of III, is striking. Types D, E, and F are 
distinguished by their different modes of preparation. There is so far no 
evidence to suggest that they are fundamentally different. 

We have refrained from suggesting any mechanism for the act of catalysis. 
Further experiments are needed to distinguish between various possible 
explanations, and are being made by one of us (Q. I. F.). The work described 
in the present paper, which has taken two years and a half to complete, covers 
the main features of the catalytic process as directly observable, and shows the 
structure of the film at its various stages. We feel justified in expressing the 
view that the method of electron diffraction is likely to play as important a 
role in the study of the mechanism of heterogeneous catalytic reactions as is 
played by spectrographic methods in the study of gaseous reactions. 


Free Paths and Transport Phenomena in Gases and the Quantum 
Theory of Collisions . I .—The Rigid Sphere Model . 

By H. S. W. Massey, Ph.D., Senior 1851 Exhibitioner, Trinity College, 
Cambridge ; and C. B. 0. Mohk, B,A., M.Sc,, Trinity College, Cambridge, 
1851 Exhibitioner, University of Melbourne. 

(Communicated by P. A. M Dirac, F.R.S.—Received March 1, 1933.) 

The necessity for the use of quantum mechanics in the theory of atomic 
phenomena is most clearly manifest in the study of collision processes. Diffrac¬ 
tion effects have been observed in the scattering of electrons from crystals* 
and by atoms,f while the recent developments of molecular ray technique have 
made it possible to establish the existence of cross-grating spectra in the 
reflection of molecular beams from crystal surfaces. J In view of the importance 
of wave theory in these phenomena, it is clearly necessary to examine the 
conditions under which the classical theory of gases must be modified and 

* G. P. Thomson, “ Free Motion in Wave Mechanics.” 

t J. J. and G. P. Thomson, “ Conduction of Electricity through Gases,” vol. 2, Chapter III, 
Camb. Univ. Press (1933). 

t Fraser, “ Molecular Hays,” Camb. Univ, Press (1931). 
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to determine the nature of the modifications. Such an investigation receives 
added importance owing to the possibility of experimental test by molecular 
ray methods. Also, considerable interest is attached to the possibility of 
direct experimental proof of the Bose-Einsteiu statistics for neutral atoms and 
molecules from collision experiments as has already been possible for 
oc-particles.* 

In order to develop the quantum theory of collisions in a form suitable for 
this purpose, we first discuss the simplest model which bears sufiicient re¬ 
semblance to the actual facts, and so we consider the rigid sphere model for 
gas atoms. This model has already proved valuable in the classical theory of 
transport phenomena and has the additional advantage of permitting an exact 
quantum mechanical solution. It will be seen that the results obtained by 
the use of this model are of great interest and suggest several new lines of 
investigation, both experimental and theoretical. Finally, a method for 
dealing with the general case of any law of force will be discussed. 


§ 1. The Physical Processes Involved and the Classical Formula \ 

There is a large number of properties of gases which depend on the interaction 
energies of the atoms, and many of these properties have already been investi¬ 
gated for a variety of gases. We propose to discuss here only those properties 
which are directly related to collisions between the gas atoms, and of these 
the coefficients of viscosity and diffusion (including thermal diffusion) have 
long been known for various gases over a wide range of temperatures. To 
these we may now add the direct measurement of free paths, of the angular 
distributions of gas atoms scattered under various conditions, and of the 
mobilities of positive ions in pure gases. The latter measurements virtually 
consist in determining the diffusion coefficients of the ions in the gas. 

The great value of these investigations is that, when correlated with a 
satisfactory theory, they lead to a knowledge of the fields of force between gas 
atoms, information of considerable value for chemistry, as well as providing a 
check on the theoretical formulae obtained from quantum mechanical theory of 
atomic interactions. Laws of force have already been derived by Lennard- 
Jones for a number of gases with the use of classical theory in connection with 

observed coefficients of viscosity and diffusion and their variation with 

• 

* Mott, 4 Proc. Roy. Soo./ A, vol 126, p. 259 (1930); Chadwick, 4 Proo. Roy. Soo./ A., 
vol. 128, p. 114 (1930) i Blackett and Champion, 4 Proo. Roy. Soc.,* A, vol. 130, p. 380, 
(1931). 
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temperature.* Direct test of these laws of force by means of free path measure¬ 
ments has no significance on classical theory, as the free path depends on the 
experimental definition of a collision and tends to zero as smaller and smaller 
deviations are included in the measurements. On the quantum theory this is 
no longer true, and it is possible to obtain very interesting and valuable 
information from direct observation of free paths. 

Before discussing the quantum theory of collisions, we will give the classical 
formula* for the various quantities involved, and convert them to a form con¬ 
venient for quantum mechanical discussion. 

The most complete classical theories of transport phenomena are due to 
Chapmanf and Enskog,* who obtained the same final results; we shall use 
Chapman’s formulae throughout. For the coefficient of viscosity yj of a simple 
gas at absolute temperature T, he finds 

yj = —— / — \ 3/2 i-i-5 m 

^ 4jWljM/ 7 tR u ’ 1 ' 

where 

j - 1/2*1, (2) 

M is the mass of a gas atom, and k is Boltzmann’s constant. R n is given by 

Ku-lf V 7 Q,e~i >™'dV, (3) 

J —aO 

where 

Qtj -= ft f sin 2 0 dp 2 , (4) 

Jo 

p is the perpendicular distance between the asymptotes of the paths of two 
atoms while entering on collision and 0 is the angle the relative velocity of 
the atoms is turned through by the collision. V is the relative velocity of 
the atoms before impact. Q, has the dimensions of area and may be defined 
as the collision area effective in viscosity. 

The quantity e depends in a complicated way on collision phenomena in the 
gas (and hence on the law of interaction), but on the classical theory its value 
is never greater than 0-017. As quantum modifications are unlikely to alter 
the magnitude of e sufficiently to make its calculation important, we shall 
neglect it in what follows ; in a later paper its calculation will be considered 
using quantum mechanical collision theory. 

* For a summary of this work see chap. X by Lennard-Jones in R, H. Fowler’s 44 Statistical 
Mechanics," Camb. IJrtiv. Prose (1920), and 4 Pro©. Lond. Phys. Soo.J vol. 43, p. 461 (1931). 
t ‘ Phil. Trans.,’ A, vol 216, p. 279 (1916); vol. 217, p. 116 (1917). 

X 4 Inaug. Dias.* (Uppsala, 1917). 
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For the coefficient of diffusion between two gases (distinguished by suffixes 
1 and 2) Chapman gives the formulae 


D = &K 1 ' 2 


i M] + M g \ 7/a 
V jM x M 2 / 


1 _ 1 _ 

(v x 4- v 2 ) P 12 1 — e 0 ’ 


( 6 ) 


where M 1( M 2 are the masses of the gas atoms, and Vj, v 2 the number of atoms 
of each per cubic centimetre. ^12 is given by 

where 

Qi> (1, 2) — 7c f sin 2 £0 dp 2 . (7) 

Jo 


and is the collision area effective in diffusion. 

e 0 , like e in expression (1), depends in a complicated way on the atomic 
collisions and also on the relative concentrations of the two gases. It is never 
very great—on classical theory its maximum value is 0*136—and so the 
quantum theoretical calculation of e 0 will be deferred to a later paper. 

The coefficient of thermal diffusion of a gaseous mixture cannot bo written 
down in such a simple form, but it involves, in general, the interactions between 
molecules of the same kind as well as molecules of different kinds. As a 
consequence of this, the formula includes integrals of the form 

P u = 2 f V 6 Q U (1,1) exp. {- ijMV*} dV. (8) 

J —00 

The mobilities of positive ions in pure gases are given in terms of the 
coefficient of diffusion D by means of Langevin’s formula* 

k - cD/kT, (9) 

where e is the charge on the ion. 

Examination of the classical theory shows that the only modifications which 
are introduced in the general formulae above arise from the use of the Bose- 
Einstein, instead of classical, statistics, and this modification can be neglected 
except at extremely low temperatures and high densities. However, when we 
apply the formulae to the consideration of any particular model, the use of the 
quantum theory of collisions between the gas atoms will affect the values of 
the cross-sections Q„, Q t) in the formulae (4), (7) above. The quantities e, 

* • Ann. Chim. Phys.,’ vol. 6, p. 245 (1906). 
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c 0 will also be affected, but we neglect this at present for the reasons already 
stated. 

In order to obtain Q,, Q D in forms convenient for quantum mechanical 
treatment, we must change the variable from the impact parameter p to the 
angle of scattering 0 in relative co-ordinates,* 

Since we are using relative co-ordinates we may discuss the collisions as if 
one atom is held at rest. Suppose, then, that we have a stream of N atoms per 
unit area per second incident with velocity v on this atom. Then the probable 
number of particles per second crossing a plane perpendicular to the direction 
of flight with angular momentum between J and J + d J is 

2rcNJdJ/MM. 

To obtain the number of particles deflected between angles 0 and 0 + d0, 
which we write in the form 

27rNI(0)sin 0d0, 

where 1(0) has the dimensions of area, we make use of the fact that J may be 
expressed as a function of 0. Therefore 

2uNI (6) sin 6 M S <je. 

Now J = M vp y so 

p dp = 1(0) sin 0 d0. (10) 

Hence 

Q„ = 2* r I (0) sin 3 0 d0, (11) 

Jo 

Q d — 2n [ I (0) sin 2 £0 sin 0 d0, (12) 

Jo 

while the collision cross-section Q is given by 

Q = 2tt f' I (0) sin 6 d8. (13) 

Jo 

§ 2. The Qmntum Theory of Collisions . 

The function I (0) for the scattering of a particle of mass m and velocity v 
by a field of force of potential V (r) is given by 

1 (e) = h '? (2w +!) (e “ ,B ~ 1} p « (cos 8)|2> (l4) 


* 8 is the angle through which the direction of the relative velocity ie turned. 
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where k = 2nmv/h and the phases 8 n are obtained from the asymptotic form 
of the solution of the equation 

which is finite at the origin. The phases are such that this asymptotic form is* 

u ~ sin (hr — \wk + S n ). (16) 

The collision cross-section will then be given by 

Q«= jfS(»» + l)mn*8„. (17) 


Before proceeding to discuss those properties of the phases which are important 
for our purpose, it is necessary to remark the modifications of treatment 
necessary when the colliding systems are of comparable mass. In this case 
we obtain the same expression as (14) in the co-ordinate system in which the 
position of one atom is defined relative to the other atom, but we must take 
for the mass m the reduoed mass 

Mj M fl 
M l + M a ’ 

where M 1( M a are the masses of the colliding atoms. V(r) is now, of course, 
the interaction energy of the two atoms and v their relative velocity. In 
experimental observations of angular distributions, one measures the number 
of atoms scattered in a given direction relative to the direction of incidence. 
To convert the angular distribution in relative co-ordinates to the angular 
distribution relative to the direction of incidence, one merely uses the classical 
momentum and energy relations, In particular, if the atoms are of equal 
mass, the distribution per unit angle will be given by 

I (20) sin 20, (18) 


where 0 is the angle of scattering referred to the direction of incidence. 
The most important property of the phases is that S n is small when 


§£?V(r)<ili±-U, 


( 19 ) 


for such r that At ~ w + 


• Faxen and HolUmark, ‘ Z. Physik,' vol. 46, p. 307 (1027), 
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Under these conditions it is possible to use an approximate expression for 
S n in the form* 

( 20 ) 


In the special case where all the phases are small, the series (14) may be summed 
to give, approximately, 


1 ( 8 )- 


CAn^m 2 f 

A 4 l 



sin (2 hr sin ^ 
2 hr sm £ 0 


rdt 


}*■ 


( 21 ) 


which is the well-known approximation due to Born.f Substituting this 
formula in (13) we see that the total collision cross-section Q will be finite if 
V(r) vanishes at infinity faster than r“ 3 . This same result must hold for the 
exact formula (14), for, when n is sufficiently large, the exact and approximate 
aeries converge together by virtue of (19) and (20). As it is extremely unlikely 
that the interaction between atoms falls off as slowly as r 3 for large r, we see 
that the mean free path has a perfectly definite value depending on the law 
of force and so provides a further means of determining this law. 

In the particular case of the low velocity limit of the cross-section, it is not 
yet possible to state the conditions under which the limit is finite, but it appears 
that, for a potential which vanishes more rapidly than r~ 3 at infinity, the 
limit is infinite only when very special relations are satisfied by the field of 
interaction. This is illustrated in the appendix for the case of an exponential 
field of force. 

In the case of the collisions of gas atoms, it is easy to see that Born’s approxi¬ 
mation is only applicable to phases of very high order except for collisions 
at extremely low temperatures. As the ratio of wave-length to atomic diameter 
is considerably less than unity, an approximation based on classical theory 
will give satisfactory results for the phases of low order. Such an approxi¬ 
mation is that given by Jeffreys.J This method gives for the solutions of the 
equation 


the asymptotic forms M ^ sin |j + j* {f{r)} i d r], 

sinfjl + j {/(r)}‘dr]. 

* Mott, * Proc. Camb. Phil. Soc./ vol. 26, p. 304 (1929). 
t 4 Z. Physik/ vol. 38, p. 803 (1926). 

X 'Proc. Loud. Math. Soo.,* vol 23, p. 428 (1924), 


(22) 
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Here 

= (23) 

and r 0 is the largest zero of/(r). 

The first of these two solutions is zero at the origin and is the solution we 
require. Comparing (22) with (16) we obtain 

— \mz + \n + [ [{/ (r)Y — it] dr. (24) 

Jr* 

This approximation is satisfactory when 


V (r) 


is large compared with the centrifugal force term n(n + l)/r 2 , and is strictly 
accurate m the classical limit of h + 0. If, then, we wish to calculate the 
scattering of one gas atom by another, we may calculate the phases for small 
n by Jeffreys’ method and for large n by Borns method. The former method 
will be accurate when is greater than unity, the latter when S n is less than 
unity. The intermediate phases may then be obtained by interpolation. 

By using this method it is thus possible to consider various types of inter¬ 
actions between atoms.* However, before proceeding to such a detailed 
investigation, we will consider the collision of rigid spheres, for which we may 
readily find exact expressions for all the phases. 


§ 3. The Effect of Symmetry . 

Before expressing the formulae (4), (7) m terms of the phases we must 
introduce a modification of the above formulae which is necessary when the 
colliding atoms are similar. In this case jt is impossible to distinguish experi¬ 
mentally between the incident and struck atoms, and the wave function 
describing the motion must satisfy certain symmetry properties with respect to 
the co-ordinates of the two atoms. In particular, if the atoms obey the Bose- 
Einstein statistics, the wave function describing their motion must be symmetric 
in the co-ordinates of the two atoms. 

Since interchange of the atoms changes 0 into re — 6 we must take the 
scattered amplitude in this case in the form 

2 K/(®>+/<*-«)}> 

* A preliminary aocount of this work was given in * Nature/ vol. 180, p. 276 (1982). 
The cross-sections given there should be doubled. 
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where 

/(6) Z (e 1,s ” - 1) (2« + 1) P n (coa 6). 

h n 

This gives, for the function I'(0), the form 

1 ( 0 ) - L |£ (4» + 1) («*'*-" - 1) Pen («» 9)1*. 

ZfC* n 

all odd harmonics being excluded This modification has the effect of reducing 
the number of effective terms in the series and making the deviations from 
classical theory more marked at a particular energy of the particles than they 
otherwise would be. 

We are now in a position to express the formulae (4), (7) in terms of the phases 
S n . Firstly for the case of the viscosity, by using the foimula 


~a p ( T \ _ (n -f~ 2) (n -h 1) p / v i_ 4 h 3 -f~ & 1 ' _L_-— p (#) 

x (2w + 3)(2» + l) Pnia( ' H (2» f 1) (2» — I) (2» -h 3) " 1 

l n < w — *) P ( T \ 

(2m -f-1) (2n — 1) ' 


we obtain 


4n J 4w» f 6n»-_2_»_-2 , a 

H ' A* 7 \ (2« - 1) (2n f S) 

- 2 (» + 2 ) l ^ ± i) co « (S n - S n+2 ) sin 8 n (25) 

2n + 3 t 

Then for the diffusion, using the formula 

xP ” = |r+i r " 1 1 (x) + 2^+1 Pni (x)> 


we have 


Qd (I 2) = S {(2m 4- 1) sin 2 <5„ — 2 (m -f 1) coa ( 8 n — 8„ hl ) sm 8„ am 5 n+l }. 

(26) 

In the special case of self-diffusion, winch is important in the theory of 
thermal diffusion, the odd phases vanish and 

4tt , 


Q n (1. 1) = S (4« + 1) sin 2 S fln , 
= £ 0 . 


(27) 


These formula) are to be compared with the formula (17) for the total cross- 
section Q< 
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§ 4. The Elastic Sphere Model. 


If we consider the atoms as elastic spheres, we take the interaction energy 
V (r) as given by 


V (r) — 0, r>r 0 


= 00 . r<r 0 . 


(28) 


Under these conditions the wave function representing the relative motion 
must vanish at the boundary r = r 0 . The wave equation from which to 
determine the phases 8„ is 

£+(»_«<? +•>}«_», ,29) 

for r > r 0 . The solutions of this equation are, m terms of Bessel functions, 
w = ,*(Ar), r*J - n -\{kr), 

so that the general solution is 

r~*u - A J n+i (hr) + B (hr). (30) 


In order that this solution be zero at r — r 0 we must have 

B _ J n n (kr Q ) 

A J-n l (**o) 

Since 


we thus see that 


and in particular 


J„ 4 - * (At) - r jl sin (hr — \nn), 
J_ n _j (kr) ~ r cos (At — £w7r), 

= arc-tan (—I) n f 1 5 , 

A 

= ^ 0 * 


(31) 


(32) 

(33) 


In Table I the phases 8 n are tabulated for various values of Ar 0 . The 
number of multiples of n to add to the smallest solution of (32) for $ n is deter¬ 
mined from the number of zeros of the function J n+ | (At) eliminated by the 
field. As the existing tables of half order Bessel functions* were inadequate 
for our purpose, a number had to be calculated using the recurrence formulae 
for the Bessel functions; it would be sufficient in many cases to use the 
asymptotic expressions for Bessel functions of large argumentf in the relation 

(31). 

* Watson, “ The Theory of Bessel Functions,” Camb. Univ. Press (1922). In using these 
tables it must be remembered that the definition of J_ n ~ j (kr) given by Watson is (— l) n 
that given above. 

t Watson, chaps. VII and VIII. 
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Table I.—Values of the phases — 8„ which occur in the quantum theory of 
the interaction of hard spheres for different values of kr Q where r 0 is the 
sum of the radii of the spheres and khj2nM their velocity, M being the 
“reduced mass.” 


A 

30 

20 

At 0 

10 

5 

3 

2 


0 

30 00 

20 00 

10 00 

6 00 

3 00 

2 00 


l 

28 46 

16 48 

8 63 

3 63 

1 76 

0 89 


2 

26 96 

17 01 

7 16 

2 47 

0 84 

0 26 


3 

25 49 

16*59 

5 89 

1 50 

0 28 

0 04 


4 

24 05 

14 22 

4 73 

0 79 

0 06 

0 003 


5 

22 65 

12 90 

3 68 

0 32 

0 007 



6 

21 28 

11 63 

2 74 

0 09 




7 

19 94 

10 42 

1 93 

0 02 




8 

18 64 

» 26 

1 25 

0 002 




s 

17 37 

8*15 

0 72 





10 

16 14 

7 11 

0 36 





H 

14 95 

6 11 

0 14 





12 

13 79 

5 19 

0 04 





13 

12 66 

4 32 

0*01 





14 

11 57 

3 52 






15 

10 63 

2 79 






16 

1 9 52 

2 14 






17 

i 8 55 

1 56 






18 

7 63 

1 08 






19 

6 74 

0 68 






20 

5 90 

0 39 






21 

5 10 

0 21 






22 

4 34 

0 Oft 






23 

3 85 

0 03 






24 

2 99 

0 01 






25 

2 37 







26 

1 86 







27 

1 39 







28 

0 98 







29 

0 66 







30 

0 40 







31 

0 24 







32 

0 12 







33 

0 05 







34 

0 02 








The quantum theory formulae for the hard sphere are then obtained by 
substituting the expression (32) for the phases in (17), (25), (26). The 
corresponding classical formulae are 

Q = t zrj, (34) 

Q,= fV, (36) 

Q D = £*r 0 *. (36) 
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In fig. 1 and Table II the classical and quantum theoretical valuea for Q,,, 
Q n and the collision radius for the case of a hard sphere are compared. In 
all cases we notice that when the colliding particles are similar, there are 
deviations of 7% from classical theory for the first of these expressions 



Fig. 1.—Illustrating the ratio of the quantum theoretical to the classical effective collision 
areas for the viscosity, collision radius, and diffusion, at different temperatures using 
the hard sphere model. The temperatures refer to helium atoms of diameter 2*1 A. 

I. Identical atoms ; II, dissimilar atoms ;-classical value A, collision i 

effective in viscosity; B, collision radius effective in scattering, fi, collision 
effective in diffusion. 


Table II.—Valuea of the ratio of tho quantum theoretical to the classical 
areas effective in the viscosity, the collision radius, and the diffusion for 
the rigid sphere model, for different values of kr 0 = 2nrJ'k (X the wave¬ 
length). I for identical atoms , II for different atoms. 


Ar 0 

0 

2 

3 : 

5 

10 

20 

30 

» 

Viscosity— 

Hi m 

2 28 

1 70 

1 47 

I 23 

l 11 

1 07 

l 00 

II 

8 00 

2 17 

1 78 

l 41 

1 14 

1 06 

1 04 

1 00 

Collision radius— 









I 

2 83 

1 52 

1 58 

1 55 

1 61 

1 53 

1 48 

1 41 

II 

2 00 

l 73 

l 06 

1 62 

1 55 

1 50 

1 46 

L 41 

Diffusion— 









I 

8 00 

2 30 

2 50 

2-40 

2 59 

2 34 

219 

2 00 

n 

4 (K) 

1 05 

1 42 

1 17 

1 11 

1 04 

1 02 

1 00 


when the wave-length is greater than one-fifth of the diameter of the atoms, 
but when the colliding atoms are unlike, the classical theory holds to this 
degree of accuracy up to wave-lengths as great as one-third of the sum of the 
atomic radii. Referring to the corresponding temperatures indicated in the 
figure for the collision of helium atoms, we see that, for light atoms, the 
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deviations from the classical theory are quite important from ordinary tempera¬ 
tures (300° K.) downwards. 

For cross-sections we see that the calculated cross-section never tends to 
the classical, but to a value roughly twice this. It may be proved that this 
factor of 2 is to be expected without any calculation of the phases as shown 
in §5. 


§ 6. Free Paths and Angular Distribution of Scattered Gas Atoms. 

It was seen in § 4 that the quantum theoretical collision cross-section for 
elastic spheres tends to twice the classical cross-section as the wave-length 
decreases (i.e.> increasing temperature). This may be proved as follows. 

When the wave-length is sufficiently small a large number of terms of the 
series (17) is required and nearly all the important phases are large. We have 

Q = 2 + 1) sin 2 

and under the conditions stated we may replace the sum by an integral to 
gWe 

Q = |sj a: sin 2 {f(x)}dx. 

Owing to the magnitude of / (a-) we may replace sm 2 {/ (a)} by its mean value 
of $ giving 


If the field falls off very sharply at a point r = r {) we have from (33) 


X - kr, f 

bo that 

Q - 2rrr 0 2. 


(37) 


Actually the cross-section may be slightly greater than this owing to the 
assumption of a definite limit for X. It is clear from this result that the 
quantum collision area for even, say, billiard balls is still twice the classical, 
but the difference between classical and quantum theory is confined to such 
small angles of deviation that the difference is of no practical value m such 
cases. It is just as if the rigid spheres can, owing to their wave nature, affect 
each other without interacting in the ordinary sense. With gas kinetic 
collisions, the angles at which the deviations from classical theory are important, 
are sufficiently large (of the order of several degrees for light atoms) to be 
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within the reach of experiment, and the evidence m this direction will be 
discussed below. These conclusions will not be affected by the existence of a 
weak attractive field, when r = r 0 will refer to the distance at which the re¬ 
pulsive field becomes important, Q having the perfectly definite value above. 
If the attractive field is strong enough to introduce additional phases in the 
series (17), the cross-section Q may be considerably greater than 27tr 0 2 if r 0 is 
taken as the distance at which the repulsive field begins to predominate. 

From the point of view of the experimentalist it is important to be able to 
determine the angular resolution necessary in any experiment in order to 
measure free paths accurately. In particular we need some knowledge of 
the distribution at small angles where quantum and classical theory differ so 
markedly. We have 

1 (0) = h •?" 1] (2n J) Pn (,,os 0)|2) (38) 

l- 2 {|2 2.m^ n (2« f l)P„(<osO)| 2 

f | Hin 28* (2 n + 1) P„ (< ox 0) | 2 } (39) 

In the limit of Mnall angle.*, 

(COS 0) 1, 

and under the condition^ of experiment a large number of terms of the senes 
in expression (39) are required, and the 8 n oscillate rapidly with n . Hence 


£ 2 sin 2 (2n + 1) £ sin 2S„ (2n + 1), 

n n 

and .so 

I (0) ~ k 2 1£ (2m -I- 1) sin 2 8„ | 2 , 

Kit 2 


(40) 


or, m the special < ase of rigid spheres of radius r ( „ 

Q ~ 2tw 0 2 , 

so that 

I (0) r i(41) 

giving the value at the origin. 

At large angles the scattering is classical and we have for a sphere of radius 

I(0) = K 2 - <«) 

This classical formula fails at angles less than the first zero of P n (cos 0) (which 
is nearly at njn) where n is the harmonic of highest order effective in the 
scattering, n is approximately equal to kr 0 , To obtain a sufficiently accurate 
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form for 1(0) it is only necessary to assume a linear variation at small angles 
between the value JA*r 0 4 at 0 = 0 and the classical value which is taken to 
fail at an angle 0 equal to n/br 0 . By multiplying this angular distribution 
by sin 0, the error made in counting only deviations greater than a certain 

angle as indicating collisions can be easily 
estimated. Fig. 2 illustrates the procedure to 
be adopted. 

In fig. 3 two angular distributions are 
illustrated for the collision of hard spheres 
when the wave-length is approximately one- 
third of the diameter. Curve A is for dis¬ 
similar atoms, and curve B for the collision of 
similar atoms Comparison with the classical 
curve reveals the behaviour discussed above. 
Direct experimental test of the form of these 
curves would be difficult, as any mhomo- 
geneity in the colliding atomic beams would 
certainly obscure the maxima and minima of 
curve A. For collisions between similar atoms. 



Fig 2.—Illustrating a simple ap¬ 
proximate method of obtaining 
the form of the angular distribu¬ 
tion of the scattering of hard 


spheres of radius r 0 and velocity there is more hope of experimental verifica- 
kh/2i rM, M being the “ reduced 

mm." * l0D ’ as maximum at 90° (45° when 

measured relative to the direction of incidence) 
does not vary in posihon with relative velocity of the gas atoms. It should 
therefore be possible to detect it experimentally by scattering one atomic 
beam by another. Such measurements offer a means of direct proof of the 
applicability of the Bose-Emstein statistics, for the maximum at 90° is a con¬ 
sequence of these statistics 


§ 6. The Viscosity of Helium and Hydroyen with the Rigid Sphere Model . 
Owing to the independence of temperature exhibited by the classical expres¬ 
sion for Q„ the rigid sphere model predicts on classical theory a variation of 
viscosity with temperature of the form 

(43) 

whereas the experimental evidence* indicates a variation of the form 

tq a T“° 817 for helium, (44) 

a T “° (m for hydrogen. (46) 

* 4 International Critical Table*/ vol. 5, p. 2 (1929), 
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The difference of these exponents from 0*5 was then explained by Lennard- 
Jon.es* as caused by deviations from the rigid sphere model, and from them he 
determined the repulsive field of force between the molecules concerned. If, 
however, we refer to fig. 1, we see that the quantum theoretical formula gives a 



Fio. 3.—Angular distributions (in relative co-ordinates) of helium atoms scattered m 

helium for tho case of kr 0 = 2?:r 0 /X — 20. -denotes the classical value A. 

dissimilar atoms ; B. identical atoms 

variation of >3 with temperature more rapid than that given by a law, and 
in Table III and fig. 4 the viscosity of helium and hydrogen is shown as calcu¬ 
lated on the assumption that the molecules are rigid spheres of diameter 


200 * 100 



Fig. 4.—Comparison of calculated and observed viscosity of helium and hydrogen at 

different temperatures.-calculated curve, x x x x observed values. 

A, helium ; B, hydrogen. 


• Vide Fowler, hoc. at. 
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Table III.—Comparison of the experimental values of the viscosity of helium 
and hydrogen at different temperatures with the values calculated on 


quantum and classical theory using the hard sphere model. (Values of 
the viscosity are in micropoise,) 


Helium 


Hydrogen 



Absolute 

temperature 

Experimental 

value. 

(Jtuantum 

theory. 

Classical 

theory 


294 r> 

190 4 

183 

200 


273 1 

! 87 0 

177 



260 3 

178 8 

109 

184 


203 1 

150 4 

150 

107 


170 6 

139 2 

135 

152 


88 8 

91 8 

92 

no 


76 1 

HI 5 

81 5 

J01 


20 2 

35 03 

35 5 

5> 

- 

16 0 

29 40 

30 

46 

r 

2 m i 

88 2 

78 

88 


273 1 

84 2 

74 

84 


170 2 

00 9 

56 

00 


89 b 

39 2 

38 

48 


70 9 

31 9 

33 

43 


20 6 

H r > 

16 

23 

w 

15 4 

5 7 

12 

20 


2 *10 A. and 2 *75 A. respectively. It will be seen that this model fits the 
observations for helium over the whole range of temperature within 7%, 
as contrasted with the classical rigid sphere model which is in error by 
50% over this range. This result is very surprising, and seems to 
indicate that the rigid sphere model is very near the truth, or that viscosity 
phenomena arc not sensitive to the actual fields of force between molecules 
in collisions when they are properly treated on a wave mechanical theory— 
at least so far as light atoms are concerned. For heavy atoms (except at very 
low temperatures) the classical and wave theories tend to the same result, as 
is evident from fig. 1. 

For hydrogen, the agreement is not so satisfactory at low temperatures, 
but as we are dealing here with a much more complicated phenomenon, the 
interaction of diatomic molecules, this is not surprising. 

In order to test these results further, it is possible to compare the diameters 
of the molecules obtained from the viscosity with those obtained from the 
free paths measured by Knauer.* To do this we must use the value of the 
quantum cross-section in formula (13) for the free path. We then obtain the 
following comparison between theory and experiment. 


* 1 Z. Physik/ vol. BO, p. 80 (1932). 
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Table IV. 



Diameter of 
molecule 
from viacoHity 

Effective diameter in collisions 

Calculated 
(quantum theory) 

Observed 
(from freo paths). 

Helium 

Hydrogen 

1 2 10A 

2 75 A 

1 

2 97 A. (2 10 X v 7 -) 

3 HO A.(2 75 X v/2) 

2 74 A 

3 64 A 


The observed values are obtained from Knauer’s free path l by using the 
expression 


V2vQ’ 

where v is the number of atoms per cm. 3 at the pressure of the gas in which the 
measurements are made. The agreement, is good and seems to provide further 
support for the rigid sphere model with the dimensions indicated. However, 
owing to the complexity of the conditions of Knauer’s experiment, it will be 
necessary to obtam further measurements of free paths under definite conditions 
before any decision can be arrived at. 


§ 7 Diff usion and Thermal Diffusion. 

Referring to fig. 1, we expect little deviation from clasMial theories of 
diffusion except at very low temperatures. For self-diffusion the identity 
of the colliding atoms would reduce the classical result by a factor of nearly 2. 
Although this phenomenon is not observable, the same effect will appear in 
the thermal diffusion in which integrals of the type of Q D (11) or cur as well as 
integrals of the type Q D (12), and this must therefore be taken into account 
in all calculations of fields of force deduced from observations of thermal 
diffusion effects. 

For the mobilities of positive ions in pure gases, we expect, then, no deviations 
from classical theory unless the ions are passing through a gas containing neutral 
atoms with the same nuclei as the ions, as, for example, in the mobility of 
helium ions in helium. Owing to “ umladung ”* an appreciable percent age of the 
ions may be scattered towards large angles and the phenomenon then becomes 
comparable with self-diffusion. One would thus expect appreciable deviations 
from classical theory. The calculations for this case are in progress. 

* Vtde f Kallman and Rosen, 1 Z Physik,* voL 64, p. 808 (1930). 
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It is clear, however, that the most interesting field for investigation, both 
experimental and theoretical, lies in the comparison of observed and calculated 
mean free paths, and it is to be hoped that accurate measurements will soon 
be obtainable for various gases. 


Appendix. 

Calculation of the Zero Velocity Limit of the Collision Cross-Section for an 
Exponential Field of Force . 

We take the mutual potential energy of the two particles as 

V -De 2ar , 

The equation for the zero order scattered wave, which alone differs from a Bessel 
function at the low velocity limit, is in relative co-ordinates 

dhi 


where u must satisfy the boundary conditions 

u — 0 at r = 0 , 
n — sin (kr + $), r - °o . 

Using the substitution y = e~ aT reduces the equation (47) to 


(47) 


dhi 1 du , / 1 tt 2 M E 
dy 2 V dy \ a 2 A 2 y 2 a% z 1 

The solutions of this equation are the Bessel functions 

(wy), 


0 . 


(48) 


(49) 


where 




t^ME 

aW 


m 


_ /4ir*MD 
V a 8 A a 


la order to satisfy the boundary conditions at the origin we must have 
» = AJ,* (vmy) + BJ_, t (imy), 

AJ ik ( im ) + BJ_, t (tm) = 0, 


where 

giving 


A 

B 


J -<* (*») 
J ik (tm) 


( 00 ) 


We have further to break this solution into an incident and a scattered wave. 
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The asymptotic expansion of u for large r will be obtained from the series 
expansion of the Bessel functions, which gives 

_ A ( jim' ~ ar ) <,! B (- li,M- a T ik / 51 v 

r (i -f ik) r r (i — ik) • ( ’ 


This must be equivalent to 


o|^+ «*•*'} 


where 4ir|a| 2 gives the scattering cross-section. Equating the expressions 
(51) and (62) we find 

i*. !„|2 _ JL r (1 + ik) 3 ik (im) ; 2 

11 aW (1 — **) J_, fc (im) ' ( } 

For a repulsive field m is real and the above expression tends to a finite 
limit under all conditions. When m is large (as with gas atoms) we obtain, 
using the asymptotic expressions for the Bessel functions, 


I a | 2 - (log im + y) 2 > 


where y = 0*6771. For an attractive field the cross-section becomes infinite 
when m is approximately equal to (n -f f) 7c, where n is integral. When 
m is small it is easy to see, using the series expansions for the Bessel 
functions, that the cross-sections for both the attractive and the repulsive 
field become equal to the result obtained by the use of Born's 

formula (21). 

Summary . 

The quantum theory of collisions is applied to the motion of gas atoms. 
Using the rigid sphere model, the range of validity of the classical theory of 
free paths, viscosity, and diffusion is determined. The use of quantum 
mechanics greatly improves the applicability of this model to the viscosity 
of helium. The scattering of atoms is considered in detail, and the possibility 
of experimental proof of the Bose-Einstein statistics is discussed. 
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Emission of Metallic Ions from Oxide Surfaces . I .—Identification 
of the Ions by Mobility Measurements . 

By Luang Brata, Wills Physical Laboratory, University of Bristol. 

(Communicated by A P Chattock, F.R S.—Received March 7, 1933.) 

Introduction . 

In two recent papers 1 " an account was given of the determination of the 
mobility of ions of the alkali metals in various gases. It was shown that in 
argon, krypton, xenon and nitrogen the experimental results could be repre¬ 
sented with considerable accuracy by the relation 

K = ■ _ =_= . (1 cm./sec./unit electrostatic field, (1) 

Vp(D-l) V 

where K is the speed of an ion of mass M in a gas of molecular weight m, density 
p and dielectric constant D, at a prevssure of 700 mm. of mercury and a tempera¬ 
ture of 20° C. For a given gas A is a constant; it changes slightly from one 
gas to another, the extreme values being 0*48 for nitrogen and 0*56 for xenon. 
The equation is very similar to one deduced by Langevm using a simple atomic 
model. In his equation A depends upon the “ size ” and polarizability of the 
gas molecules, but for the particular case of a highly polarizable gas it approaches 
a limiting value of 0-51. 

The experimental facts summarized above suggest that in the more polarizable 
gases the “ size ” of the ions has little influence on their mobility. This view 
was confirmed by further experiments m nitrogen which showed that the 
mobility of even large clustered ions like (Na + , NH 3 ) and (Na 1 ,2NH 8 ) is also 
given by the same relation which holds for the simple alkali ions. 

The first object of the present experiments was to determine if equation (I) 
expressed the results for ions other than those of the alkalis which are peculiarly 
simple m possessing a rare gas electronic structure. If the mobility of any 
ion of mass M, m a given gas, is given by equation (1) using the value of A 
appropriate to the gas, then the mobility of an ion in this gas gives a measure 
of its mass. If the mobility can be measured accurately, as it can be with the 
four gauze method, we have in effect a mass spectrograph of low resolving power. 

* Tyndall and Powell, ‘ Proo. Roy. Soc,,’ A, vol. 136, p. 146 (1932); Powoll and Brata, 
4 Proc. Roy. Soo.,’ A, vol. 138, p. 117 (1932). 
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This principle is of some importance as it offers a moans of identifying positive 
ions in gases at high pressures. The method can be used for example to study 
the ionic products of collision processes in the glow discharge in gases to which 
controlled amounts of impurities have been added. For some purposes, as for 
example in determining the nature of the positive ions emitted from the sources 
to be described, the low resolving power is unimportant and the method is 
convenient in that it is very simple to use and that a complete mass analysis 
can bo obtained very quickly The successful application of the idea of 
identifying ions by measuring their mobility m a gas depends upon having a 
method of good resolving power for ions of different mobility and m working 
in gases of a sufficient degree of purity where the clustering effects of impurity 
molecules do not obscure the nature of the ions. 

Expert mental Msilted. 

The choice of ions of gallium, mdium and thallium for these experiments 
was determined by the following considerations In previous experiments it 
has been found* that a Kimamaii source evaporates large numbers of neutral 
as well as charged atoms. This was proved as follows. Two sources, one of 
caesium and one of sodium ions, were mounted side by side , the sodium source 
was “ aged ” until it gave only sodium ions, % e., until all traces of more easily 
ionized alkali impurities had been driven off; the caesium source was then 
heated for a quarter of an hour. On again examining the ions emitted from 
the sodium source it was found to emit only caesium ions, and this “ induced ” 
emission persisted for some time. 

The actual number of caesium ions emitted by this sodium source was rather 
large, in the sense that if the superficial area of the source were assumed to be 
its true area, the caesium emission corresponded to the evaporation of a layer 
of the metal a hundred atoms or more thick. Further, the caesium emission 

induced ” in the sodium source seemed to be roughly proportional to the 
time of heating the caesium source at a constant temperature. Now the alkalis 
evaporate entirely as neutral atoms or molecules from the pure metals, and a 
film a hundred atoms thick will, from the point of view of positive ion emission, 
have the properties of the pure metal. It seemed necessary therefore to assume 
that the emission from the source was from an effective area very much larger 
than the superficial area. The simplest assumption was that the c®sium was 
distributed as an ionized layer not more than one atom thick over a large 


* Tymlall and Powell, loc. ctf. 
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effective surface. We return later to a discussion of the significance of these 
results in the theory of the emission from Kunsman sources. The behaviour 
of the ceeeium source which is typical of the alkalis in general suggested that 
it might be possible to make satisfactory long lived sources of positive ions by 
direct evaporation of various metals on to an iron oxide surface; that if the 
ionization potential of the metal were sufficiently low, the oxide, when heated in 
turn, would emit the required positive ions. Experiments were therefore 
made with gallium, indium and thallium, which have ionization potentials of 
6*97, 5*76 and 6*08 volts respectively, with the apparatus shown m fig. 1. 



The molybdenum pot, P, containing one of the metals, could be heated by 
electron bombardment from the filament D. The evaporating metal condensed 
on the source S, which consisted of a few turns of tungsten wire in the form of 
a cone filled with iron oxide, finely ground and bound together by heating. 
After the evaporation, the source was moved up by means of a magnet operating 
on the iron m the slide A, until it nearly touched the copper grid, B, of the 
analysing part of the apparatus. The apparatus was then filled with nitrogen 
at a suitable pressure (6 mm.), the source was slowly heated until a current of 
about half a microampere flowed from it to the plate, B, and the mobility 
spectrum of the positive ions was determined.* The methods employed have 
been adequately described in previous papers. 

One of the early curves obtained m this way using thallium is shown in 
fig. 2. Three different groups of ions are present m both the second and third 
orders. The low mobility peak, which will be shown to be due to singly 
charged thallium, is predominant, but it is accompanied by peaks at frequencies 
which identified them as due to sodium and potassium ions. The sodium and 
potassium were found to be present as an impurity in the ferric oxide which 
formed the base of the source. Although probably present m small quantities 
compared with the thallium the ionization potential of these metals is low and 
their ions are emitted preferentially. If we accept the picture of the emission 


* Powell and Brata, lot . c%t. 
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process already given this merely means that the positive ion work function is 
lower for the alkalis than for the other metals. Langmuir and Kingdon,* 
and Killianf show that a higher temperature is required to evaporate monatomic 
layers of potassium than of rubidium ions and of rubidium than of caesium ions, 
from surfaces of pure tungsten. 



Frequency farbitrary units) 
Fig. 2.—Nitrogen. 


If the alkali impurities are removed by long heating of the oxide and if the 
first sample of metal evaporated from the pot, which contains a larger proportion 
of alkali than that which is evaporated subsequently, is rejected, an almost 
pure source of thallium ions can be prepared. If indium is substituted for 
thallium similarly satisfactory sources can be produced. Fig. 3 shows the 
results obtained with an indium source in argon. 

* * Prop. Roy. >Soc.,’ A, vol. 107, p. 61 (1923). 
t * Phys. Rev.,’vol. 27 p. 678(1926). 
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Identification of the Ions . 

The identification of the thallium and indium ions produced in this way 
depends upon the determination of the mobility of the ions in nitrogen. The 
mobility of tho alkali ions previously measured, is plotted against their mass 


C 

c. 

3 

Co 



20 30 40 SO 60 

Frequency in /arbitrary units) 

Fig. 3.—Argon. 


70 


in fig. 4. It will be seen that the results for indium and thallium lie precisely 
on the line drawn through the points for the alkalis. The same applies to the 
result for gallium which was obtained by the same method. There is thus no 
doubt that we are actually producing the required ions. Further, the results 
confirm the conclusions of the previous papers that in mtrogen the mobilities 
of different ions are expressed with remarkable accuracy by equation (1) 
irrespective of the “ size ” of the ions. 
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The Mobility of the Ions in the Rare Gases. 

The mobilities of thallium and indium ions have also been determined in 
the gases argon, neon and helium. The results are shown in Table I, and 
plotted in fig. 5. It will be seen that in helium the results lie above the line 
drawn through the points representing the experimental results with alkali 
ions, in neon they lie practically on the corrasponding curve and in argon below 


Table I.—Mobility of Ions in Oases. Values in cm./sec./volt/cm. at N.T.P. 


Ion. 

Nitrogen. 

i 

Argon. 

1 

Neon. | 

Helium. 

0 Album . , 

2*43 




Indium . 

2*29 

2*14 

7 08 

22 0 

Thallium , .. 

2 17 

2 05 

6-63 

20*3 


it. It is evident that, unlike nitrogen, argon is not a satisfactory gas with 
which to disperse the ions, since the determination of the mobility does not 
lead to an unambiguous determination of the mass. This is surprising in view 
of the fact that the results for the alkali ions in argon can be represented by an 
equation of type (1), which seems to suggest that the important force between 
the ions and the gas atoms during gas-kinetic collision is that due to the 
polarization of the gas atoms and that “ size ” effects are of no importance in 
this gas. That the result is real and not due to the presence of impurities in 
the argon is proved by the fact that on many curves, as for example in fig. 2, 
peaks due to sodium and potassium ions are present and the mobility of these 
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ions corresponds with the values previously determined. Before this failure of 
argon was realized an attempt was made to use it as a gas to disperse the ions 



0 40 80 120 160 200 220 


Mass of ion. 

Fig. 5.—Above, helium ; middle, neon ; below, argon. 

emitted from Kunsman sources of the alkaline earths. The results were con¬ 
fusing and no definite identification was made. The reason for this is now 
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clear. The change of mobility duo to the “ size ” of the ions is not serious in 
argon and when allowances are made for it, it is possible to identify the ions, 
produced in a glow discharge m the gas, by determinations of their mobility. 
With helium the difficulties are more serious. 

It is difficult to explain the results in helium that the heavy indium and 
thallium ions move faster, for example, than sodium and potassium. The 
result may be associated with secondary effects such as the forces produced by 
the polarization of the ion by the induced dipole on the gas atoms. 

Life of the Sources . 


A thallium or mdium source prepared by the method described will m 
general give a current of one microampere for several hours. A typical curve 
showing the decay of the current with time is shown in fig. 6. At the beginning 



of the run 90% of the positive emission was carried by thallium ions 
and at the end of 85%. The total quantity of electricity taken from the 
source during the heating was 7-5 x 10~ 8 Coulombs of which (3-5 X 10 -3 
Coulombs may be assumed to have been carried by thallium. This corre¬ 
sponds to the transference of 1 - 5 X 10” 5 gm, of thallium from the source. If 
we assume that the thallium is on the oxide surface as a film of area equal to 
the superficial area of the source, and further that every thallium atom evapor¬ 
ates as an ion, then the initial thickness of the film at the beginning of the 
experiment must have been equal to 3 X 10 5 cm.—a layer a thousand atoms 
thick. 

The indium sources behave similarly to those of thallium. With gallium, 
however, the positive ion emission falls off very rapidly with time. The only 
curves taken with gallium sources have been made in nitrogen gas, and in no 
experiment has a source lasted longer than 30 minutes. 
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experiments, and m preparing the work for preas. The work was made 
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Summary. 

(1) A method of producing sources of positive ions of thallium, indium and 
gallium is described. 

(2) The ions are identified by determining their mobility in nitrogen gas. 
In this gas it is shown that the mobility of an ion gives an unambiguous measure 
of its mass. The mobility method therefore offers a means of determining the 
mass of positive ions m a gas at high pressures. The mobility, K, of any positive 
ion of mass M in nitrogen gas of molecular weight m at 17° C. is given by the 
equation 

K = — • (l + ^ em./sec./unit electrostatic field, 

where p is the density of the gas and D its dielectric constant. 

(3) The mobility of thallium and indium ions has been determined in helium, 
neon and argon. 
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Emission of Metallic Ions from Oxide Surfaces . II .—Mechanism 

of the Emission . 

By C. F. Powell and Luang Brata, Wills Physical Laboratory, University 

of Bristol. 

(Communicated by A. P Chattock, F R.S —Received March 7, 1933.) 

Introduction . 

There are two possible explanations of the behaviour of the sources of positive 
ions described in the previous paper. We can regard them, firstly, as a kind of 
modified Kunsman source. It is now well established that when atoms of ioniza¬ 
tion potential V volts strike a surface of work function <f> volts, the atoms will be 
ionized if <f> > V. For cool surfaces there may be an accumulation of ions on 
the surface, if the supply of atoms is maintained, with a consequent reduction 
of the work function, so that after a time any more atoms arriving are no longer 
ionized. For hotter surfaces the time spent by the ions on the surface becomes 
smaller and they are driven off in virtue of the energy imparted to them by the 
thermal impact of the underlying surface atoms. At higher temperatures 
every atom striking the surface comes off as a positive ion. The essential 
condition, </> > V, which must be fulfilled if the atoms shall be ionized on impact 
with the surface has been confirmed by the experiments of Langmuir and 
Kingdon* with a number of different surfaces. ThuB ceesium (I.P. =3-8 
volts) is ionized by hot tungsten for which <f> equals 4*53 volts, but not by 
tungsten covered with a monatomic layer of thorium for which <f> — 2*66 volts. 
Similarly copper (I.P. == 9'0 volts) is ionized by a tungsten surface covered 
with a monatomic layer of oxygen atoms, but not by pure tungsten. The most 
natural explanation, therefore, of the emission from Kunsman sources would 
seem to be that the ferric oxide supplies a surface of large electronic work 
function by which the alkali atoms are ionized. The distribution of the alkali 
throughout the source and its gradual diffusion to the surface through the 
conglomerate of microcrystals furnishes a convenient means of maintaining 
the surface layer of atoms. The evaporation of some neutral atoms by the 
surface may be regarded as a consequence of the accumulation of the alkali 
in patches. The alkali may, for example, reach the surface by migration up 
the cracks between the crystals of which the surface is composed. If the 

* ‘ Proc. Roy. Soc./ A, vol. 107, p. 61 (1925). 
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patch is more than one atom thick the work function of the surface may, as 
in the experiments of Langmuir to which we have referred, be so reduced that 
atoms and not ions are evaporated from it. 

In the experiments which have already been described in which the alkali 
from one Kunsman Bource is evaporated on to a second, it was shown that the 
simplest explanation of the large numbers of ions emitted was that the real 
surface area of the source is many times greater than the superficial area. We 
can make the same assumption to explain the behaviour of the new sources. 
The source, therefore, owes its long life, in this view, to this very large effective 
area provided by the ferric oxide. By contrast a surface of a pure metal of 
the same superficial area as the source, covered with a complete layer of ions one 
deep would yield a current of 1 microamp for less than 6 seconds. 

A second less probable explanation of the mechanism of the emission is that with 
indium and thallium some of the atoms evaporating from the pure metal come 
off as ions. At the temperatures at which the emission takes place the metals 
in bulk are molten, and Goertz* has shown that the electronic work function 
of some metals rises rapidly beyond the melting point. An experiment was 
therefore made in which the positive ions emitted from a heated platinum boat 
filled with thallium were examined by mobility measurements in nitrogen. 
Only sodium and potassium ions were detected during a run of 1 hour which 
resulted in the evaporation of 30 milligrams of thallium. This second explana¬ 
tion must therefore be abandoned. 

In order to investigate the behaviour of these sources m more detail experi¬ 
ments were made in which a known amount of one of the metals could be 
deposited on to an iron oxide base which had previously been heated for a long 
period to remove traces of alkali impurities. A preliminary account of these 
experiments has been published elsewhere, f A diagram of the apparatus is 
shown in fig. 1. The furnace B, which contains the metal to be deposited, can 
be heated by an internal tungsten filament. With a given heating current, 
through the furnace, a constant beam of neutral atoms issues through the 
hole in the top of the furnace towards the centre of the bulb. The density of 
the atom stream at the centre of the bulb corresponding to any value of the 
heating current, i B , can be determined by means of the tungsten strip, F. 
Thallium and the other metals used in these experiments are ionized by impact 
with a tungsten surface, covered with a monatomic layer of oxygen atoms, and 

* ‘ Phys. Z„* vol. 24, p. 377 (1923); vol. 20, p. 200 (1925), ‘ Z. Phynik,’ vol. 42, p. 329 
(1927); vol. 43, p. 531 (1927). 

t Powell and Brata, * Nature,* vol. 131, No. 3301, p. 108 (1933), 
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maintained at suitable temperature. If the tungsten strip F is in this con¬ 
dition every atom striking it is loiuml and can be dragged to the plate P and 
the positive ion current, to P, measured. The strip is flashed at a high 
temperature and allowed to cool to about 1000° 0. At this temperature, if 
the apparatus is not too rigorously degassed, the strip gradually picks up a 
monatomic layer of oxygen atoms so that the electronic work function of the 
surface rises to 9*2 volts. We can follow the formation of this oxygen layer 
by bombarding the filament with a neutral beam of thallium atoms. The 
filament is flashed, allowed to cool to 1000° C. and the positive ion current 



plotted against the tune. A typical curve obtained in this way is shown in 
fig. 2, a, The positive ion current becomes saturated after about 20 minutes 
in this particular instance and we can regard the filament as completely 
covered with its oxygen layer after half an hour. 

With a given stream of neutral atoms from the furnace, the positive ion 
current, i pt varies with the filament current, i f (i.e. } with the filament tempera¬ 
ture) in the way shown in fig. 2, b. At low temperatures the thallium ions are 
not evaporated by the filament and the atoms reaching it either accumulate 
on the surface or re-evaporate from it uncharged. At high temperatures the 
oxygen film itself begins to evaporate. The very limited region over which the 
positive ion current is at a constant maximum is associated with the shortness 
of the tungsten strip used in this apparatus. The temperature gradient down 
the strip is large and only a limited portion of the stnp is at a temperature 
within the critical range. 





466 


C. F. Powell and L. Brata. 


The positive ion current from the filament to the plate P saturates at voltages 
well below those at which we should expect the positive ions to produce a 
serious number of secondary electrons on impact with the plate, fig. 2, c. 
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The positive ion current from the tungsten strip, when i f equals 1*75 amperes, 
fig. 2, 6, gives therefore a measure of the number of neutral atoms hitting the 
active part of the atrip. The area of this active portion of the strip can only 
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be estimated so that the actual stream density of atoms in any particular 
experiment cannot be found precisely. The relative intensities for different 
furnace current can, however, bo found accurately. The positive ion current 
for different furnace currents is shown in fig. 2, d. 

Deposition Experiments . 

When the calibration measurements on the furnace have been made, known 
amounts of a given metal can be deposited on the oxide source if it is 
moved in turn on its slide into the centre of the bulb. The actual number of 
atoms deposited in any experiment is known approximately, and the relative 
numbers in different experiments accurately. 

After the deposition of the metal, the oxide source is heated by a given 
current, i 0 , so that it comes to a given equilibrium temperature. The positive 
ion current from it to plate P is measured and plotted against the time from 
the moment of switching on the heating current i 0 . A typical curve is shown 
in fig. 3, a. The area under the curve represents the quantity of electricity 
taken from the source, i.e., the number of the deposited atoms which are re- 
emitted as ions. The estimated number of atoms deposited from the furnace 
is shown by the hatched rectangle. It will be seen that a very large pro- 
portion of the deposited atoms, possibly all of them, come off as ions. 

A number of conclusions can be drawn from these results. Smce the pro¬ 
portion of deposited atoms which are re-emitted as ions is so large we must 
conclude that very few atoms are reflected by the oxide during the deposition 
period; further that by the time the temperature of the source has risen to 
its equilibrium value the atoms must have distributed themselves over the 
surfaces of the microcrystals composing the source. Otherwise, if the metal 
were on the surface as a thick layer, a large proportion of the atoms would be 
evaporated in the neutral state. We cannot say from these experiments 
whether this migration occurs at room temperatures whilst the metal is being 
deposited or whether it occurs, very quickly, at higher temperatures, during 
the short time that the source is rising to its equilibrium temperature. 

If experiments are made with progressively larger deposits and if the source 
is heated to the same temperature after each deposition, curves of the type 
shown in fig. 3, b, c , are obtained. It will be seen that in each case the current 
rises to the same maximum and subsequently falls off more slowly the larger 
the deposit. The total number of ions emitted is found to be roughly pro¬ 
portional to the amount of metal deposited. We regard this initial maximum 
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of the curves as the characteristic emission at the given temperature, of the 
outer surface of the source when fully saturated with the metallic ions. This 
view is supported l>y the following experiment. The oxide was exposed to 
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Fig. 3 —(a), (b), and (c) i 0 ~ 2-8 ampfi. ; (d) i 0 --- 2 7 ampR. 

a heavy beam of neutral atoms and heated to the equilibrium temperatures 
corresponding to various currents through its filament; the resulting positive 
ion emission is plotted against the current heating the oxide, i 0 , in fig. 4. It 
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will be seen that the positive ion current corresponding to the equilibrium tem¬ 
perature given by i 0 = 2*80 amps, is the same as the initial maximum in the 
curves of fig. 3 which were also taken with % 0 — 2*80 amps. 

Since the ions have been shown to migrate freely over the crystal surface it 
remains to explain why the outer surface is completely covered with ions when 
the emission starts. The form of the emission curves suggests that as the 



emission proceeds the outer surface is supplied with ions from the inner surfaces, 
and that the greater the initial deposition the more easily is the outer surface 
maintained in a fully covered state. With large depositions the emission may, 
for example, remain constant over a long period, see fig. 3, rf. To explain this 
tendency of the ions to migrate towards the surface we must assume that they 
have a larger potential energy on the inner crystal surfaces than on the outer 
surface, but it is difficult to find an explanation of the origin of this potential 
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difference. It we accept the present picture of the behaviour of the sources 
it must exist, otherwise the ions would become distributed uniformly over the 
crystal surfaces and we might expect the initial maximum emission at a given 
source temperature to be roughly proportional to the number of atoms deposited. 
We have found other interesting features in the emission curves which call 
for further experiment. Fig. 5 shows the positive ion emission after a given 
amount of metal had been deposited on the source. Curve (a) was taken after 
the deposit had been made on a cold source and curve ( b ) when the same 
deposition was made with the source at a temperature just below that at which 



Time in minutes 

Fia. 5.—(a) Deposition hot; (6) deposition cold. 


positive ion emission is measurable. It will be seen that the two curves are 
practically identical and that they both show a kink at a time of 7 minutes 
from the start of the run. 


Destruction of the Sources by Overheating . 

It remains to explain the failure of the gallium sources, which were found 
to have a very short life. In fig. 4, in which the characteristic emission of the 
oxide surface when fully covered with thallium ions is plotted against the 
heating current through the source, it will be seen that the current rises rapidly 
with increasing temperature, reaches a maximum and then suddenly falls. 
At higher temperatures the emission becomes erratic, and if the source is 
maintained at these high temperatures it sinters together to form a very hard, 
acid resistant mass which can only be put into its old active condition with 
difficulty. The temperature at which the oxide surface sinters therefore 
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sets a limit to the temperature at which the sources can be heated. With a 
given kind of ion on the surface, with its own characteristic work function 
there is a limit to the positive ion current which can be taken from a source of 
given area. The characteristic emission from a surface covered with indium 
ions is shown in fig. 4, curve (6). It will be seen that the currents at a given 
temperature are much larger with indium than with thallium, i.e. y that the 
work function for indium ions is less than that for thallium. This lower work 
function of the indium ions explains the fact that we found it easier to get rid 
of traces of alkali impurity in working with indium than in experiments with 
thallium. We have not yet made similar experiments with gallium, but an 
easy explanation of the failure of the gallium sources presents itself. In order 
to make a satisfactory analysis of the ions from the gallium source m the 
mobility experiments we required a certain minimum current. With the area 
of source there used it was impossible to attain this minimum current, owing 
to the higher work function of the gallium ions on the oxide surface, without 
heating the oxide dangerously near the sintering temperature. In most 
experiments we unknowingly destroyed the gallium sources by overheating. 

Experiments with the three metals are now in progress in which the tempera¬ 
ture of the oxide sources can be accurately measured ; and we may expect to 
obtain measurements of the positive ion work function for these metals. 

It should also be possible to prepare sources of other ions by the present 
method, provided that the ionisation potentials of the metals chosen are less 
than the electronic work function of the oxide surface. The last quantity is 
at present unknown. The maximum current obtainable from the sources 
will, of course, be limited by the sintering temperature of the iron oxide, but 
it may be possible to overcome this difficulty by using other oxides. 

Catalytic Activity of the Rumman Source . 

The Kunsman source and other oxides are widely used as catalysts in the 
production of ammonia from nitrogen and hydrogen on an industrial scale. 
The activity of “ pure ” iron oxide used in this way is much increased by the 
addition of alkalis. If the iron oxide is overheated its catalytic action is 
destroyed. 

The above facts when taken in conjunction with the results of the present 
experiments strongly suggest that the catalytic activity of the sources may be 
due to the presence on the oxide surface of a monatomic layer of alkali ions. 
The smaller activity of the pure oxide may itself be duo to the inevitable presence 
of traces of alkali as impurity in the oxide. We may assume that the activity 



472 


Emission of Metallic Ions from Oxide Surfaces . 


of the oxide surface when covered with ions is due to the fact that such a surface 
can dissociate molecular nitrogen in much the same way that molecular hydro* 
gen is dissociated by a hot tungsten surface. On this view it becomes easy to 
explain the fact that the catalytic activity is destroyed by certain “ poisons,” 
such as arsenic. Suppose, for example, that the oxide surfaces were covered 
with a monatomic layer of a substance of high ionization potential which 
remained on the surface as atoms and which could not be driven off at tempera¬ 
tures below the sintering point of the oxide. The electronic work function of 
the new surface might well be so reduced by the presence of the impurity 
that alkali atoms would no longer be ionized by it. Such a substance present 
in comparatively small quantities would completely destroy the catalytic 
activity of the surface. The same substance would prevent the oxide from 
acting as a source of positive ions. It should be easy to test these conclusions, 
and experiments are now in progress using different oxide sources and different 
poisons. 

We are indebted to Professor A. M. Tyndall for his interest in this work and 
to Professor J. E. Lennard-Jones for a number of discussions we have had 
with him. 

Summary. 

(1) An apparatus is described which allows a known number of thallium, 
indium, or gallium ions to be deposited on to an iron oxide surface. 

(2) When the oxide is heated a large proportion, possibly 100%, of the 
deposited atoms are re-evaporated as ions, 

(3) The number of ions leaving the iron oxide surface corresponds in some 
experiments to the deposition on the superficial area of the oxide of a layer a 
thousand atoms thick. These atoms must actually have been distributed as 
a monatomic layer over the large surface presented by the microcrystals 
composing the source. 

(4) If the oxide is heated above about 800° C. it sinters and the original 
properties of the surface are destroyed. With a given metal on the surface 
the maximum positive ion current is limited by this maximum available 
temperature and by the positive ion work function. The failure of the gallium 
sources in the work described in the previous paper is thus explained. 

(5) The experiments suggest an explanation of the characteristics of the 
positive ion emission from Kunsman sources and of its catalytic activity in 
the synthesis of ammonia. 
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The Scattering of Electrons by Metal Vapours. -Cadmium. 

By E. C. Childs, Ph.D , Exhibition of 1851 Senior Student, Clare College, 
Cambridge, and H. S. VV. AIassky, Ph.D , Exhibition of 1851 Senior 
Student, Trinity College, Cambridge. 

(Communicated by Lord Rutherford, O M , F R S —Receive*! Match 11, 1933 ) 

Since the discovery of the diffraction of electruns by gas atoms* a largo 
amount of experimental and theoretical* work has been devoted to the study 
of electron scattering m gases. As a result it is now possible to recognize 
the main processes occurring in the collisions with the gas atoms and it has 
been found that it is usually only necessary to calculate the scattering by the 
undisturbed field of the atom m order to explain the experimental results. 
As a consequence considerable simplification is introduced in the theory of 
the phenomena and it follows that the diffraction effects are mainly determined 
by the ratio of the wave length of the incident electrons to the distance from 
the centre of the atom at which the magnitude of the potential energy of the 
electron in the atomic field is comparable with its kinetic energy. When tins 
ratio is large (very slow electrons) the angular distribution per unit solid angle 
of the scattered electrons is independent of angle. As the ratio decreases 
maxima and minima appear and the diffraction effects become more and 
more complicated until such electron energies are reached that the ratio begins 
t-o increase again. For such energies the simple picture fails but Bom’s 
approximation applies and the angular distribution per unit solid angle 
decreases uniformly with increase of angle. Thus one would expect potassium 
and argon to give similar angular distributions for electrons with energies 

* Bullard and Matvey, 4 Proc. Roy Soc./ A, vol, 130, p. 379 (1931). 

t Arnot, 4 Proc. Roy. Soc / A, vol. 130, p. 055 (1931); vol. 133, p. 615 (1931); ‘ Nature,’ 
vol. 130, p. 438 (1932) ; Bullard and Massey, ‘ Proc. Roy. Soc./ A, vol. 133, p. 637 (1931) ; 
Pearson and Arnquist, 4 Phys, Rev.,’ vol. 37, p, 970 (1931) ; Ramsauer and KolJaih, ‘ Ann. 
Physik/ vol. 12, p. 529 (1932), vol. 12, p. 837 (1932); Hughes and Macmillan, 4 Phys. 
Rev.,’ vol. 39, p. 586 (1932) ; vol. 41, p. 39 (1932) ; and with Webb, p. 154 (1932) ; Tate 
and Palmer, 4 Phys. Rev./ vol. 40, p. 731 (1932) ; Mohr and Nicoll, ‘Proc. Roy. Soc / 
A, vol. 138, pp. 229, 469 (1932) ; Jordan and Brode, 4 Phys. Rev./ vol. 43, p. 112 (1933). 

J Massey and Mohr, 4 Proc. Roy. Soc./ A, vol. 132, p. 605 (1931); vol. 136, p. 289 
(1932); vol. 139, p. 187 (1933) and in course of publication; also 4 Nature/ vol, 130, 
p. 276 (1932); Allis and Morse, 4 Z. Physik/ vol. 70, p. 567 (1931); Feenberg, 4 Phys. Rev./ 
vol. 40, p. 40 (1932) and vol. 42, p. 17 (1932); Stier, 4 Z. Physik/ vol. 76, p. 439 (1932); 
Henneberg, 4 Naturwies/ vol, 30, p, 561 (1932). 
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considerably greater than the ionization energy of the N electron of potassium 
but, when the electron energy becomes comparable with this energy, the presence 
of the outer electron in the alkali metal atom should produce much more 
complicated angular distributions than are observed for electrons of the same 
energy scattered by argon. 

If the above view of the phenomena is correct, it follows that the field of an 
atom may be approximately determined merely by comparison of the diffraction 
effects which it produces in scattering electrons with those produced by atoms 
whose fields are known. All that Is necessary is to effect this comparison at 
a series of different electron energies. A generalization of this method to 
molecules which have approximately spherically symmetrical fields would 
also be possible. 

In order to make such a method of practical value it is essential to obtain 
experimental proof of the validity of the method by observations of the angular 
distributions of electrons of various energies scattered by a number of atoms 
whose fields are fairly well known. It is also important to determine the 
conditions under which the complication of electron exchange may be neglected. 
The present evidence indicates that its effects are negligible for heavy atoms 
(except possibly at very low velocities of impact) but it is known to be important 
for the lightest gases, hydrogen and helium, investigated. There are no 
measurements for atoms of intermediate properties to show how heavy the 
atom must be in order that exchange may be neglected. 

To fulfil these requirements it is clearly necessary to devise methods of 
investigatmg electron scattering by metal vapours, as the only monatomic 
gases are the rare gases with similar electron structure and mercury is the only 
metal which is sufficiently volatile at ordinary temperature to enable the usual 
technique to bo applied. We have therefore constructed an apparatus for this 
purpose and have used it to examine the scattering by cadmium vapour. 
The results obtained, which confirm the general considerations discussed above, 
leave no doubt that the method employed is capable of application to a con¬ 
siderable number of other metals. A description of the apparatus and results 
obtained will now be given. 

Description of Apparatus .—The principle of the apparatus is illustrated in 
fig. I (a). A homogeneous beam of electrons from a gun G is fired through a 
cloud of cadmium vapour issuing from a circular aperture A of an oven 0, 
and the current due to electrons scattered into the solid angle selected by the 
collector C measured by an electrometer. The variation of intensity with 
angle of scattering is measured by rotating the gun about an axis coincident 



Scattering of Electrons by Metal Vapours . 


475 


with that of the oven. The distribution of pressure in the jet of vapour issuing 
from the oven aperture follows a cosine law,* and so the pressure may be 
taken as constant over the small scattering volume for all angles within the 
range (25° to 135°) of the experiments. Conditions may therefore be assumed 
to be the same as for scattering from a uniformly distributed gas. 

The detailed construction of the apparatus is illustrated in fig. 1 (6). As in 
previous work by Bullard and Massey (loc. ctt.) the electron gun G and collecting 



system C are supported from a large ground joint and can be withdrawn bodily 
from the scattering chamber for erection and alignment. Both G and C were 
constructed of eureka sheet. This alloy is very convenient to work and is 
free from magnetic effects. The gun may be rotated relative to the collector 
by a smaller ground jomt co-axial with the first, the slits defining the electron 
beam and collected beam being so adjusted that they intersect the axis of 
rotation. A small copper oven 0, supported in a third ground joint at the 
bottom of the apparatus, has its aperture A also aligned in the axis of rotation 

* VvU Fraser, “ Molecular Kaye,” Camb. Umv, Press, p. 13 (1931). 
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of the gun. The scattering chamber is lined with a copper screen in order to 
maintain a constant potential throughout. 

The gun slits S l# S 2 , 6 mm. apart, are respectively 0-15 mm. by 2 mm. 
and 0-5 mm . by 2 mm., the first defining the beam from the 0-1 mm. diameter 
thonated tungsten filament W, the second cutting off stray electrons scattered 
from the edges of 8 V The filament W is mounted in a pyrex glass pmch clipped 
into the gun case and the whole is mounted on a copper tube ground to fit a 
copper plated pyrex tube sealed to the small ground joint. The copper tube 
extends down as far as possible without interfering with the scattering and 
serves to collect the bulk of the evaporated cadmium.* 

The collecting system consists of the Faraday cylmder surrounded by an 
ion-repelling electrode R containing slits defining the collected beam. The 
outer case shields the scattering chamber from the lon-repeller potential. The 
defining slits S 3 , S 4 are 0*5 mm. by 2 mm., 5 mm. apart, all other slits clearing 
the beam so defined. The Faraday cylinder is supported on the inner part 
of a quartz internal seal, the outer case, itself supporting the lon-repeller by 
means of the insulating, tightly fitting pyrex glass tube T, being supported on 
the outer element of the seal. In this way a long leak path is provided on 
which cadmium vapour did not condense in sufficient quantity to produce a 
noticeable leak. 

The oven is heated electrically by two heating elements each consisting of 
4 cm. of 0*1 mm. diameter molybdenum wire wound in four-bore quartz, 
tubing and inserted in the holes H, fig. 1 (a). Loss of heat by radiation is 
reduced very considerably by the expedient of polishing the oven and surround¬ 
ing it by a polished radiation shield of eureka The temperature was measured 
by the eureka-iron thermocouple, Th, and it was found that an expenditure of 
10 watts gave an oven temperature of about 450° C. 

Experimental Procedure .—In order to reduce the stray scattering to a 
negligible value the whole apparatus, before the introduction of cadmium, was 
exhausted to a pressure of less than 10~ 6 mm. Hg, and baked thoroughly for 
8 hours with the oven much above the working temperature (generally at 
about 600° C.). This served to outgas the oven thoroughly. Freshly vacuum 
distilled cadmium was then rapidly introduced and, as this involved letting 

* Originally it was also intended to investigate the scattering from alkali metal vapours 
and this design was intended to permit of condensation of the vapour on a liquid-air cooled 
surface. No measurements have yet been obtained in these vapours owmg to surface 
ionization of the alkali metal vapour at the surfaces of the slits defining the collected beam. 
This ionization, although giving rise to a very much larger current than that of the scattered 
electrons, represents the effect of a minute fraction of surface unoovered by alkali metal. 
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down the vacuum, the apparatus was again exhausted and baked for 8 hours 
at a temperature just below that at which the cadmium began to evaporate 
freely (about 300° C.). The greatest care was taken to eliminate the presence 
of mercury vapour in the scattering chamber since cadmium and mercury 
might be expected to scatter similarly. 

The oven containing the cadmium was then heated gradually to the working 
temperature, which was made apparent by a sudden rise in scattered current 
accompanied by a slight fall of oven temperature. A period of about 2 hours 
was required to do this. Too rapid heating is accompanied by the danger of 
the cadmium spurting and blocking the oven orifice, thus rendering the laborious 
preparation abortive. When a satisfactory scattered intensity was obtained 
the oven temperature was maintained at a steady value by means of control 
rheostats m the heater circuit. 

In order to collect only those electrons which had been scattered without 
loss of energy a suitable retarding potential (usually about 3 volts less than the 
full energy of the beam) was applied to the Faraday cylinder. Work was then 
continued on the measurement of angular distributions until a sudden fall in 
the scattered intensity indicated exhaustion of the cadmium. The apparatus 
was then completely dismantled and cleaned preparatory to further measure¬ 
ments. 

It is necessary to establish that the observed scattering was due to electrons 
which have made single collisions with cadmium atoms. The fact that the 
scattering set in suddenly, accompanied by a slight fall of oven temperature 
and by marked deposition of the cadmium on the walls of the apparatus, shows 
clearly that the scattering was due to cadmium. It is not convenient to test 
for single scattering with cadmium as it is not possible to measure the vapour 
pressure directly in the scattering space and, owing to the rapid change of slope of 
the pressure temperature curve, it is unsatisfactory to use change of temperature 
as a measure of change of pressure. However, if it can be shown that the 
observed scattering from the cadmium vapour is very much less than that 
resulting from argon at a pressure which is known to conform to the conditions 
of single scattering, then there is no doubt that these conditions are also 
satisfied in the former case. Argon was therefore let into the apparatus through 
a suitable leak which enabled a pressure of about 10~ 3 mm. Hg to be maintained 
against the pumps, and the scattering measured, thus establishing the validity 
of the cadmium results. As the ionisation potential and form of the angular 
distribution curves for this gas are well known, the measurements in argon were 
also used to determine the contact potential and to check the general working 
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of the apparatus. In this way at was found that the contact potential was 
2 volts. 

Results and Discussion .—Curves showing the angular distributions of elec¬ 
trons per unit solid angle were obtained for 4, 8, 13, 18, 23, 28, 38, and 48 volt 



Fig, 2. —Angular distributions of 23, 28, 38, and 48 volt electrons elastically scattered 
from cadmium vapour. Curves for mercury vapour are given for comparison. 
• Experimental points. A, cadmium ; B, mercury. - - - Jordan and Brode. 


electrons ; these are reproduced in figs. 2 and 3. As these curves were obtained 
on many different days with varying conditions of gun, collector, and oven 
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alignment, and as slit widths might vary during an experiment owing to 
deposition of cadmium, a separate curve was obtained with the scattering angle 
fixed at 60° and the variation of scattered intensity with voltage observed. 



Fig. 3 —Angular distributions of 4, 8, 13, and 18 volt electrons elastically scattered from 
cadmium vapour. Curves for mercury vapour are given for comparison. • Experi¬ 
mental points. A, cadmium ; B, mercury. 

The results obtained, which are illustrated in fig. 4, enabled the angular dis¬ 
tributions to be reduced to the same scale. 
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By integrating the angular distribution of electrons per unit angle a quantity 
proportional to the cross-section for elastic scattering between angles of 30° 
and 130° was deduced as a function of electron energy. The resulting curve 
is illustrated in fig. 5 and compared with the curve obtained experimentally 
by Brode* for the total cross-section. Exact agreement is not to be expected 
as Brode's measurements include the whole angular range and also inelastic 



0 20 40 * 60 
Electron energy, in volts 

Fio. 4.—Variation of the scattering at 60^ with energy of the incident electrons. • Ob¬ 
served in cadmium ;-curve for mercury obtained by Arnot. 

collisions. However, it will be seen that the general trend of the curves is 
the same. 

For purposes of comparison the corresponding scattering curves for mercury 
vapour obtained by Arnot (foe. cit.) and by Jordan and Brode (foe. tit.) are also 
given in figs. 2 and 3. The comparison was effected by adjusting the scale 
bo that the scattered current was the same for both cadmium and mercury at 
60° for 30 volt electrons. 


* ‘ Phya. Rev./ voJ. 35, p. 504 (1930). 
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The striking similarity of the two sets of curves is evident. This similarity 
is not only one of form but persists also in the relative intensities of the scattering 
at different voltages. Small differences are apparent at large angles, the second 
maximum for cadmium occurring at a greater angle than for mercury. This 


(A 



0 20 40 

Electron energy, in volts 

Via 5. -—Comparison of collision cross-sections for cadmium. I, Cross-section for scatter¬ 
ing between 30° and 130 3 obtained by integration of angular distributions If, Total 
croaa-soctum measured by Brode. The scale is adjusted so that both curves agree at 
0 volts. 

difference becomes more marked as the voltage decreases from 48 to 13 
volts. 

We see, then, that the similar behaviour of mercury and cadmium towards 
slow electrons, already observed by Brode (loc. cit.) in their effective collision 
cross-sections, is of a very detailed nature. This similarity may at first sight 
seem surprising in view of the great difference in atomic number between 
mercury (80) and cadmium (48). However, if we examine the possibilities 
from the point of view outlined in the introduction we find that this result 
is to be expected. In Table I the electronic structures of cadmium and mercury 
are compared. Besides the number of electrons in each shell, the radius of 
the shell (defined as the distance from the centre at which the charge density 
of the shell electrons is a maximum) and the ionization potential of the shell 
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are also given. The values have been obtained by means of rules due to 
Slater* 


Table I. 



Shell. 

i Number of 

electrons. 

Radius 
(in A ). 

Ionization potential 
in volts. 

Hg 

Cd 


Cd 

Hg 

Cd 

Hg 

i 

Cd 

r 

0 


2 

2 15 

1 97 

10*4 

8 95 

0 

N 

18 

18 

0 50 

0 4ft 

250 

2M) 

N 

M 

32 

18 

0 17 

0 15 

1800 

1500 

M 

L 

18 

8 

0 074 

0 048 

6000 

1 7000 

L 

K 

8 

o 

0 021 

o on 

20000 

1 31000 

K 


0 

— 

0 006 

. 

87000 

1 


To obtain some idea of which shells arc effective in scattering electrons of a 
definite energy the ionization energy is a useful guide, for electrons which 
have energy much greater than this will not be affected appreciably by the 
shell and those which have much less will be deviated by the outer shells 
before reaching the one in question. In this way we see that, for the electron 
energies used m the experiments described above, the F and 0 shells of mercury 
and the O and N shells of cadmium will alone be effective Referring again to 
Table I we see that these shells not only contain the same number of electrons 
for both atoms but that the respective radii are also very nearly the same. 
Further, the variation with distance of the field due to these respective shells 
will also be similar as this variation is determined by the radii and ionization 
potentials concerned. As a consequence it follows that the external fields 
of the two atoms will be very nearly equal at distances concerned m the 
scattering. As the diffraction effects depend mainly on the ratio of the wave¬ 
length of the electron to the distance at which its kinetic energy is equal to 
the magnitude of its potential energy in the scattering field we therefore expect 
the great similarity of behaviour of the two atoms in this respect. From Table 
I we see that this similarity should persist until the energy of the incident 
electron becomes comparable with 1500 electron volts, the ionization potential 


* ' Phys. Rev.,’ vol. 3t>, p. 57 (1930). These rules do not give very accurate results 
for the two outer shells of such heavy atoms as mercury and cadmium. Thus they do 
not give the lowest ionization potentials of the two atoms in the correct order, but the 
differences between the two are small in any case. The experimental values are given m 
the table. The radii of the outer shells are probably m the inverse order to that given. 
However, for the present purpose Slater’s rules are sufficiently accurate. 
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of the M shell of cadmium. The marked difference in the radii and constitution 
of the inner shells of the two atoms should then become apparent. 

This example illustrates the possibilities of the electron scattering method 
of investigation of molecular fields. It is clear that further experiments will 
be very valuable in increasing the power of the method and it is hoped to 
apply the apparatus described m this paper to the investigation of a number of 
other metals. 

In conclusion we wish to express our appreciation of the interest that Lord 
Rutherford and Dr. J. Chadwick have taken m these experiments. Our 
thanks are also due to Dr. Broadway for his advice on the design of the 
oven. 

Summary. 

The angular distributions of slow electrons scattered from cadmium vapour 
have been investigated over the angular range from 25° to 130°. Scattering 
curves have been obtained for 4, 8, 13, 18, 23, 28, 38, and 48 volt electrons. 
These curves exhibit maxima and minima closely resembling those appearing 
m corresponding < urves for mercury vapour The significance of these results 
is discussed and their bearing on the possible application of scattering measure¬ 
ments to the determination of atomic and molecular fields considered. 
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The Influence of Pressure on the Spontaneous Ignition of Inflammable 
Gas-Air Mixtures. I.— Butane-Air Mixtures . 

By Donald T. A. Townend, D.Sc., and ML R. Mandlekar, B.Sc., High Pressure 
Gas Research Laboratories of the Imperial College of Science and Tech¬ 
nology, London. 

(Communicated by W A, Bone, F.R.S.—Received April 8, 1933.) 

Introduction. 

As part of an investigation mto explosions of various hydrocarbon-air 
media at elevated temperatures and pressures, we have recently been deter¬ 
mining the influence of varying initial pressures up to 15 atmospheres on their 
reactivities during slow combustion up to their ultimate ignition points. And 
as the results obtained in the experiments on the spontoneous ignition of 
butane-air mixtures have presented some very striking new features, which seeru 
of undoubted importance in regard to the problem of “ knock ” in internal 
combustion engines, wo arc submitting them in the present communication 

Hitherto, few investigators have determined spontaneous ignition tempera¬ 
tures under pressure and, in particular, little is known concerning the behaviours 
of mixtures with air of the higher members of the paraffin hydrocarbons. The 
principal research on this problem has been that of Tixard and Pye,* who, 
employing the adiabatic compression method, found with pentane-, hexane-, 
heptane-, and octane-air mixtures that with compression ratios of 6-09 to 1 
ignition occurred at temperatures of ciun 300° C. which (a) were dependent 
upon the observed time-lags between compression and ignition, (6) varied but 
little with mixture composition, and (c) were lowered slightly as the paraffin 
series was ascended 

Also, by means of Ins concentuc-tube apparatus Dixonf showed a pro¬ 
gressive lowering of the ignition temperature in air of the simpler hydro¬ 
carbon methane (for a constant lag of 3 seconds) of from 694° C. to 624° C, 
as the pressure was raised from atmospheric to 7 atmospheres; and in his 
more recent adiabatic compression apparatus he found 428° C. for a 7£% 
methane-air mixture with a compression ratio of 12 to 1. 

* * Proc. N.E. Coast Eng.,’ vol. 31, p 381 (1921); 1 Phil. Mag.,' vol. 44, p. 79 (1922) and 
vol. 1, p. 1094 (1920). 

t Dixon and Higgins, 1 Trans, Faraday Soc vol. 22, p, 267 (1926). 
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Elsewhere, Dumanois and Mondain-Monval* have heated progressively 
for about 45 minutes in a steel bomb certain pont&nc-air mixtures initially 
made up at about 6 • 3 kg. pressure and at room temperature ; by following 
manometrically the pressure rise on heating, ignition was observed to 
occur at temperatures between 220° and 250° C. And m 1924 Tauss and 
Schultze,f employing a method whereby the fuel was injected with or without 
spraying mto air heated under pressure, showed without spraying a lowering 
of the ignition point of petrol-air mixtures from 375° C. to 232° C. as the 
pressure was raised from 2-2 to 10 atmospheres, the corresponding figures 
with spraying being somewhat higher. They concluded generally that the 
effect of pressure was so variable with different fuels that no conclusion could 
be drawn from values at atmospheric pressure as to the order of their ignition 
temperatures under pressure. 

Perusal of the literature^ shows that generally speaking ignition temperatures 
of mixtures of the higher paraffin hydrocarbons with mr when determined at 
atmospheric pressure arc of the order of 500 " C. ; under higher pressure , however, 
as for example in the experiments of Tizard and Pye, they are more usually of 
the order of 300 1 C. It is shown in this communication how this fall in ignition 
temperature is not progressive with gradual increase in initial pressure but, 
assuming butane-air mixtures to bo typical of the higher hydrocarbon-air 
mixtures generally, most of it occurs when some definite cntical pressure 
increment, which vanes slightly with the composition of the mixture, has been 
attained. 

Experimental . 

Method .—The method employed, which has been adapted to meet the require¬ 
ments of high pressures, originated with Mallard and Le Chateher,§ and has 
been adopted by a number of more recent workers. || The explosive mixture 
under investigation is rapidly admitted mto an evacuated vessel maintained 
at some accurately known temperature. At temperatures well below the 

* ‘ C. R. Acad. Sci. Par*,’ vol. 187, p 802 (1928). 

f 1 2. Ver. deut. log.,* vol. 68, p. 574 (1924). 

J Vide “ Flame and Combustion m Gases,” Appendix, Bone and Towncnd. 

§ ‘ Ann. Min.,’ vol. 4, p, 274 (1883). 

j| Notably Taffanel and Le FJoch, ‘C. R. Acad. Sci. Pans,’ vol. 156, p. 1544 (1913), 
vol. 157, pp. 469, 595 and 714 (1913); Mason and Wheeler, ‘ J. Chem. Soc.,’ vol. 121; 
p. 2079 (1922); vol. 125, p. 1869 (1924); Naylor and Wheeler, ‘ 3. Chem. Soc./ p. 2456 
(1931); Laffitte and Prettre, ‘C. R. Acad. Sci. Paris; vol. 187, p. 763 (1928); vol. 188, 
p. 1403 (1929); vol. 190, p. 796 (1930); vol. 189, p. 177 (1029); vol. 191, p. 329 (1930); 
vol. 191, p. 414 (1930). 
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ignition point slow combustion begins and at atmospheric pressure this can 
usually be followed quite easily by means of a manometer.* With increasing 
temperature a point is reached when, after a definite time-interval following 
admission of the gaseous mixture into the vessel, ignition occurs. For the 
purpose of these investigations the ignition point is taken as the lowest 
temperature to which the vessel must be heated m order for ignition ultimately 
to occur In our experiments the time-lags at the ignition point were usually 
between 15 and 25 seconds, tending to become less at the lower pressures 
employed and with mixtures containing an excess of air ; also increasing the 
temperature by some 10° C. usually reduced the time lag to about £ second. 
Whether or not ignition occurred was critical to 1° C. 

Ignition temperatures determined in this way are by no means physical 
constants, being dependent upon the capacity, surface-volume ratio and 
material of construction of the heated vessel and possibly also on other factors. 
The method is a good one from other points of view, however, and the results 
obtained by it may be taken as comparable relatively one with another. 



Fig. 1. 


Apparatus and Procedure .—The explosion vessel employed, fig. 1, consisted 
of a nickel-steel bomb, B, fitted for the purpose of the present investigation with 

* Bone and HtfJ, 1 Proc. Roy. Soc.,’ A, vol. 129, p. 434 (1930), and Bone and Allum, 
ibid., vol. 134, p. 578 (1932). 
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a mild steel liner 15 cm. long and 4 cm. in diameter, the capacity being 190 c.c. 
One end fitting was furnished with inlet and outlet values, V 3 and V 4 and the 
other with an invar disc recording manometer. The bomb was mounted m a 
heavily lagged electric furnace, temperature being recorded by a thermo¬ 
junction embedded m the bomb wall close to the liner. An interval of at least 
20 minutes was always allowed for the establishment of thermal equilibrium 
before making any determination 

The explosive mixtures were made up and stored under pressures usually 
between 20 and 30 atmospheres in two thick-walled cylinders C, C maintained 
at about 50° G. Before each experiment the capacity vessel T was filled from 
the storage cylinders to some predetermined pressure, so that releasing the 
gaseous mixture from T into B rapidly filled it to the desired experimental 
pressure at the trial temperature. The operation of filling the explosion vessel 
with an explosive mixture to the desired pressure was usually complete in 
between 4 and 1 second. 

At pressures above 5 atmospheres ignition was usually registered on pressure¬ 
time records obtained by means of the disc manometer M. At pressures 
below 5 atmospheres it was observed by the kick imparted either to 
(a) a Bourdon gauge or (b) at pressures below IV atmospheres, to 
a mercury manometer. In all determinations the time-lags between the 
moment of filling and the occurrence of ignition were checked by means of a 
stop-watch. Between each determination air under pressure was left m the 
vessel and on its subsequent release the vessel was evacuated with a Hyvac 
pump for a period of about half an hour before making a further determination. 

Gas Mixtures .—The butane employed was taken from cylinders containing 
the liquefied gas supplied by the Ohio Chemical and Manufacturing Company, 
Cleveland, U.S.A. It was stated by the manufacturers to have a purity of 
99*9 per cent, and this figure has been confirmed by chemical analysis. Each 
mixture was allowed to stand 18 hours after making before being brought into 
use, and samples were taken from the storage cylinders both before the com¬ 
mencement and after the completion of a series of determinations in order to 
ensure that no change in composition had occurred on account of possible 
stratification. 

Results . 

In fig. 2 a series of curves has been drawn showing the observed variation of 
ignition temperatures with mixture composition at pressures of 1, l£, 1£, 2, 
3, 5, 10 and 15 atmospheres. At atmospheric temperature and pressure the 
range of inflammable mixtures lies between those having butane contents of 
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approximately 1*7 and 5-7% respectively.* At the higher temperatures 
and pressures employed this range would be widened in each direction. 
We have not extended our observations to these limiting compositions in 



Fjo. 2.— O = I atmosphere ; A “ H atmospheres ; x — If atmospheres ; # == 2 

atmospheres , □ = 3 atmospheres; * 5 atmospheres ; Q = 10 atmospheres ; 

^ — 15 atmospheres. 

* V%de “ Flame and Combustion in Oases.” 
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each case, but have confined them to mixtures whose butane contents varied 
between 0*9 and 8-9%. 

It will be observed that, whereas at atmospheric pressure the ignition 
points gradually fell from above 600° C.* to circa 550° C. with increase in 
butane content in the mixtures, and at 1^ atmospheres pressure from circa 
560° C. to 480° C., on further increasing the pressure by merely J atmosphere 
to If atmospheres a lowering of no less than 130° C to 140° C. in the ignition 
temperature took place for all mixtures of butane content higher than 
about 3*6% (the theoretical mixture for complete combustion containing 
3-1%). With mixtures containing an excess of air a similar sharp fall in 
ignition temperature occurred with a definite small pressure increment, 
but this was now observed at a higher absolute pressure which depended 
upon the composition of the mixture. At pressures above 5 atmospheres 
the ignition temperature curves took a new form showing now a slight 
minimum, which occurred at a mixture composition whose butane content 
was about 4 per cent.; further increase m initial pressure to 10 and 15 atmo¬ 
spheres merely lowered the curves uniformly a few degrees. 

Particular attention is directed to the fact that the ignition temperatures 
determined in this investigation lie in two well defined groups located above 
and below the two horizontal dotted lines, fig. 2. Thus at the low pressures 
( i.e in almost every mixture below 3 atmospheres) all the determinations lie 
above 450° C. and at the higher pressures (i.c., in almost every mixture above 
3 atmospheres) the determinations he below 370° C. and usually below 350° C 
Also the fact that as far as our experiments have proceeded ignition has never 
occurred at any intermediate temperature between the two groups referred to 
seems to be of great significance. 

The Influence of Pressure . 

While at the present stage of the investigation it is premature to offer any 
final explanation of the observed facts we think certain inferences may be 
made. 

In the first place we regard this type of ignition as purely a thermal phenome¬ 
non. The pressure-time records indicate that the pressure ultimately developed 
decreases with increasing time-lag between filling and ignition, as though 
normal slow combustion had proceeded during the lag period. Also “ snap 75 

* As it was considered undesirable to raise our present apparatus to temperatures 
higher than 600° C. we have not determined the ignition points at atmospheric pressure of 
mixtures of butane oontent below 2*6%. 
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samples of the explosive mixture taken during this penod in circumstances 
when ignition would ultimately have occurred, while failing to reveal any trace 
of “ peroxides/' always showed considerable quantities of aldehydes to be 
present. 

We think the best explanation of these facts is as follows : according to the 
hydroxylation view oxidation of a hydrocarbon would be expected to proceed 
in stages according to some such scheme as fig. 3. 

+/ K.C U. 

RH.CH 3 

1 

RH.CH + H a O 

i 

Usually 
—y KC.U. 

where RH -= 0 n H 2n+1 

Fig. 3. 


KH.CHgOH 

l 


RII.ru (OH), 

—A_ 


-1 

RH.OHO+II, H t O+RH CHO 


OH OH 

LCD 


RH, -ft 1 !) 


RH.+CO 


H 2 0+C0 + R:C 0 


The life of intermediate compounds so formed would depend upon tempera¬ 
ture, pressure, mixture composition and catalytic influences, effects which, 
by the recent work of Newitt* and his collaborators in these laboratories, have 
been strikingly demonstrated to be operative* 

At low initial pressures therefore it is not unlikely that in the initial stages 
of combustion the life of certain intermediate compounds is comparatively 
short. Also, of the heat evolved in the reactions producing them the whole or 
part might be absorbed in their thermal decomposition so that little heat 
might be expected to accumulate in the system. In brief the butane system 
might rapidly be degraded into one composed of hydrogen, carbon monoxide 
and lower hydrocarbons, none of which would be expected ultimately to ignite 
at temperatures below 500° to G00° C. 

The influence of pressure would be three-fold, namely, to (i) lower the tempera¬ 
ture at which an equivalent chemical reactivity would occur,f ( 11 ) increase the 
stability of intermediate compounds, which invariably break down with 
increase in molecular volume, f and (iii) lower the relative heat loss. In these 

♦ 4 Proo. Roy. Soc./ A, vol. 134, p. 592 (1932); vol. 140, p. 426 (1933). 
t Newitt, foe. cit. 
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circumstances it is not unlikely that later stages of oxidation of intermediate 
products would precede their thermal decomposition with consequent further 
heat evolution, the whole reaction going to completion (ignition) almost 
immediately Ignition would then occur at temperatures not greatly in excess 
of that corresponding to the initial slow combustion (circa 300° C.) and 
probably under conditions which at lower pressures give rise only to cool 
flames.* 

The Function of Antiknocks. 

It is well known that antiknocks as, for example, lead tetraethyl, play a 
prominent role in the slow oxidation of hydrocarbons, inlrr alia usually lowering 
the temperature coefficients of reaction velocity. Also, as demonstrated by 
Egerton and Gatesf addition of antiknocks to various hydrocarbon-air media 
is capable of raising appreciably their respective ignition temperatures at 
atmospheric pressure, as the following figures show:— 


Rise in I T. on 


Hydrocarbon. 

Ignition 

temperature 

addition of 
0*25 per oont by 
volume of Pbttt 4 . 


C. 

■ C. 

Pentane 

5lr> 

j 75 

Jfiohexane 

525 

i 46 

Heptane 

430 

! 83 

Bonzene 

(690) 

t 18 

Petrol (Shell) 

460 

1 82 


If the hypothesis now put forward to explain the division of ignition tempera¬ 
tures into two main groups be correct it would suggest that under pressure the 
influence of antiknocks might in certain circumstances be even greater than 
at atmospheric pressure ; for at pressures near the critical transition pressure 
it might be possible to cause a transfer of the ignition points from the lower to 
the higher group 

On testing this supposition it was actually found to be correct, for with two 
mixtures each containing 5 and 8 per cent, of butane, respectively, and to 
which 0-05 per cent, of lead tetraethyl had been previously admixed, the 
following ignition temperatures were determined.— 

* Cf Emel6u», ‘ J. Chem Soc./ p. 1733 (1929) and Prettre, * Bull Soc Chun. Pam,’ 
vol.61, p. 1132 (1932). 

t ‘ J. In«t. Pet. Tech./ rol. 13, p. 244 (1927). 
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5 per cent, butane-air mixture. 

8 per oout. butane-air mixture. 

Initial 


Igmtion 



Igmtion 


pressure. 

Normal 

tomperature 


Normal 

temperature 

Rise. 


ignition 

i with 0*05 

Rise. 

igmtion 

with 0*06 


temperature 

1 per cent. 

Pb (C,H,) 4 . 

i 

temperature. 

per oent. 
Pd{C,H,) 4 . 


atmospheres 

°C. 

1 °c. 

•0. 

°C 

9 a 

°C. 

1 

560 

above 000 

>40 

562 

above 000 

>38 

I* 

490 

539 

49 

483 

602 

19 

l| 

350 

510 

160 

340 

478 

138 

2 

319 

366 

47 

325 

341 

16 

3 

314 

330 

16 

320 

325 

5 

6 

30 8 

324 

16 

316 

318 

2 

10 

302 

318 

1 

16 

__1 

309 

317 

8 


It will be observed that (a) most striking rises of no less than 160° and 
138° C. occurred at the pressure (1J atmospheres) just adequate to lower the 
normal ignition temperature from the higher to the lower ignition temperature 
group (see also fig. 2), also ( b ) when a high enough pressure had been attained, 
at about 2 or 3 atmospheres, little rise in igmtion temperatures occurred their 
location remaining in the lower group. 

Much interest attaches to the detection of the particular intermediate com¬ 
pound or compounds whose survival and further rapid oxidation is responsible 
for the lower group of ignition temperatures and also to the precise function 
of antiknocks which may not of necessity be merely one of directly inhibiting 
oxidation. It is highly probable that pressure plays a predominant part 
in both these phenomena, and if so a good deal of the work hitherto 
earned out at atmospheric pressure would fail to throw much light on the 
matter. On this account we are determining the cntical pressure regions 
for other explosive media and are making a detailed study of the respective 
influences of the successively formed intermediate products throughout the 
combustion under pressure. 

In conclusion we desire to express our thanks to Mr. L. L. Cohen, M.Sc., for 
assistance in carrying out some of the experiments as well as to the King 
Edward Memorial Society, C.P. and Behar, India, for a Fellowship which has 
enabled one of us (M. R. M.) to devote his whole time to the work. 

Summary. 

An investigation has been made of the influence of initial pressure on the 
spontaneous ignition of various butane-air mixtures at pressures up to 16 
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atmospheres. At atmospheric pressure the ignition points fell from above 
600° C. to circa 560° C. with increase in butane content in the mixtures 
and at 1$ atmospheres from circa 560° C. to 480° C. Further increase in 
pressure by only i atmosphere caused a lowering of the ignition points by no less 
than 130° C. to 140° C. for mixtures of butane content higher than circa 3*5%; 
a similar sharp fall occurred with all other mixtures, the critical transition 
pressure then depending upon the composition of the mixture. 

The ignition points were found to lie in two well defined groups the one, for 
determinations below 3 atmospheres, located above 450° C. and the other, for 
determinations above 3 atmospheres, below 370° C. It is suggested that the 
higher group represents ignition points of the products of thermal decom¬ 
position of intermediate oxidation compounds, and the lower group those 
resulting from ignitions initiated in the primary combustion itself. 

The influence of lead tetraethyl in raising ignition temperatures is very 
touch greater at the critical transition pressures than at atmospheric pressure, 
an effect which might be anticipated if the above view of the phenomenon 
be correct. 
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An Optically Active Arsonic Acid Possessing Molecular Dissymmetry. 
Resolution of dl-spirobis -Z : 5-Dioxan-4:4'-di (phenyl-p-arsonic acid). 

By Charles Stanley Gibson, F.R.S., and Barnett Levin, Chemistry 
Department, Guy’s Hospital Medical School, London. 

(Received May 20, 1933.) 


van’t Hoff (1875) showed that, according to the principle of the tetrahedral 
configuration of groups attached to a carbon atom, allene compounds of type I 
being asymmetric can exist in enantiomorphous forms. It has been pointed 
out by subsequent authors that molecules of simpler compounds represented 
by type II are asymmetric, and those of type III are dissymmetric,* and that 
compounds of all these types should be capable of being resolved into their 
optically active isomers 


°\ / C 

C: C: C 

b / N rf 


I. 


a, 

: C: C 
V 



II. 


C : C: C; 

b x 

III. 


a 

b 


The first example of an allene compound, whose molecule has an asymmetric 
configuration, and to be synthesized is otY-diphenyl-Y-l-naphthylallene-a- 
carboxylic acid (type II),* 

c„h 8x c.h 5 

C: C: C 

COaH 7 X C 10 H 7 

but this compound has not been resolved into its optically active components. 
Perkin and Pope| showed that such a compound as 1 -methycycfohexylidene-4- 
acetic acid, 

CH 8 XHj.CH, H 

C C: cr 

H' 7 X CH,. m/ ^COjH 

resembles the allene type II, one of the double bonds being replaced by the 
ring which is planar and at right angles to the plane of the adjacent double 

* CJ. Lapwortb and Wechtler, * Tran*. Chem. Soe./ vol. 97, p. 39 (1910). 
t ‘ Proc. Chem, Soc.,’ vol. 22, p. 107 (1906). 
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btmd. This compound they synthesized,* and by resolving it into its optically 
Active components, Perkin, Pope and Wallacht provided the first verification 
of van’t Hoffs theory and firmly established the broad principle of the asym¬ 
metric molecule, a marked advance in stereochemistry. 

From this work it followed that the second double bond could be replaced 
by a second ring and a number of investigations of dissymmetric spiran com¬ 
pounds have been made. The simplest of such compounds is cyctobutane- 
Spirocfjdobnt^neA : l'-dicarboxylic acid prepared by Fecht.J 

CO*H /CH 2x XH a /COaH 

A A A ■ 

H 'OH, X CH, H 

corresponding to the allene type III. This compound has been resolved by 
Backer and Schurink§ but it must be pointed out that the rotatory powers 
recorded, and those for the dextro component only (for the ammonium salt 
in water, [a] D + 0*13°, and for the free acid in ether, [M1 D -j-1'9°), are extremely 
small. On the other hand, Pope and Jansonjl have recorded the complete 
resolution of the corresponding diamine, 1 : l'-dianimoc^febutanespirocyc/o- 
butane, the dihydrochlorides of the optically active components of which have 
Warn ± 30° in aqueous solution, and these authors have thus definitely 
established the dissymmetry of molecules of this type. 

It has long been knownlf that compounds of this type which are most easily 
prepared are obtained by condensation of pentaerythritol with aldehydes (the 
condensation with ketones of the type ab : CO goes much less easily) and 
Read,** prepared a number of such compounds with the object of obtaining 
at least one of them which might be resolved into optically active components 
by mere crystallization. This was not realized, but Backer and Schurink 
\loc. oiC.), have recorded that the dibenzylidene compound, 

C 6 H 5X o. ch 2x ch 2 .o /yi, 

V V x 

H 7 O.Ch/ X CH a .CK X H 

* Cf. Wallach, ‘ Liebigs. Ann.,' vol. 366, p. 266 (1908). 

t ‘ Trans. Chem. Soc.,’ voJ. 96, p. 1789 (1909). 

| ‘ Ber. dents, chem. Gee.,’ vol. 40, p. 3883 (1907). 

1 j 4 Proo. K. Akad. Wetensch. Amst.,’ vol. 31, p. 370 (1928). 

|| ‘ J. Soc. Chem. Ind.,’ vol. 61, p. 316 (1932). 

H Schulz and Tollens, ‘ Liebig’s Ann.,’ vol. 289, p. 28 (1896); Apel and ToIIens, ibid; 
p. 36. 

*• 1 Trans. Chem. Soc.,’ vol. 101, p. 2090 (1912). 


2 i 2 



496 


C. S. Gibson and B. Levin. 


described by Read is obtained iu both dextro- and laevo -rotatory crystals 
having otp ± whereas no trace of optical aotivity could be detected in 

solution. It is now recognized from physical evidence that in such penta- 
erythritol derivatives the groups attached to the spiran carbon atom have a 
tetrahedral configuration, and, in view of the dissymmetry of the molecular 
structure of the particular compound, optical activity might have been expected 
in solution also. 

A number of analogous compounds from pentaerythntol have been prepared 
by Boeseken and Felix.* In one case, the product obtained by hydrolysis of 
the condensation product of ethyl pyruvate with pentaerythritol, viz,, 
dlA : 4'-dimethyl$pirohis-3 : 5-dioxan-4 : 4'-dicarboxylic acid was resolved into 
its optically active components, having [a] 0 ±3-8° (acetone) and [<x] 0 ±6-9° 
(water) and the optically active acids racemized rapidly in boiling aqueous 
solution. In another case, dlA : 4'-diaminodim6thyl-$piro-bis-3 : 5-dioxan 
was resolved and the optical antipodes had the very small values, [<x] D ±0*7° 
(water). These results would indicate that when such dissymmetric com¬ 
pounds are resolved very small rotatory powers and easy racemization are 
characteristic of the optically active forms. 

Benzaldehyde-p-arsonic acid and some of its derivatives have recently been 
studied in some detail.f This acid undergoes condensation with pentaery¬ 
thritol giving the crystalline tetrabasic dl-sjnrobis -3 * 5-dioxan-4 :4'-di (phenyl- 
p-arsonic acid), 

H 2 0 3 As . C 6 H 4 y O . CH 2 . XH 2 .0 ^C 6 H 4 . As0 3 H a 

X X 

IT '0 • OH./ CH a . 0 / X H 

which also belongs to the above type III. This externally compensated com¬ 
pound cannot be recrystallized conveniently from any solvent, but may be 
purified through its salt with two molecular proportions of d/-a-phenylethyl- 
amine. Although it cannot be purified from its solution in ethyl alcohol- 
hydrochloric acid, its solubility in this medium points to compound formation 
with hydrochloric acid as has been observed with other arsonio acids, { 
Combination of the above acid with two molecular proportions of nor-d-+' 
ephedrine results in the formation of two diastereoisomeric salts of which the 
lAdB is the less soluble in water and water-ethyl alcobol-acetone. Repeated 

* ‘ Bar. deufcs. chem. Gea.,’ vol. 61, p. 787 (1928); vol. 62, p. 1310 (1929). 

t Gibson and Lovin, ‘ J. Chom. Soo.,’ p. 2388 (1931 ); %bvd. y p. 352 (1933). 

X Burton and Gibson, 1 J. Chem. Soc./ vol. 125, p. 2275 (1924). 
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recry etallizati on from the latter mixture is necessary to obtain the salt pure. 
By a similar procedure and using wor-Z-^-ephedrine the pure dAlB salt is 
obtained. From these pure enantiomorphous salts, having in aqueous solution 
db 24*2°, the two enantiomorphous acids which have, as their tetra- 
sodium salts in aqueous solution ± 70-2°, were obtained. Salt forma¬ 

tion between the arsonic acid group and suitable optically active bases has 
proved useful for the resolution of other externally compensated arsonic 
acids.* For the resolution of dZ-N-phenylalanineamide-4-arsonic acid, Gibson 
and Levinf also employed fior-d-^-ephedrine 

From the present work it is clear that, as Pope and Janson have shown in the 
case of the 1 : l'-diaminocycZobutane^rocycZobutanes, small rotatory powers 
are not characteristic of the optically active isomers of this type of dissymmetric 
compound. The optically active acids now described in the form of their sodium 
salts can be boiled m aqueous solution contaimng a large excess of sodium 
hydroxide without any detectable racemization occurring and, unlike optically 
active compounds of this class previously described, they possess considerable 
optical stability. 

The conversion of arsonic acids in the presence of ethyl alcohol, hydrochloric 
acid and a little iodine mto the corresponding dichloroarsines by means of 
sulphur dioxide generally proceeds readily, and in the case of either of the above 
optically active di(arsonic acids) takes place even when the mixture is kept at 
0°. The di(dichloroar8tm ) so obtained is a well defined substanoe and, in view 
of the stability of the optically active arsonic acids, and, bearing in mind the 
positions m the molecule of the arsonic acid groups, it is remarkable that its 
formation from the optically active acids is accompanied by complete 
racemization and when reconverted at the ordinary temperature mto the 
di(arsonic acid) the latter is also optically inactive. Whatever the intermediate 
compound may be, it has generally been assumed that the reactions referred to 
concern the arsonic acid groups alone and are concisely represented 

reduction oxidation 

— As0 3 H a -- — AsCL -*■ — As0 8 H«. 

HOI 

The racemization which accompanies the conversion of the optically active 
di(arsonic acid) into the di(dichloroarsine) indicates that a more profound 

* Foumeau and Nioolitch, 4 Bull. Soc. cfaim. Paris,’ vol. 43, p. 1232 (1928); Gibson, 
Johnson and Levin, ‘ J, Chem. Soc./ p. 479 (1929). 
t 4 J. Chem. Soc.,’ p. 2764 (1929). 
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chemical change than the above takes place during the reduction in acid, 
solution. The simplest explanation of the racemization would appear to bq 
that the dioxan rings open during the reaction and then close again. The 
opening of the dioxan rings would destroy the dissymmetry of the molecule 
and hence any optical activity would disappear This explanation assumes 
the following change to take place if the arsonic acid groups are first reduced : 


x CH 2 .O x ^C 8 H 4 , AsC1 2 

A 

x CH..(r H 


\ / 

c 


/ C e H 4 . AsClj 
CH 2 O.C-H 

\ci 


^ \’H a OH 


It may be possible to investigate these changes in cases where the intermediate 
compounds can be isolated. 

Experimental 

dl-spirobis-3 : 5-dioxan-4 : 4' -di(phenyl-p-arsoMc acid) —Benzaldehyde-p-ar- 
sonic acid (19 gm ) rapidly dissolved in a solution of sulphuric acid (30%, 53 c.c.) 
containing pentaerythritol (5-7 gm.) at the water bath temperature. After a 
colourless crystalline material had separated the mixture was heated for 30 
minutes. The filtered solution was allowed to cool and the almost colourless 
crystalline material separated. The latter was suspended in water and treated 
with the calculated quantity of a standard aqueous sol ution of sodium hydroxide 
This solution was boiled up with decolorizing charcoal and from the filtrate 
the acid was precipitated in small colourless crystals on the slow addition of 
hydrochloric acid equivalent to the sodium hydroxide previously employed. 
While, generally, sufficiently pure for the resolution experiments, analysis 
show r ed that the acid so obtained (16 gm., 33%) was not chemically pure. 
Purification by direct crystallization being impracticable, it was conveniently 
purified through its salt with di-a-phenylethylamine 

To a suspension of di-a-phenylethylamine (0-75 gm.) in water (10 c.c.) 
heated on the water bath, the almost pure acid (1*74 gm.) was added, complete 
solution taking place. To this solution ethyl alcohol (10 c.c.) and acetone (20 
c.c.) was added and, after cooling, the colourless crystalline salt w r as separated 
in almost quantitative yield. It was recrystallized from a mixture of water 
(10 c.c.), ethyl alcohol (10 c.c.) and acetone (20 c.c.) and obtained in silky 
colourless needles which decomposed at 204° after previous softening (Found* : 

* All the analyses were earned out under the direction of Dr. W. Doran m the Micro* 
analytical Laboratory of the University of Liverpool We gratefully acknowledge the 
care exercised in this work. 
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C 52*6, H 8*5, N 3*75, As 18*9. C 85 H u O 10 N 2 As a requires C 52*35, H 5*5, 
N 3*5, As 18*7%). 

Pure dl-spirobis-3 : b-diomnA : i'-di {phenyl-parsonic add) was obtained by 
suspending the above pure cM-a-phenylethylamine salt in water and adding the 
calculated quantity of a standard aqueous solution of sodium hydroxide. 
This solution was extracted completely with chloroform to separate the free 
base and the colourless aqueous solution heated on the water bath was treated 
very slowly with hydrochloric acid equivalent to the sodium hydroxide pre¬ 
viously used. The di-acid separated from the hot solution in small colourless 
glistening crystals (undecomposed at 290°), practically insoluble m water and 
the usual organic solvents. The compound is, however, soluble in ethyl 
alcohol-hydrochloric acid but cannot be recrystallized from this medium (Found: 
C 40*4, H 3*72, As 27*3, C 19 H a2 O 10 As 2 requires C 40*7, H 3*96, As 26*8%). 
Using King’s method* the acid is tetrabasic (Found: Equiv. 142*9, 144*0. 
Ci&H 22 0 10 As 2 requires Equiv. 140*0). 

Resolution of dl-spirobis-3 : b-dioxan- 4 : 4'-di (phenyl-p-arsonic aad ).—Pre¬ 
liminary experiments showed that Kor-d-^-ephedrine (two molecular equiva¬ 
lents) forms a mixture of salts with the externally compensated acid (one 
molecular equivalent) of which the lAdB has a somewhat smaller solubility 
than its disastereoisomende. The composition of the optically impure less 
soluble salt was proved by analysis (Found : C 51 *2, H 5*1, N 2*95, As 17*6. 
C^H^gOjaNaAsa requires C 51*5, H 5*6, N 3*25, As 17*4%). From these 
experiments the acid (10*2 gm.) having a small Zo^vo-rotatory power was 
isolated in the usual way. This acid was added to a boiling solution of nor-d- 
^i-ephednne (5*5 gm ) in water (250 c.c.) and this solution was evaporated on 
the water bath in a current of air until copious crystallization began. 
The colourless crystalline salt was separated from the cold solution and 
on recrystallization from a hot mixture of water (150 c.c.), ethyl 
alcohol (300 c.c.) and acetone (300 co.) it was obtained m small colour¬ 
less needles having [a] = — 4*9° (c 0*5126, water) and after five more 
recrystallizations from similar water-alcohol-acetone mixtures pure nor-d-<J>- 
ephedrine l-spirobis-3 : 5-dioxanA : 4 f -d% ( phmyl-p~ar$onate) y decomposing at 
225°, was obtamed. It has [a] — 24*67°f ( c 0*4873, water) (Found: 

* 4 J. Chem, Soc./ p. 2138 (1930). In this method aqueous solutions of barium 
hydroxide and barium ohloride can be substituted for those of sodium hydroxide and 
sodium chloride respectively keeping the other conditions the same (Found : Equiv. 141*6). 

t All rotatory powers were determined in 4 dm, tubes at 20° using the mercury-green 
line (X 5461). 
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C 51*4, H 6*7, As 17*95. C^H^OjgN^Asj requires C 51*5, H 6*6, As 
17-4%).* 

l-spirobis-3 : b-dioxanA : 4 '-di (phenyl-ip-arsonic acid) was obtained by 
dissolving the above pure lAdB salt in water, adding the calculated quantity 
of a standard solution of sodium hydroxide and extracting the solution with 
chloroform until free from nor-d- ^-ephedrine. The aqueous solution kept at 
80° was mixed slowly with the calculated quantity of an aqueous solution of 
hydrochloric acid when the acid separated in fine colourless needles (un¬ 
decomposed at 300°). It was washed with water and dried at 110° (Found ; 
C 40*7, H 4*45, As 27-1. C 19 H 22 O 10 As 2 requires C 40*7, H 3*96, As 26-8%). 
It had [a] — 70*6° (c 0*4000, water containing the exact amount of sodium 
hydroxide to form the tetrasodium salt). 

d-spirobis-3 : 5-dioxanA ; 4 '-di (phcnylrp-ar sonic acid) was obtained starting 
with the dZ-acid (14*4 gm.) using wor-l-^-ephedrine (7*75 gm.) and water 
(400 c.c.) following the same procedure as in the above resolution. The 
material separating from the aqueous solution had, after one recrystallization 
from the water-alcohol-acetone, mixture, [a] + 2*05° (c 0*5851, water). After 
five further recrystallizations under the same conditions it was optically pure 
having [a] -f 23 • 69° (c 0 • 4908, water). wor-Z- ty-ephedrine d-spirobis-3:5 -dioxan~ 
4 : 4' -di(phenyl-^arsowate) resembled its enantiomorph in all respects (de¬ 
composing at 225°) (Foimd : C51*5,H5*61,N3*25, As 17*4. C 3V H tt 0 12 N 2 As 2 
requires 0 51 *2, H 5*47, N 3*70, As 17*7%). 

From this salt the pure d-acid was prepared in a similar manner to that used 
for the isolation of the Z-acid and obtained m quantitative yield. It crystal¬ 
lized in fine colourless needles. Like its enantiomorph it is remarkably stable 
being, like it, apparently undecomposed at 300° although slight sintering had 
taken place. It had [a] + 69*74° (c 0*4666, water containing the exact 
quantity of sodium hydroxide to form the tetrasodium salt) (Found ; C 40*8, 
H 4*34, As 27*1. C 19 H 22 0 10 As 2 requires C 40*7, H 3*96, As 26*8%). From 
the aqueous filtrate after separating the first fraction of the above dAZfi salt 
was obtained an optically impure Z-acid having [a] — 31*2° under the usual 
conditions. 

Typical racemization experiments, using the pure Z-acid, are as follows. 
The Z-acid (0*5554 gm.) was made up to 100*0 c.c. with 0*9696 N aqueous 
sodium hydroxide, i,e., rather more than twenty-four times the amount of 

* The mother liquors from this experiment should obviously have contained an exoess 
of the dAdB salt. The d-acid was not obtained from these owing to an unavoidable aooident 
(■ J. Soc. Chem. Ind./ vol. 51, p. 1064 (1932) ). 
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sodium hydroxide required to form the tetrasodium salt. This solution had 
[a] — 70*52° calculated on the acid content. 40*0.c.c. of this solution was 
boiled gently for 10 minutes during which time considerable evaporation had 
taken place. The solution was cooled, transferred completely with all pre¬ 
cautions to a graduated flask and made up to 50*0 c.c. This solution had 
fa] — 70*34° calculated on the acid content and, clearly, no appreciable 
racemization had taken place. 

The ^acid (1 gm.) was dissolved m ethyl alcohol (10 c.c.) and hydrochloric 
acid (10 c.c.) and a trace of iodme added. This solution was kept in ice-water 
while it was reduced with sulphur dioxide and spirobis-3 : b-dioxanA : 4'-di 
[phenyUichloroarsine) separated first as an oil which quickly crystallized. 
After separation and drying at the ordinary temperature it was recrystallized 
from a mixture of benzene and hgToin (boiling point 60°-80°) and obtained 
m colourless crystals (melting point 163°). It was optically inactive in benzene 
solution (Found: Cl 23*8. C 19 H 18 0 4 C1 4 As 2 required Cl 23*5%). 

The di(dichloroaxsine) was dissolved in benzene (15 c.c.) and shaken 
thoroughly at the ordinary temperature with a slight excess of a standard 
aqueous solution of sodium hydroxide. To the mixture an excess of an 
aqueous solution of hydrogen peroxide (3%) was added and, after thorough 
mixing, it was allowed to stand at the ordinary temperature for some 2 hours. 
The aqueous solution was separated, filtered and carefully acidified at the water 
bath temperature with hydrochloric acid. The di(arsomc acid) separated in 
the characteristic fine needles in theoretical quantity indicating that the 
oxidation was complete. The di(arsonic acid) dissolved in the calculated 
quantity of a standard aqueous solution of sodium hydroxide was optically 
inactive. 

The expenses of this investigation have been met by grants which are 
gratefully acknowledged from the Government Grant Committee and Imperial 
Chemical Industries Limited. 

Summary, 

The molecularly dissymmetric dl-spirobis-3 : b~dioxanA : 4' -di(phenyl-]>- 
arsonic add) has been resolved mto its optically active components which 
have considerable rotatory powers. The optically active acids, as their 
sodium salts, do not undergo racemization in a boiling aqueous solution con¬ 
taining a large excess of sodium hydroxide. On the other hand, they undergo 
complete racemization when converted into the corresponding di(dichloro- 
anrine). _ 
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Energy Relations in the $-Ray Type of Radioactive Disintegration. 

By C. D. Ellis, F.R.8., and N. F. Mott. 

(Received May 25, 1933.) 

The difficulties connected with the continuous ^-disintegration are well 
known. The fact that a given isotope of any element has a definite atomic 
weight suggests that the energy of the normal state of any nucleus is quantized ; 
further evidence is afforded by the alternating intensities in band spectra. 
Evidence from the fine structure of a-rays and from the y-rays, proves that 
nuclei are capable of existing in quantized exciter! states. In fact, in all 
transformations where a-particles, y-radiation or protons are ejected from 
nuclei, the evidence suggests, (i) that the nuclear energy is quantized, and (ii) 
that energy is conserved. On the other hand, when a nucleus P transforms 
itself into a nucleus Q by emission of a (3-particle, the [3-parfcicle has all energies 
between zero and a definite upper limit. One may either conclude that the 
energy either of P or of Q is not quantized, or that energy is not conserved in 
the transition. Since the a-transitions leading up to P, and starting from Q, 
show no sign of any indefimteness in the energy, it is difficult to accept the 
former alternative ; and it is thus usual to suppose that energy is not conserved. 

In this paper we make the suggestion that the sharp upper limit of the (3-ray 
spectrum is a significant parameter with which to classify a ^-disintegration. 
We suggest the following hypotheses : two elements P, Q, such that P is 
a (3-disintegration, both possess definite atomic weights, and hence definite 
binding energies. Following Heisenberg* we assume that ^-disintegration 
can only take place if the energy E P of the nucleus P is higher than the energy 
Eq of the nucleus Q. We make the new assumption that the energy difference 
E P — E q is equal to the upper limit of the [3-ray spectrum , ?.e., to the maximum 
energy with which a (3-particle can be expelled. According to our assumption, 
the (3-particle may be expelled with less energy than the difference of the energies 
E P — E q , of the two nuclei, but not with more energy. We do not wish in 
this paper to dwell on what happens to the excess energy in those disintegrations 
in which the electron is emitted with less than the maximum energy. We may, 
however, point out that if the energy merely disappears, implying a breakdown 
of the principle of energy conservation, then in a (3-ray decay energy is not 
even statistically conserved. Our hypothesis is, of course, also consistent with 

* ‘ Z. Physik/ vol. 70, p. I (1932) 
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the suggestion of Pauli that the excess energy is carried off by particles of 
great penetrating power such as neutrons of electronic mass. 

We must first modify our hypothesis to take account of the y-radiation which 
follows the expulsion of the (3-particle. Let us suppose that the nucleus P has 
energy B P in its ground state, and that the nucleus Q formed by the expulsion 
of one electron has energy E a (o) m its ground state and E Q (n) in any excited 
state w. (Fig. 1.) In a given fraction p(n ) of the disintegrations of the element 
P, the nucleus Q is left in an excited state n ; we suggest as a further hypothesis 
that in these p(n) disintegrations the maximum energy of the ejected particle 
is E P — E Q (n). It is clear that this hypothesis provides an immediate explana¬ 
tion of the fact that the energies Av of the y-rays of a (3-ray element are in 


Ep- E a (3) 

- E q (2) 

- E a (1) 

-E a <0> 


A 


Direction of disintegration 
Fig. 1. 

general less than the upper limit of the (3-ray spectrum . this upper limit is 
represented by the energy E r — Eq(o) ; and no state of the element Q with 
energy greater than this can be excited. 

The strong y-ray 2-62 X 10 6 volts of Th C" . Pb forms an exception, being 
above the upper limit* 1-8 X 10 6 volts of the (3-ray spectrum. In this case, 
it is highly significant that p{n) for this state is nearly umtyf : m other words, 
an excited Btate of at least this energy in Th Pb is excited in nearly every dis¬ 
integration. Ellis and Mott (loc. cit.) have also shown that it is probable 
that the y-ray of energy 0*582 X 10 fl volts has intensity approximately unity, 
and therefore that an excited state of energy 0*582 + 2*62 - 3*2 million 
volts in Th Pb is excited at nearly every disintegration. 

* Sargent, * Proo. Roy. Soo.,’ A, vol. 139, p. 659 (1933). 
t Ellis and Mott, ‘ Proo. Roy. Soc./ A, vol. 139, p. 369 (1933). 
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In view of these facts, we may conclude that the energy difference E P — E Q (o) 
between Th C" and Th Pb, in their normal states, is not 1*8 X I0 6 volts, but 
1*8 X 10® + 3-2 x 10® — 5*0 X 10® volts. If the direct transition from 
Th C" to Th Pb in its normal state ever takes place, the (3-particles with 
energy up to 5*0 X 10 6 are too few to have been detected with certainty. 

A similar example is provided by Th B; the upper limit of the (3-ray spectrum 
is here* 0*36 X 10® volts. Although none of the y-rays have energy higher 
than this, Elhsf has suggested that the Th C nucleus has levels at 0-238 and 
0-414 million volts. On the other hand the y-ray corresponding to the tran¬ 
sition from 0*238 X 10® volts to the ground state has intensity near umty.f 
Thus the ThC nucleus is nearly always formed in this or in higher states, and 
the difference in binding energy between Th B and Th 0 is therefore 0-36 -|- 
0 * 238 — 0*6 million volts. 

Prom a consideration of the relevant data, it appears that the 
highest state excited in a product nucleus is usually considerably below 
the difference of binding energy of the (3*ray nucleus and the product 
nucleus This is perhaps not surprising m view of the fact pointed out by 
Sargent (loc. at ) that a relation exists between the upper limit of a (3-ray 
spectrum and the decay constant. Thus ^-transitions in which the change of 
binding energy between the initial and final nuclei is small occur with small 
probability. One might expect this to occur also when the product nucleus 
is in an excited state, i.e., if E r (o) — E q (n) is small, the probability of the 
transition is small. 

We now use the value 5 X 10® volts of the energy difference between Th C" 
and Th Pb deduced above to obtain a piece of evidence m favour of our assump¬ 
tion about the significance of the upper limit. The element Th C can become 
Th Pb bv two branches , either 

Th C - (3 - Th C' - a - Th Pb 

or 

Th C — a — Th C" - (3 - Th Pb, 

and it may be assumed that the Th Pb nuclei resulting from the two processes 
have the same mass. If now our hypotheses about the connection between 
the upper limit of the (3-ray spectrum and the binding energy is correct, we 
should expect that the difference m the binding energy between Th C and Th Pb 
should be equal to the maximum energy emitted while Th C transforms itself 

* Sargent, loc . cit. 
t EJlis ftDd Mott, loc. at. 
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to Th Pb; therefore that the tMximvm energies emitted along the two branches 
should be equal to one another. 

In the majority of (^-disintegrations of Th (J, the Th C' nucleus is left un¬ 
excited, and we may safely conclude, according to our hypothesis, that the 
energy, 2*2 X 10 8 volts, of the observed upper hunt of the ($-ray spectrum is 
equal to the difference in the binding energy of the two unexcited nuclei 
The energy of the ot-particle from Th C' (corrected for the recoil) is 8*95 X 10 fl , 
and of the fastest oc-particle from Th (J 6-20 \ 10° volts. It is now well 
established that both these values represent the total energy of disintegration. 

Thus the maximum energy given out along the Th C . C'. Pb branch is 

2*2 + 8*95 — 11*15 volts X 10 6 and along the branch Th C . C" . Pb 

6*20 + 5*0 — 11*20 volts X 10 8 . The agreement is very satisfactory, but 

we do not wish to over-emphasize the support which it yields to our hypothesis, 
since the data about the upper energy hmits of the [i-ray bodies are not yet 
of a high order of accuracy. 

Note that, according to our hypothesis, a long range a-particle is only enutted 
following a (^-disintegration of considerably less than the maximum energy 
The excess energy of a long range a-particle cannot be greater than the upper 
limit of the [3-ray spectrum 

§ 2. The Shape of the Continuous ft-ray Spectnim. 

We have already introduced the quantity p(n), which is equal to the prob¬ 
ability that a given nucleus is formed in an excited state h, after a (3-dismtegra- 
tion. p(n) is of the dimensions of a number, and 

-n/>('<) 1 

Let the probability that a (3-partiele is ejected fiorn the patent element with 
energy between E and E + dE, leaving the product nucleus in the state n, 
be some function/ n (E)dE, so that 

j/ n (E)(ZE — p(v) 

Then the observed number of (3-particles with energies between E E + cf E, 
will be per disintegration 

xjuiWU. 

Now according to our hypothesis, f n (E) vanishes it K is greater thau some 
maximum value E n> given by, tig. 1, 

E n = E P — Eq(w)* 
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Let us make the further hypothesis that the form of the curve corresponding 
to a definite mode of disintegration is always the same , thus we write 

/ n (E) = f/(E/E B ), 

where/ is the same for all elements and all n, and C is adjusted so that 

r£'/(E/E n )dE = p(»). 

This hypothesis is not, of course, based on any theory, since we have no idea of 
the cause* of the continuous spectrum; we adopt it provisionally because of 
its simplicity 

Since no y-rays are emitted after the disintegration of Ra E, we assume that 
the Po nucleus is always formed in its ground state. Thus the continuous 
fj-ray spectrum for Ra E may be taken to be that typical of a single mode of 
disintegration, and we have based the calculations which follow on the curve 
given recently by Sargent.* 

It is easily seen that to obtain the contribution to the nth mode (maximum 
energy E w ) of any other disintegration, we must multiply the abscissae of the 
Ra E curve by E n /E 0 , and the ordinate by p(n)E 0 /E n . 

We now apply these ideas to the Ra C . C' disintegration, where we have 
considerable information about the excited states E Q (n) in which the Ra C' 
nucleus is left, and also about the intensities p(n ). The most direct evidence 
about the energies of the excited states is provided by the groups of the long 
range a-particles ; we are grateful to Lord Rutherford for informing us that 
in a recent investigation in collaboration with Wynn-Williams, Lewis and 
Bowden it has been possible to detect several new long-range groups in addition 
to those found in earlier work. 

For our purpose we need only consider those excited states which are excited 
often, so that p(n) is comparable with unity. Now p(n) is equal to the sum 
of the numbers of long range a-particles, y-quanta and associated (3-particles 
per disintegration starting from the state n ; and in general the number of 
y-quanta is much the greatest of these. It follows that we need only consider 
those excited states which are associated with strong y-ray emission. 

The more prominent y-rays are shown in Table I, together with their 
intensities m quanta per disintegration.! 

* 4 Proc. Camb. Phil. Soc.,’ vol. 28, p. 660 (1932). 

t Ellis and Aston, ‘ Proc. Roy. Soc.,’ A, vol. 129, p. 180 (1930). The energies are based 
on some new measurements which will be published shortly. 
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We are here again indebted to Lord Rutherford. Wynn-Williams, Lewis and 
Bowden for informing us that these y-rays fit in excellently with their new 
measurements of the long range a-groups and they have given us their pro¬ 
visional values for the energies of some of the groups From a consideration 
of these data and of both the energies and intensities of the y-rays it appears 


Name. 


Table I.—Ra V . O' y-rays. 

hv 

volts 10“ 4 . 


Quanta pei disintegration. 


yNa 

yNb 

yO 

yPa 

yQ 

yR 

yS 

ySa 

yV 

yW 


I 


0*426 
0 408 
0 607 
0*766 
0 933 
1*120 
\ 238 
1 379 

1 761 

2 198 


0 66 (approx ) 
0 066 
0 065 
0 21 
0 065 
0 065 
0*26 
0 074 


* Not measured but suspected of order 0 03 to 0 06 


probable that the excitation scheme of the Ra C' nucleus is as shown in Table II. 
Precise values of the excitation energies are not necessary for our present 
purpose and we have therefore given rounded values to avoid confusion with the 
final results when they are published by the above authors. It is also not 
necessary for us to discuss in detail how the y-rays fit into this scheme, except 


Table II. 


Excitation energy E(») of 

j 

y-i ays given by j 

Excitation probability 

level, volts X 10 _ \ 

transition to ground. 

p{n). 

0*61 

yO 

0*66 

1-67 

yNa 4* yS 

0 065 

2*14 

yPa 4 yi$a I 

0 066 

2*70 

yNb 4 yW 1 

0 14 

2 88 

yR 4 yV 

1 

0*21 


to mention that yQ starts like yW from the 2*70 level and finishes on the level 
which is the end of yR and the beginning of yV. 

The sum of the excitation probabilities is 1*1, suggestmg that the measured 
intensities are rather high, but we need not discuss this point, since for the 
present purpose we only require relative intensities. However, it seems 
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rather unlikely that the Ra O' nucleus is often formed m the unexcited state 
and we shall assume therefore that the observed upper limit of the (J-ray 
spectrum (3*15 X 10 6 volts) corresponds to the formation of a Ra C nucleus 
in the excited state of 0*61 X 10 e volts excess energy. Thus the total energy 
of disintegration (difference of binding energy of Ra C and RaC')isE 0 = 3*15-f* 
0*61—3*76 million volts. To obtain the complete spectrum we have there¬ 
fore to add together five continuous spectra similar to that of Ra E, with end 
points equal to (E 0 — E (n)), where E(n) is the excitation energy, and weighted 
in proportion to the intensity p(n) of excitation 



Volfs * 10"** 

Fig. 2. 

The result is shown in fig 2 , it can be seen chat the calculated curve is 
very similar to the experimental curve, which is due to Gurney * It must 
be emphasized that the upper limit of the calculated curve is of course adjusted 
to fit the experimental, and that the two curves are drawn to have the same 
area. The test of the theory lies m its ability to predict the position of the 
maximum. To give a basis for estimating the agreement, a simple curve of 
Ra E type with an upper limit of 3 -15 X 10 6 volts and the same area is also 
shown. 

The excitation has here only been treated m an approximate way, since 
there are a large number of weak y-ray lines which we have not considered. 
However, more detailed investigations would hardly be justified at present 


* ‘ l*roc. Roy. Soo./ A, vol 109 , p. 540 (1026). 



(3-jRay Type of Radioactive Disintegration . 


509 


since our data about the Ha K and Ra C (3-ray curves is uncertain. The theory 
emphasizes the importance of fresh measurements of these continuous spectra. 

Similar considerations may bo applied to Th B . C. We have shown (loc. 
ciL) that the level in Th 0 of 0*238 X 10® volts is excited* 0*96 times per 
disintegration, all other excitation probabilities being less than 0*05. The 
upper limit of the (3-ray spectrum, according to Sargent (loc. ciL) is 0*36 X 10® 
volts. We deduce that the difference of energy of Th B and Th C is 0*36 + 
0*238 — 0*6 million volts, as stated in § 1 , if any (3-rays of this energy are 
present corresponding to a direct transition to the ground state, they are 
obscured by the Th <J spectrum. The continuous (3-ray spectrum should be 
similar to that of Ra E, in view of the predominance of one mode of disintegra¬ 
tion. The data available are not sufficiently accurate to justify a detailed 
comparison, but it is interesting to note that the relative positions of the 
maximum and end point of the Th B spectrum lend support to this view. 
The data is given in Table III. 


Table III. 



Position of maximum 

End point 


volts ✓ 10~ 5 

volts / 10 -6 . 

Ra E 

! 

I 2 2 x 10 5 1 

12 5 \ 10- 

Th B 

1 0 60 X lo 5 

3 b -* 10“ 


Ratio 

end point/maximum. 


0*18 

0*18 


The two bodies Th 0 and Th C" are interesting because for both we have a 
fairly accurate knowledge of the states of excitation in which the product 
nucleus is left. Th C" . Pb is the simplest disintegration because it seems 
probable that m nearly every disintegration the lead nucleus is left with 
3*2 X 10 6 excitation energy. - )* To a close approximation we should therefore 
expect the continuous spectrum to be similar to that of Ra E, the upper limit 
being at 1*8 x 10 6 volts and the ordinates adjusted correspondingly. As 
already mentioned, the total energy of disintegration E 0 will be (1 *8 + 3 *2) X 
10 6 volts —.5*0 X 10® volts, and, according to our hypothesis, there may be an 
additional faint continuous spectrum with an upper limit of this value, corre¬ 
sponding to the rare case of the lead nucleus being left unexcited. It is possible 

* In our paper we give the value 1 * 22, using the value of the internal conversion coefficient 
calculated by Taylor and Mott. If one takes the experimental value for a Ra B line of 
thiB frequency, we obtain the value quoted. A value greater than one is, of course, 
impossible. 

t Bllia and Mott, loc. ctf. 
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that tins is the explanation of the weak band from Th (0 -f C' + C") detected 
by magnetic analysis by Yovanovitch and d’Espino* which had an upper 
limit of about 4*9 X H) fi volts. There is at present no means of testing the 
correctness of our conclusion about the shape of the main curve since this lias 
not been measured. It is, however, well established! that the (3-rays of 
Th C" . Pb show an exponential absorption m aluminium, and this is some 
indication that the curve is similar to that of Ha E, and that there are not an 
unusual number of slow electrons. We hope that experiments will be carried 
out to test this point very shortly. 

In the majority of the Th C. C' disintegrations, the Th C' nucleus is formed 
unexcited, as is shown by the absence of any strong y-ray following this dis¬ 
integration , this mode of disintegration will account for the bulk of the 
continuous [3-spectrum. In a small number of disintegrations, however, 
the nucleus us left excited, as shown by the existence of the long range a-particle 
groups We are indebted to Lord Rutherford, Lewis and Bowden, for giving 
us their latest data about these long range groups, and thus combined with 
some recent measurements of the [3-ray spectrum, suggests the following 
excitation scheme. 

Table IV. 


Excitation energy, 
volts X 10~\ 


0 

0*720 
1 800 


Excitation probability, 

A n )- 


0-75 
<>•2 
0 05 


Corresponding upper limit 
of 0-ray spectrum, 
inks x l0-\ 


2*2 

1 5 

0 4 


We have computed the resultant continuous spectrum to be expected and 
combined it with a simple “ Ra E ” type curve for the Th C" disintegration, 
approximately weighted to correspond to the branching at Th C. The result 
is shown in fig. 3. 

This spectrum has been measured by Gurney, J and his experimental curve 
drawn to the same area is shown dotted m fig. 3 , and it will be seen that 
there is a marked disagreement between the two curves. We do not feel at 
all convinced, however, that the experimental curve is correct. It is not 

* 1 J. de Physique,’ vol. 8, p. 276 (1927). 

f Marsden and Tlarwm, * Proc. Roy. Soc.,’ A, vol. 87, p. 17 (1912); Hahn and Meitner, 
* Z Physik/ vol. 13, p. 380 (1912). 

X ‘ Proc. Roy. Soc.,' A, vol. 112, p, 380 (1926). 
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known with anything near the accuracy of the Ra <J curve, since only relatively 
small radioactive sources were available for the measurement, and very wide 
defining slits were used. Also the predominance of slow electrons in the 
experimental curve seems not to be m agreement with the approximate expo¬ 
nential absorption of the (3-rays in aluminium. We feel that a decision may 
fairly be deferred until new measurements have been made. 



We have discussed the cases of Th C and Tli C' mainly to show how our 
hypothesis makes it possible to correlate data on y-rays and the continuous 
spectrum curves, and in this way gives a real point and interest to further 
investigation of continuous (3-ray spectra. 

Summary. 

It is suggested that the upper limit of the continuous (3-ray spectrum corre¬ 
sponds to the difference of binding energies of the initial and final nuclei; 
experimental evidence is given in favour of this hypothesis. It is further 
suggested that the observed continuous [3-ray spectra may be analysed into 
several curves superimposed, all of which have the same shape ; this hypothesis 
is applied to the (3-rays from Ra E, Ra C, Th B, Th C, Th C". Some new objects 
for experimental investigation are suggested. 


2 M 2 
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Ocean Currents Produced by Evaporation and Precipitation , 

By G R. Goldsbrough, F.R.S. 

{Received June 10, 1933.) 


At the end of his paper on the long period tides Hough* discussed the effects 
of precipitation and evaporation in reference to steady currents m the ocean. 
He assumed that the ocean covered the whole globe and that the precipitation 
and evaporation were functions of the latitude only. His work showed that no 
steady motions exist in this case. 

The present paper examines the case of an ocean bounded by shores extend¬ 
ing from pole to pole along meridians, for which the evaporation and precipita¬ 
tion are also functions of the longitude. The results show that for a probable 
system of distribution of evaporation and precipitation steady currents do 
exist and are of the kind actually observed in the great oceans. 

Consider the motion of a homogeneous liquid forming a spherical layer of 
approximately uniform depth upon a solid rotating globe. Let u be the south¬ 
ward component of velocity and v the eastward component of velocity at a 
point in co-latitude 0 and longitude <f>. If there is no external disturbing force 
and the motions are small, the dynamical equations are 


--2 tot’ cos 0 = 

ct 


g9C 

a 30 


dv 

dt 


2 c ou cos 0 — — 


1 ft . 

a sin 0 d<f> j 


( 1 ) 


where £ is the displacement of the free surface. For steady motions these reduce 


to 


2 am cos 0 


a 30 


2 am cos 0 = — 


_g_ E 

a sin 0 d(f> 


r > 


( 2 ) 


and £ is now independent of the time. 

For the equation of continuity we make the usual assumptions of the tidal 
theory, that the horizontal motion is the same at all points in a vertical line 
and that the vertical motion is small compared with the horizontal motion. 


* 4 Phd. Trans,/ A, vol. 189, p. 253 <1897). 
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Consider a column of liquid standing on a base a sin 6 %<f> X aS0 and of height 
k + C where h is the undisturbed depth of the five surface, assumed constant. 
Under steady conditions the quantity of liquid m this column must remain 
unchanged. The rate of flow of the liquid out of the column will be 


~r (hua sin 0SG 8<f>) + 


d_ 

d<f> 


(hva$Q$<f>) f 


neglecting £ compared with h. 

Now let there be a function P(0, <f>) per unit area applied to the surface 
indicating that, when P is positive, liquid is abstracted from the surface and 
when P is negative, liquid is deposited upon the surface. Thus a positive P 
implies evaporation at a Tate given by the function and negative P implies 
precipitation. The operation is also supposed to be such as not to impair 
the dynamical equations already stated. 

The rate of flow of the liquid out of the column just mentioned will then be 
Pa 2 sin 080 8<£. Hence we have 


d_ 

30 


(lu< sin 0) + — (hv) -|- P<* sui 0 0. 

o<p 


(3) 


On substituting [jl — cos 0 and solving equations (2) and (3) we find 

W - — |X (1 — (^ iPa/A, (4) 

^ ----- - V(!-rV d ( 8p) , (5) 

c'<p [jlA dn 

S-2«aV 2 P. l9h. (6) 

d<p 

Certain boundary conditions have also to be fulfilled. We shall consider 
an ocean bounded from pole to pole by two meridional coasts at <f> = 0, <x 
Then we must have v = 0 when <f> = 0, a, and \/(l — \i?)u -►0 was p. “► ± 1. 
The equation of the stream lines is 


<20 


On substituting for u, v we have 

[id[L _ _ | id<f* 

0W Kid* 


This gives p. = 0 or £ = constant. The stream lines are therefore along 
the contours of the disturbed surface, except that the equator is always a 
stream line. 
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Certain deductions follow at once from (4), (5), (6). The velocity com¬ 
ponents are independent of the value of the angular velocity of rotation, though 
it is clear that they are only determinate when co ^ 0. The surface displace¬ 
ment £ varies as co. 

Since we must have v = 0 when <f> = 0, a, it follows from (5) that 

| a P — 0. (7) 

Jo 

Now consider the area of ocean surface bounded by two parallels of latitude 
p and p + Sp and terminated by the meridians <f> — 0, a. The result (7) 
means that over the whole of this area there is no gam or loss of liquid due to 
the function P. The necessity of fulfilling this condition places a considerable 
restriction upon the function P and prevents it from being entirely arbitrary. 
On the other hand the condition is evidently rigorous for systems of this type. 

Examples of Steady Mohan in Occam under these Conditions . 


As a simple illustration of motion due to the operation of the function P 
on the surface consider 

Va/k = 1 — p 2 ) cos7r^/a. (8) 

This function satisfies the condition (7) and the factor ^(1 — p 2 ) is included 
so that u may not be infinite at the poles. We have then 

u — — k\L COS 71 (f>j0L, (9) 

v - — k (a<xjhn) (1 — 2p 2 ) sin 7t<£/a, (10) 

C = k (2coa 2 a/m/A) p 2 \/(l — p 2 ) sin tz</>/ol f const. (11) 


The constant in (11) is determined from the fact that the integral of £ over 
the whole surface of the ocean must be zero. 

Examining now the velocity components as given m (9) and (10), we see 
that u is negative at <j> -= 0 and positive at <f> — a. That is, the current moves 
northward on the western boundary and southward on the eastern boundary. 

In a similar manner we see that when p 2 ^ v is negative across the whole 
ocean. But when p 2 > it is positive across the whole ocean. The motion is 
therefore a circulation of the ocean m the northern hemisphere about the point 
p = 1 j\/2, <j> = £<x, and in a clockwise manner as seen from above the ocean. 
The motion m the other hemisphere is the image about the equator of that m 
the first. 
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The form of the function P giving rise to this motion represents evaporation 
over the western half and precipitation over the eastern half of the ocean, the 
rate of each diminishing to zero at the poles. 

As a second example take 

Yafh = k^/(l — p 2 ) cos 2^/a. (12) 

From this 

U — - k[L COS 27Z<f>/oL, (111) 

v -- k (aa/2/m) (1 — 2 |jl 2 ) sin 2n</)/<x (14) 

The distribution (12) consists of evaporation from the ocean between <f> = 0 
and <f> — Ja, precipitation between <f> — and <f> = |a, and evaporation 
again from <f> = to <f> = a. 

The velocity component v vanishes at the boundaries and in addition at 

— |a. It is evident therefore that the ocean is now divided into four parts 
by the equator and the central meridian, in each of which the currents are 
self-contained. The systems are images of one of them in the lines jjl = 0, 
<f> -- \j. 

Application to the North Atlantic Ocean 

By making certain assumptions we may find the contribution of evaporation 
and precipitation to the production of steady currents in the North Atlantic 
Ocean. In the absence of large scale air movements it may be taken that the 
evaporation and precipitation of ocean water art* functions of the latitude only. 
The imposition of a strong westerly wind oil the western shore of the ocean 
(such as actually occurs during the winter months) will tend to reduce the 
precipitation and increase the evaporation along that shore.* Wo may there¬ 
fore represent the effect by choosing the function P m such a way that it is 
positive in the vicinity of <}> -- 0 and negative over the rest of the ocean always 
subject to the condition 

[‘ P d<f> - 0. 

Jo 

We therefore take 

P a/h — k [(<{> — nctf — £n 3 ot 2 ] (1 - p 2 ) 3 , 0 < <f> <1 na, 

= - \krt H <x. 2 (1 — p 2 ) 3 , hoc ^ <f> ^ a, 

where n is a fraction. 

The latitude factor (1 — p 2 ) 3 is selected for reasons that will appear later. 

* See Lake, “ Physical Geography,*' p. 102 (1029). 
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By use of equations (4), (5), (6) we find 

0 < <f> < not. 
7uz ^ <f> <? a, 

0 '', <C net 

n& a, 

0 <C <f> <\ not 

na < <f> a. 
(15) 

The form of the latitude factor (1 — fi 2 ) 3 in P was selected so that u would 
not be infinite at the poles and so that v would vanish at fx -- ± \t that is 
in latitude di 30°, in accordance with the observations of currents in both the 
north and south Atlantic Ocean. 

As before it is noticeable that the currents produced m this way are clockwise 
to an observer m the northern hemisphere above the earth’s surface. 

The fraction n is arbitrarily taken as 1/5 and the curves £ = constant drawn 
The diagram shows these curves in orthographic projection. 

The resemblance to the circulation of the North Atlantic Ocean will be 
seen at once. The currents in the diagram have the same direction as those of 
the ocean, the strongly marked current along the western boundary resembles 
the Gulf Stream and there is a definite set of the current along the equator. 

Throughout it has been assumed that the depth of the ocean was a constant 
h and that the whole of the ocean from the surface to the bed was in motion. 
In making a comparison with the actual Atlantic currents we shall take A 
as being the depth of the moving liquid. (In any precise estimate of the speed 
of the current account would have to be taken of the loss of energy through 
frictional resistances and the problem would be more complicated.) We have 
then from (4), that for latitude 45° and at the shore <f> = 0, the current speed 
is Pa/A. 

Hence for a current of one mile an hour, P will be A/4000 feet per hour, 
where A is the depth of the moving liquid in feet. If we take A at 100 feet 
(and this is probably too small even for a mean value), P would be about 
7 inches per day. That is to say, to maintain a current of one mile per hour 
at the selected point, there would have to be a difference of 7 inches per day 
between the evaporation and precipitation at that point. This requirement 
is excessive. The investigation, however, does show that precipitation and 


u -- — Ap. (1 — [i. 2 ) 5/a {(<f> — n<x) 2 — U 3 a 2 }, 

= — iAp. (I — fx 2 ) ft/2 n 3 (x 2 , 

v — — 2k (1 — [x 2 ) 5/2 (l -- 4[x 2 ) {J (<^-wa) 3 — £n 3 a 2 <£ + i« 3 a 3 }, 
- - 2Jfc (1 - |i 2 ) 5/2 (1 - 4p. 2 ) {- \n 2 <x 2 <f> + £n 3 a 3 }, 

K “ (2 oxik/g) p 2 (1 — [x 2 ) 3 (i (<f> — wx) 3 — £n 3 a 2 </> | in 3 a 3 }, 
(2g *ak/g) fx* (1 — f a 2 ) 8 {— JwV£ + Jw 3 oc 3 }, 
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evaporation give rise to steady currents and that these currents are of the 
type observed in the ocean. 

Summary. 

In this paper the effects of precipitation and evaporation at the surface of 
an ocean on a rotating globe in reference to the production of steady currents 



are considered. The ocean is of uniform depth and bounded by two coasts 
extending from pole to pole along meridians of longitude. When the preci¬ 
pitation and evaporation are distributed over the surface of this ocean in a 
manner comparable with the probable distribution over the Atlantic Ocean, 
it is shown that steady currents exist, having a character and direction similar 
to thoBe observed in the Atlantic Ocean, though not of the same magnitude. 



518 


Probability and Chance in the Theory oj Statistics. 

By M. S. Bartlett, B.A., Queens' College, Cambridge. 

(Communicated by fx. Udny Yule, F R.S.—Received March 10, 1933 ) 

1. The distinction between probability and chanced Probability is of 
fundamental importance in statistical theory, which indeed we may regard 
merely as part of the mathematical theory of probability , yet statisticians 
still differ widely m opinion, among themselves as well as with others, on what 
it means and on how it should be used. One point that is therefore worth 
stressing is the distinction between probability and chance. Chance is 
naturally included m the wider field of probability, but at times some confusion 
seems to have arisen through a failure to distinguish between the two This 
confusion has been related also to the fact that the probability of an event 
is not unique, but must depend on the data on which it is based. 

It is of more importance here to indicate the difference in meaning between 
probability and chance than to define each term individually. There is much 
to be said for leaving probability as an undefined concept, particularly as 
all attempts at definition can be criticized in one way or another , and it will 
thus be assumed sufficient to say* that the probability P of a proposition or 
of an event a, on a set of data or premisses d, is the degree of rational belief 
in «, given d. 

Some writers, Bayesf and Venn,* for example, have regarded the term 
chance as synonymous with probability. It may be remarked, however, 
that a chance is of a more objective character than other probabilities (no 
probability is of course objective in the sense that it denies causality, with the 
possible exception of probabilities in the quantum theory). Once given a 
particular premiss, it may be possible to give a probability a value with which 
everyone readily agrees; this value is, moreover, independent of farther data 
or premisses unless these contradict the initial premiss, that is, all other 
knowledge is irrelevant. The probability may then be said to be a chance. 
Tins invariant character of a chance depends always on the recognition that 
the particular premiss essential to it is inserted in the data. 

* (f, Keynes, “ A Treatise on Probability,” p. 4, (1921). 

t 1 Phil. Trans vol 53, p 370 (1763). 

+ “ The Logic of Thanee,” 3rd ed., p. 162 (1888). 
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For example, the chance of an ordinary die giving 6 at a single throw, with 
the premiss that it is unbiassed, is J, and is lmlepondent of how often it has 
fallen 6 before ; the probability merely on the data that the particular die 
considered has been observed to give 6 with suspicious facility in the past, 
would be greater than The notation for probabilities to be employed here 
is that used by Jeffreys.* The probability of a, given d, is written P(a| d). 
One modification is made, that a probability may be denoted by p if the fact 
that it is a chance requires emphasis Thus 

p( fi |/> d) = p(6|/) ^ J 

denotes that the chance of 6 with the premiss / that the die is unbiassed is 
whatever the other data d, whereas P(6|d) denotes the probability of the 
die giving 6 on the data d only, and this may vary as d varies. 

For a continuous variable x, it is convenient to speak of the probability 
of x when we mean more precisely the probability of a value of x in the range 
(x, x + dx). Thus, if we assume the chance of x, the measure of an observa¬ 
tion, to be given by the normal law, a premiss /, and we assume further that 
the true mean is m, and the true standard deviation is a, we have 

p (x|/, m, a) = (27ra 2 )“* e~~' jc dx. 

2, Probability and Frequency. —There have been many attempts to define 
the probability of an event in terms of frequency, as the limit of the ratio 
of the number of successes r to the number of trials n, as n is made indefinitely 
large. This definition can have no meaning unless it is confined to discussions 
on chance, and then it is neither necessary nor satisfactory. It may appeal 
at first because it sounds concrete, but when we reflect (1) that we could never 
know the true value of a probability until we had made an infinite number 
of trials; (2) that actual experiments with dice have often not caused us to 
conclude that our estimate a priori of a probability of any number with a true 
die is wrong, but that something was wrong with the dice used , and (3) that 
we are always considering probabilities on hypothetical premisses, then the 
definition no longer appears so real. Indeed, it is obvious that since a proba¬ 
bility is not unique, but depends on the data, the ratio of frequencies must 
be a ratio of hypothetical frequencies depending also on the data, and any 
concreteness the definition once seemed to have entirely disappears. Fisherf 

* “Scientific Inference,” p. 15 (1931). 

\ 1 Phil. Trans..’ A, vol. 222, p. 309 (1922). 
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would appear to favour this kind of definition, though he recognizes its 
limitations, for he stipulates that the “ population ” of trials shall be both 
infinite and hypothetical. 

It is worth while examining this notion of a limit, which is related to one of 
the first and most famous theorems in statistics, Bernoulli's theorem of large 
numbers. This states that if the chance of an event is p. we can, given any 
quantity e, make the chance P (n), say, that 

I P - r/H £ 

as small as we please by taking a sufficiently large p. 

This would, of course, follow automaticall} if we defined the probability 
of the event as the limit of the ratio rjn , but as a statement about the limit 
of rjn on the a pynon notion of probability, it is, as Wnnch and Jeffreys* 
have pointed out, hardly sufficient, for we must consider the probable value of 
| p — rjn | not only for a particular n, but for all n ^ w 0 , say. 

We have the chance of r successes in n trials given by 


/(r), say, = n C r p r q n r , (I) 

where q — 1 — p. Then for n large, we may writef 

f{r) = (2nnpq)~‘ {l+ 0 (»"*)}, (2) 

where r — np -f- <x.\/n + >), |tj| < k. 

Wntmg r — np = x ( nqp) k y wo can conveniently replace the summation 
of terms / (r) by integration with respect to x, and obtain that the chance that 
|p — r/n|> e is 

P (n) - X f* dx, (3) 

where X<C for n > N, say, C — 2 (Stc) being small for N large, and 
x 0 — e (w/pg)*. Integrate by parts, then 


P(»)<C 


| — e~i x ’ 

*-( 

i X 

x, J 


■ dx 


r 


< C (pq)t e WnTq j(zy/n). 


(4) 


That P (n) -* 0 as » -* qo is Bernoulli’s theorem. But we require to consider the 
chance that \p — r/n |> s for at least one n > n 0 . We must, of course, for 
each n consider all the n trials m assessing this chance, which is P' (n 0 ), say. 

* ‘ Phil. Mag.,’ vol. 38, p. 715 (1919). 
f ** Scientific Inference,” p. 240. 
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Let n„ — f) 0 + s, P n,) denote the chance that * \p — r/n \ > e ’ is not 
true for n = w„ P (n t , - «„) the chance that it is true for n = n t , not true for 
n = n,, and so on , then 

P' (w 0 ) = P (n t ) 4- P (n 2) ~ n^ -f- P(n 3 , ~ n 2 , ~ n,) + 

' P ( w i) + P (w 2 ) + P (^3) + ••• > 

^ C (p?)“ * ( e-^^ 1 

E «-«, l V n J 


Since each term is less than its integration with respect to n in the corresponding 
range (n — 1, n), we have 


e J \Jn 


Integrate by parts, then 


Y K) 


20 j —■ e **' np<t 

E 3 (p?)‘ l V n 

2C e _|, '" ,J> ®/(e*\/» 0 ). 


— -dn 1 

v 9 Jn„ 2tl 


(B) 


Thus though when t small, P' (n 0 )/P (« 0 ) is large, we can by taking a 
sufficiently large u 0 , make P' as well as P as small as we please. The idea 
that r)n-»p as <*> is thus justified. That P' 7* 0, i.e , it is not certain 
that we shall ensuie \p — rjn j v s for all n greater than any finite /i 0 , need 
not greatly worry us ; an infinitesimal uncertainty is always inevitable when 
we are dealing with chances, however large the number of trials may be 
(compare, for example, with our belief in the Second Law of Thermodynamics, 
which is not certainly true at any moment). 

Cases in practice where n is very large occur in the conceptions in the 
dynamical theory of gases and statistical mechanics, and here we could almost 
perhaps identify chance with relative frequency. Grenerally, however, state¬ 
ments about frequency laws mean rather statements about “ laws of chance.** 
The idea of regarding a set of observations as being a random sample from 
an infinite population is also equivalent to the assumption that each observation 
is subject to the same system of chances, and obeys a 11 law of chance.” This 
infinite population is a fiction which it is often, however, convenient to use. 

3. Inverse Probability .—From certain fundamental axioms it is possible to 
deduce the standard formal© and theorems of the calculus of probabilities. 
These include the theorem of inverse probability, which states that if an event 
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a can happen through one of n causes c, .. c„. then the posterior probability 
of c, being the true cause after the event a has occurred is 


p(c,|«. d) _ t 

2 P («| c r , d) . P (c r | d) 

r -> 1 


( 6 ) 


where P {c r \ d) is the prior probability of c r being the tr up cause on the data d. 
The terms “ posterior ” and “ prior ” need not necessarily have any connection 
with time, for d may include data obtained at the time of a, or even subsequently. 
It is, in fact, important to realize that (6) is simply a relation between certain 
probabilities. If the components of the right-hand side are known, we may 
deduce P (c H J a, d) ; if they are not known, no longer is it obvious that we must 
evaluate P (c s | a, d) through ((>), or that it will be worth our while to try to do so. 

But because it has been sometimes justifiable to regard the P(c f |rf) for 
various r as equal, and no other method seemed available for inferring which 
of the causes c r was most likely, it has been asserted that an explicit use of 
equation (0) is the only legitimate method for inferring anything about the 
probable cause of a. Yet Ramsey,* who has stressed that the theorems of 
probability are simply rules of consistency, has remarked that we may 
reasonably decide first to assess the posterior probability, based on all our 
knowledge, and then enquire, if we like, what prior probabilities, based on 
partial knowledge, this would be consistent with. Something of this sort 
has indeed unconsciously been done, for taking Fisher’s optimum value, an 
estimate of a statistical parameter by a method which will presently be dis¬ 
cussed, as identical with the most probable value of that parameter, Haldanef 
has enquired what assumption about the prior probability of the parameter 
is sufficient, for consistency with the formula of inverse probability. 

Before we proceed further, it will be advisable to write (0) in a form suitable 
for problems in statistics Let S be a sample of n observations x l . x ns 
and let d denote other relevant knowledge. We assume the observations 
follow some “law of chance,”/^, aj, say, where a ( are unknown parameters 
to be determined—a premiss denoted by /. The possible values of a< are 
supposed continuous, so that their true values may be anywhere in certain 
specified ranges. Theu, from (6), the joint probability of particular values of 
a, will be given by 

S,/, d) = 



p(S|/,a„rf).P(« < |/,</) 
lfo(S|/«„ d).V(^\f,d)Y 


* “ The Foundations of Mathematics, and other logical essays,” p. 192 (1931). 
t ‘ Proo. Camb. Phil. Soo./ vol. 28, p. 55 (1932). 
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where I in the denominator denotes integration over all possible values of a,. 
Since the chance of an observation x is independent of what observations have 
already been obtained (the observations are. of course, assumed uncorrelated), 
we have further 

P( a l/' <0 - p(x v \ /, a„ d ). 7 >(x 2 | a„ d) 

= H p(x r |/, a,) 

r = 1 

— n f(x r ,OL,)dx r (8) 

f - l 

We may note the peculiar mixture of chances and more subjective proba¬ 
bilities that formula (7) contains. This may explain the confusion that has 
sometimes arisen as to whether we should be talking about chances or other 
probabilities. The statistician has been criticized for discussing p(S|/, a*), 
since it is said he does not know/, a,, but it is clear from (7) that this chance 
is essential for any inference about the values of on “ inverse ” arguments 
as well as on direct. 

4. Thus Jeffreys’ criticism* of Gauss’ proof of the normal law would hardly 
seem to be j ustified. Gauss showedf that if the arithmetic mean of observations 
which are assumed to follow a law of error is the most probable value of the 
true value m f then the error function must be the normal law (this proof is not, 
of course, a justification of the normal law). 

In (7), put P(oc* | S, /, d) = P, P (a, | /, d) = P 0 , oq ~ m, and take / (x, a,) to 
be a function of the error t = x — m. Then 

p x Po n f(x r — m). (9) 

r - l 

Take logarithms and differentiate with respect to m. Then P is a maximum 
for variation in m when 

and this must be equivalent to 

2 (x r — m) = 0 ( 11 ) 

r = 1 

* Op c*<., 70.— Note. —I find Or. Jeffreys is modifying this criticism in a paper not yet 
out : *Proo. Camb. Phil. Soc.,’ vol. 29, p. 231 (1933). He has, however, kindly let me 
see his manuscript, and since my discussion includes some points he had missed, it may 
perhaps be allowed to stand. 

t “ Theona motus oorporum caelestium,” p. 211 (1809). 



524 


M. S. Bartlett. 


for all (x r — m). It follows that P 0 must be independent of m (this condition 
being necessary because we have demanded to know the most 'probable value 
of m), and 

^ Jog/(•*• — »») = a" 2 (x — m), 

say, whence 

/ (j — w) Qc e (12) 

This proof is quite valid. Jeffreys criticizes the use of p(S|/, oq) and hence 
equation (9), for he says the probability of an observation x r , when we do not 
know the distribution of the probability of error beforehand, must depend on 
the values already observed, x v . x r _j ; i.e n 

T{x r \*i> ... rf) = ^(^ 1 , . . x,.^), say. 

That is certamly true, but it has no relevance to the proof, for at no stage do 
the formulae require this particular probability. 

Jeffreys gives an apparent exception in the case where a length is measured 
by difference. A scale is put arbitrarily against the length, and the ends of 
the length measured to the nearest unit. The value obtained will be either 
n or n + 1, where the true length is n + m, say, where 

0 m 1. 

He shows that the chance p x of a reading n is 1 — m , and the chance p 2 of 
a reading n -(- 1 is m if we take our origin at ?i, we have p x and p 2 correspond¬ 
ing to readings x — 0 and x - 1 

The point to notice is that the chances p x and p 2 cannot be represented by 
an error function /(x — m) (unless this has a discontinuous derivative with 
respect to m). Hence, though Jeffreys shows that the most probable value 
of m from a number of readings is the mean of the readmgs, the problem is 
not strictly relevant to Gauss’ proof, since Gauss assumed the unknown function 
to be a simple function of the error £. Another case where the unknown 
m is best determined by the mean, if we do not restrict ourselves to simple 
error functions, is the Poisson distribution 

/(x, m) — m* e ' m /x!, (15) 

where the possible values of x are confined to the positive integers 0, I, 2, ... . 
These are all instances of the more general distribution* which can be derived 

* See Keynes, op. cit. f p. 197 — It does not seem to have been recognized, however, 
that }(x, m) is not necessarily a continuous function of r. 
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from the condition that the mean shall give the most probable value of the 
unknown, without the restriction / (x, m) =f(x — m) This is 

i (r, m) — exp {</>' (m) (m — a:) — <£(///) + ^( x )}- (16) 

The normal law is the particular case, defined for all values of x , 

f<Hm) U?) 

L ']/ (a-) = — \ (j-ja ) 2 + 

The Poisson distribution is the particular case, so defined and non-zero for 
positive integral values of x only, 

j <f>(m) -- w(l — log in), (18) 

L ^ (x) — — log x ’ 

The case of measurement by difference, discussed above, since we may write 

/(x, 7n) = (1 — m) 1 x tn x , 

where x is restricted to the values 0 and 1, is the particular case, so defined and 
non-zero for values of x equal to 0 and 1 only, 

r ™ (m — 1) log (1 — m) — m log hi, (19) 

l ty{z) = 0 . 

5. We saw that the fallacy in the criticism of Gauss’ proof seemed to arise 
from a lack of distinction between the chance of the observations when the 
distribution of chance is assumed known, and the probability of the observa¬ 
tions without this assumption. The failure to distinguish between these two 
different probabilities would still appear to be causing some confusion. 

Thus recently Fisher* has criticized an analysis given by Jeffreys^ in con¬ 
nection with prior probabilities, but if we translate into probability notation 
the relevant steps of Jeffreys’ argument, and the parallel argument given by 
Fisher, we shall see they do not seem to be talking about the same thing. 

In (7) we assume/is the normal law, and hence we have only two unknown 
parameters, a x — m, the true mean, and a 2 = 2 h 2 = 1/a 2 , where a is the true 
standard deviation. We cannot infer m and h from a sample if we attempt 
to use the inverse probability formula (7), without knowing the prior 
probabilities of m and h. Jeffreys has tried to show that 

P ( m, h | /, d) a dm dhjh a dmdoja. 

* ‘ Proe Roy. Soc A, vol, 139, p. 343 (1933). 
t ‘ Proc. Roy. Soc.,’ A, vol. 138, p. 49 (J933). 
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He gives a demonstration of this which rests on the suppositions ( 1 ) that the 
probability that the third of three observations shall lie between the other two, 
when m and A are unknown, is i.e 

P({*„}| x 2 ,f, (l) ~= I x i> x a>f> d )< (20) 

where {jc 3 } denotes the fact that x z lies in the interval x 2 ), \x z \ that it lies 
in the entire range (— 00 , 00 ); and (ii) that 

P (m, A | /, d) a F (A) dm dh , say. 

He writes further x a — ± a, and proceeds to evaluate each side of (20) 
by means of inverse probability, considering first P(x a | j? 1? x a , /, d). 

We have 

p(x\f m, h) a he ~ h ' u "" l)1 dx ; 

P(x 3 , m, A|® lf x 2 ,/ t d) = P(w, A| t 2 ,/ } d) p (x 9 \ f, m, A) 

Further, by the formula of inverse probability (7), 

P (m, A | /, d) a p (x lt x 2 | /, m, A) P(tn, A | /, d), 

since the denominator of the formula will be a function of x Y and x, only, that 
is a function of a only, and can be ignored. Hence 

P(x 3 , w, h\ x v x 2 ,/, d) a A 3 F(A) e" 2 ** ( *» m|1 dm dh dx z 

To find P(x 3 | x a ,/, d ), we have to integrate with respect to m and A, and to 

evaluate each side of (20), we have to integrate further with respect to x z from 
— a to a, or from —00 to 00 Integrating with respect to m and x 3 , Jeffreys 
puts (20) m the form 

rAF(A)«- a * , - , erf{V f (4)/w}dA = J I * AF(A) e 2AV dh, 

0 Jo 

and if this is to hold for all a, he shows the only possible form for F (A) is 

F (A) dh a dh/h a da/a (21) 

Fisher criticizes this result, but it is possible that he has misinterpreted 
Jeffreys’ work, for he uses direct arguments, and considers no probabilities 
other than chances. Thus, when commenting on Jeffreys’ supposition (i), he 
says “for any particular population , the probability will generally be larger 
when the first two observations are far apart than when they are near together.” 
I have italicized the first words to show that he is not considering the prob- 
abdities m (20) on the same data as Jeffreys, but on the data /, m, A. He thus 
considers p({x z }\f m , A). Since, given w and A, the chance that x z should fall 
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within the interval (x v x t ) clearly depends on the values of x l and x 2 , we may 
write 

V ({*3} I /. m > h ) = ■'a). «»}'• ( 22 ) 

Fisher’s work essentially consists of finding the value of (x A , x a ) when averaged 
for all possible values of x 1 and x 2 . He writes x l9 x 2 ■= u ± v, and = 
u 4- c, and thus 

p(x v x iy x 3 \f m, A) = (hjy/iz) z e~ h '- dx x dx 2 dx 3 

is equivalent to 

p(u , c|/, m, A) — 2(A/v^) 3 C<«— m >' + 1 ']- ft * (ludvdc . 

Integrating for it from — 00 to x>, then for c from — v to v or from — x> to , 
then for v from — 00 to 00 , Fisher finds the aveiage value of |>({x 3 } [ /, ?n , A) is \, 
and the average value of p(0* 3 ] |/, m, A) m 1 (the latter result being obvious). 

Fisher inserted the factor F (A) dA, representing the prior probability of A, 
in his work, but clearly this is irrelevant to his argument, just as he found the 
prior probability of m also irrelevant; for all the time he is using direct argu¬ 
ments His result would therefore seem to have little connection with Jeffreys’ , 
and equations (20) and (22) are two entirely different propositions, 

Jeffreys’ result depends on the validity of equation (20), and the particular 
criticism that this invites is that it seems to have been justified on a peculiar 
inversion of statement. For he says “ the law says nothing about the order of 
occurrence of errors of different amounts, and therefore the middle one in 
magnitude is equally likely to be the first, second, or third made (provided, of 
course, that we know nothing about the probable range of error already).” 
But even if we know all about the distribution of error beforehand, the three 
observations will be different in value, and it is still equally likely that the middle 
observation should happen to be the first, second, or third made. Thus, 
whether we know the range of error or not, the probability that the middle 
one in magnitude of three observations was the third one made is But this 
tells us nothing about the probability that, given two observations, a third 
observation will be the middle one ; as we have seen, if we know the range of 
error, this probability will be a function of the values of the first two observa¬ 
tions, if we do not know the range of error, its value is still undetermined.* 

* Dr. Jeffreys agroes with me that his argument, as lie has originally given it, is 
perhaps hardly sufficient. If I interpret him oorrectly (using my notation), he suggests 
rather the following: 

The principle is that if the range of error is completely unknown, P ( {x 8 } |x lt x tf /, d) is 
independent of x x and x 8 (and in particular of x A — x t ). Then the prior probabilities of 


2x2 
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6, Criticism of the Explicit Use of the Theorem of Inverse Probability .—The 
particular criticism given above, is, however, of less importance than criticism 
on more general lines, especially as Jeffreys has given a former argument for 
the validity of (21)—that it makes the probability of a value of a or h in any 
range independent of the scale of measurement. 

The attempt to use the formula of inverse probability for the purpose of 
theory inevitably means that we cannot be concerned with finding the real 
prior probabilities in relation to particular problems, even if that were possible, 
but merely with finding some simple mathematical function which when put 
m place of these unknown probabilities will make our work appear reasonably 
consistent. 

This substitution of a simple function for a prior probability, which if it 
could be evaluated at all would certainly needs all the data d to be enunciated, 
gives the posterior probability in an exact form which is highly misleading. 
Moreover, the formula in trying to make our final inference about a parameter 
for us and to give us the exact probability of every possible value, is compelled 
to mix the information which can be got out of a sample with what other 
knowledge or notions we may have. This indicates that we are asking too 
final a question ; and in practice it would mean that only when we could ignore 
our previous knowledge as negligible or irrelevant could we hope to make any 
headway at all. 

We should remember there are other points still to be considered ; thus 
the premiss/of, say, the normal law is still left in the data, and if we really 
want the probability of possible values of such a parameter as the true mean, 
we have to consider all possible “ laws of chance,” of which the normal law— 
though having, it is true, a reasonable prior probability—is only one. Anyone 
formally using the inverse probability formula has still to consider the specific 
practical problem, whether the sample is representative, whether conditions 

the orders (with respect to magnitude) (^^3), (z**i-e 3 ), (x Y x B x B ) t (x^^x^, 

are all equal. And if x x say (already known by observation), 

x td) is the case (awr a ), 

^ ((^3} **./, d) 

1 (*^2 ^ d) 

Ah these alternatives are exhaustive and exclusive, the probabilities are each 

This means, I think, that if wo were completely ignorant of the range of error beforehand, 
the apparent magnitude of — x 1P since it depends on what scale we have adopted, 
cannot give us any information whether x B is likely to fall within the interval x t ) or not, 
It is thus equivalent to saymg that the probability of a value of h in any range should be 
independent of the scale of measurement. 



Theory of Statistics . 


520 


have altered, whether the normal law, say, holds, and any advantage the 
explicit use of the formula appeared to give him, in obtaining an exact 
probability for each possible value of an unknown, disappears. 

All this, however, is of minor importance compared with the fundamental 
objection to a method which requires the, evaluation of prior probabilities 
However necessary it may be to bear in mind prior probabilities when we are 
making any inductive inference from a sample, no rules can ever be given 
for their evaluation. For if they could, we should always be able to deduct 
our induction as an inference on certain data with a unique probability : this 
identification in terms of probability of the logically distinct concepts of 
deduction and induction is one that very few, at any rate, are prepared to 
recognize 

It would, therefore, hardly seem desirable to persevere in the use of a theory 
wluch incorporates such indefinite quantities if we can devise any other 
methods which will help us to make inferences. 

7 Arguments about Chances .—If we decide to obtain first what information 
we can simply from the sample, we naturally consider 

p (S|/, a ( ) = ll /(x r , a,) dx r (23) 

T* 1 

This, as we have seen, is not all that wc require in the inverse probability 
formula, and we no longer try to develop a formal theory to find the exact 
posterior probability of a parameter , instead, we may start from (23), arguing 
legitimately about chances, and hence obtain other methods of making inferences 
about the parameters. 

These arguments about chances have been largely developed by Fisher. 
The method of maximizing the chance in (23) is known as the “ method of 
maximum likelihood,” and the value of a parameter a* so obtained Fisher calls 
the optimum value.* This value thus gives the highest chance to the observa¬ 
tions we actually have. For example, for the normal law, 

p (S|/, m v a) «a- n e- i(z r—(24) 

Taking logarithms, and differentiating with respect to m and a we find the 
optimum values of m and a are given by 

rS (x r — m)/t t = 0, 

(x r - m) 2 /* 8 - nja = 0, 


* ‘ Phil. Trans.,’ (loc. cit), p. 327 . 
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whence 

I rn =. YtX r jn ~ 7. (25) 

U 2 = £ (r r — m) 2 /n. (26) 

If we had assumed, with Jeffreys, that the prior probability of cr vanes as 
l/d, we should have found, using the formula of inverse probability, that the 
most probable value of a was apparently given by 

£ (x r — W») a /< 7 8 — fl/<7 — 1/(7 — 0, 

whence 

a 2 = £(x r ~ w) 2 /(n + l) (27) 

The result (20) suggests a reasonable value to take for a, and no one appears 
to prefer the result m (27) 

We should notice that (26) requires a knowledge of m, and if m is unknown, 
it is for most purposes more satisfactory to obtain an estimate of a 2 which is 
uncorrelated with m; otherwise, a bias is introduced when we substitute 
for m its estimate from the sample, 7 Starting from (23), we can investigate 
the joint chance* of ^ — m, and £ (x r — /a) 2 , but wc find wc are obliged to 
consider rather the chance of a value £ (x r — 7) 2 — £, say, this being indepen¬ 
dent of the chance of a value 7 — m, and given by 

p (£| /, w, a) a £* (w_,,) e-W*' A £/a’ t - 1 . (28) 

Smce this chance is independent of m, we can find an optimum value of a which 
is independent of m by finding what value of <7 gives the highest chance to £. 
Taking logarithms and differentiating with respect to a, we obtain 


£/a 3 — (n — l)/<7 — 0, 

whence 

<7 2 = £/(i? — 1). (29) 

This estimate of a 2 is denoted by s 2 . Since the chance distribution of 
£ (x r —- m) 2 alone is that given in (28), but with — 1 replaced by n, we see 
that the substitution of 7 for m has the effect of diminishing the number of 
degrees of freedom of £ from n to n — 1 , and thus where our original estimate 
of a 2 is that in (26), the substitution of 7 for m makes the corresponding 
estimate in (29) more satisfactory than the estimate in (26) with 7 written for 
m. This is especially true when n is small, or when variances of several samples 
are considered, since the mean value of s 2 is <r 2 . 

* Wishart and Bartlett, ‘ Proc. Camb. Phil. Soc./ vol. 20, p. 260 (1033). 
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There is a modification of a similar kind for two variables x and y ; though 
the optimum value of p, the correlation coefficient, when estimated simul¬ 
taneously witli m xi m„, <j Xi a v , is the usual formula, 

r E (x r - x) ( y r - y)/{E (x r — x) 2 E (y, - y) 2 } J , (30) 

the optimum value of p when estimated singly from the chance distribution* 
of r is given by r — r (1 — r 2 )/2 (n — 1) + 0 (w a ) Fisher has suggested the 
change of variable, 

J p = tanh 
l r — tanh 2, 

since the distribution of 2 , unlike that of r, is very nearly normal. Whereas 
the distribution of 2 has, however, a slight bias, its mean value being 

S + p/2 ( n -l)+0(n*), 

the optimum value of £ which corresponds to the modified estimate of p is 

* —r/2(w —l) + 0(n“ a ), (31) 

and it is easy to see that the bias has been corrected to the first order. Equation 
(30) gives the simpler estimate to use, the bias in the mean value of z that it 
introduces being unimportant for reasonably sized n unless a pooled estimate 
from several samples is to be made, when the estimate of £ corresponding to 
the final estimate of p should be obtained not from the various values of 2 , 
but from the corrected values given in (31). 

It is not asserted that the optimum value of a parameter is necessarily the 
most probable value. If we already knew or suspected the true value a of 
a parameter before the sample was taken, we should be interested then not 
in the optimum value a as the most probable value, but in the chance that 
a discrepancy at least as great as that between the true value and the optimum 
value should have arisen. This suggests further arguments about chance 
which may be regarded as complementary to the “ method of maximum 
likelihood,” in the problems of testing significance, and assessing limits within 
which the true value of a parameter is likely to lie. Thus we may test the 
hypothesis that the parameter has a specified value oc 0 by finding the chance 
of a discrepancy greater or equal to \a — a 0 |. Similarly, by finding values 
a, and ot 2 (oq < a < a 2 , where oq, a 2 , and a are here assumed all positive), such 

* See Fisher, ‘ Biometrika,’ vol. 10, p. 507 (1915); * Metron/ vol. 1, p. 1 (1921). 
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that the chance of a discrepancy a — oq or greater, or a 2 — a or greater, is 
some chosen small number, eg., p --- *05, we can infer that it is likely that 

*1 

and hence assign probable limits to the value a. This method Fisher has called 
the method of fiducial probability.* 

We see that these methods involve a knowledge of the laws of chance,*’ 
or chance distributions, of particular functions of the observations which 
are our estimates of the unknown parameters, e.g , the estimate of variance 
and the estimate of the correlation coefficient. The investigation of these 
chance distributions has therefore been one of the most important parts of 
theoretical research. 

8 The Relations of the “ Optimum and the “ Most Probable Value f to the 
Sample.— In the investigation of Gauss’ proof of the normal law, we saw that 
in order to examine the postulate that the arithmetic mean was the most 
probable value, we had to make an assumption about the prior probability 
of the true value m. It is rather absurd that m order to find the relation 
between the arithmetic mean and the properties of the normal law of error, 
such an assumption should be necessary, and if we had asked the more 
reasonable question —what law of error makes the mean most representative 
of a sample of observations ? -the question of prior probability would not 
have arisen. 

This fundamental difference between the most probable value, and the 
optimum value, which represents the information in the sample, is illustrated 
by cases where the true value is known. If, for example, a student of physics 
made a number of determinations of J, the mechanical equivalent of heat, 
he would expect, although he knows the most probable value of J is 4 • 18 X 
10 7 ergs, to be able to give from his experiments his estimate, what we may 
call his optimum value. 

Again, if we consider the problem of observations made over a number of 
years in two variates which are correlated, we may want to know whether 
conditions have changed, whether, if we divide the series of observations at 
its mid-point, the correlations for the two groups are the same. We may 
investigate this question by taking the optimum values for the correlations 
of the two groups, and enquiring whether they are significantly different. 
On the other hand, if we tried to find the most probable values of the two 


* ‘ Proc. Camb. Phil. 8oe / vol. 26, p. 528 (1930) 
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correlations, naturally the most probable value of the correlation of the second 
group depends partly on the information m the second group and partly 
on the probability that the correlation is the same as that of the first group, 
and that again depends partly on the answer to the question we are asking. 

The method of maximum likelihood consists in finding the value of a 
parameter which gives the highest chance to the observations we have, or to 
the function of the observations which is our estimate of the parameter It 
therefore considers simply the sample we have, and obtains an estimate which 
best represents that sample. Thus Fisher has shown that this estimate is 
“ efficient,” that is, the variance of its chance distribution is as small as 
possible.* * * § 

In the particular but common case where the sample is the only relevant 
information we have, it is natural to take the optimum value aB our best 
estimate of a parameter This has been confused with a use of the inverse 
probability formula, although the optimum value a when estimated from the 
chance distribution 

P — 9 {'i, «) da, 

say, is invariant for change of variable, whereas not only the mean and the 
modef of this distribution, but also the most probable value of a—on the 
assumption that nothing being known about a, any value has an equal prior 
probability—all vary. 

Jeffreys,^ m criticizing these methods, says “ the whole reason for attaching 
any importance to Fisher’s * likelihood ’ is that it is proportional to the posterior 
probability given by Laplace’s theory, and it has no meaning outside the 
original sample except in terms of this theory.” 

But nothing obtained from the sample has any meaning outside the sample 
unless we give it one, and what meaning we give it must rest with our own 
judgment If we decide to start simply with 

p(S|/, a,), 

we may, as Ramsey has suggested,§ define the process of maximizing this 
expression in order to find estimates of parameters as a process m pure 

* ‘ Proc. Camb. Phil. Soc./ vol. 22, p. 600 (1925). 

t /.e., the most probable value of a for given <x, not to be confused with the most probable 
value for a for given a , 

t 4 Proc. Camb. Phil. Soo., 1 vol. 29, p. 83 (1933). 

§ Op. cit. t p. 204. 
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mathematics, and consequently entirely distinct from a use of the formula of 
inverse probability. 

It is obviously true that inverse probability (if we choose to associate 
this term with the whole idea of making inductions and inferring causes from 
events) must have some place in our inferences. We may observe, for 
example, that the posterior probability of a correlation being significant should 
be regarded as zero, if the prior probability was believed to be zero ; but 
presumably no one would ever calculate a correlation coefficient if he did not 
believe it had some significance. Inverse probability, in its widest sense, is 
implicitly contained in an inductive inference in any science, but that is no 
reason why, because the particular probabilities known as chances form 
a large part of the subject-matter of statistics, it should be used explicitly, 
and entangle these chances with prior probabilities and previous or a priori 
knowledge. 

I am indebted to Dr. J. Wishart for advice and criticism during the prepara¬ 
tion of this paper 

Summary . 

Frequency laws in statistics mean “ laws of chance.” The distinction 
between these chances and probabilities on other data is emphasized ; 
especially as it has not invariably been perceived. 

An attempt is made to show why exact arguments about chance are more 
fundamental as a mathematical basis for statistical theory and inference than 
the formula of inverse probability, which, m statistics, is a hybrid of exact 
chance, and unknown prior probabilities. Any attempt to evaluate the latter 
for the purpose of formal theory can lead only to misleading assumptions. 

Examples of arguments about chances are Fisher's methods of maximum 
likelihood and fiducial probability. 

Such arguments do not pretend to abolish the judgment and common sense 
necessary when we use general theory to help us make, from a particular sample, 
an inference about the “ population ” 
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Experiments on the Raman Effect at very Low Temperatures . 

By G. B. B M. Sutherland, Trinity College, Cambridge 
(Communicated by T M Lowry, F.R S —Received March 16, 1933.) 

Introduction 

Hitherto, the expel imentfl which have been carried out on the Raman effect 
at low temperatures have been performed on substances of which the Raman 
spectra were unobtainable, or only obtainable with difficulty, at ordinary 
temperatures. Thus Daure* has obtained the Raman spectra of liquid methane, 
ethylene, ethane, propane, and ammonia, while McLennan and his co-workers! 
have studied those of liquid hydrogen, oxygen, nitrogen, methane, helium, 
nitrous oxide and solid carbon dioxide. The primary object in these researches 
was to obtain the spectrum of the substance, and tile influence of temperature 
on the spectrum lias received very little attention. While the present work 
began as an attempt to obtain the Raman spectrum of nitrogen tetroxide, it 
has become increasingly evident in the course of it that the study of Raman 
spectra at very low temperatures may well prove to be a very fruitful field of 
research. 

Tt is clear that there will be at least two distinct possible effects of a change 
in temperature of the scattering substance on its Raman spectrum If the 
change in temperature causes a change in the molecular structure of the 
substance (such as association of simple molecules into more complex aggre¬ 
gates, or a change m the crystalline form of the substance), then one may expect 
the appearance of new lines in the spectrum. Secondly, a change in temperature 
will result in a new distribution of the molecules in the various rotational and 
vibrational energy levels ; the effect of this will be to alter the character of 
the individual lines and bands in the spectrum without, however, giving rise 
to any new lines. The following paper gives a description of a new and very 
simple apparatus for the observation of Raman spectra at low temperatures, 
together with the results and discussion of the preliminary experiments on a 
few simple substances. 

* ‘ Ann. Physique,’ vol. 12, p. 375 (1929). 

t McLennan and McLeod, ‘ Trans Roy Soc. Canada,* voJ 22, p. 413 (1928) ; McLennan, 
Smith and Wilhelm, \b\d vol. 23, p. 19 (1929), tbid , vol. 23, p. 247 (1929), tbid. f vol, 24, 
p. 197 (1930); McLennan and Smith, ‘ Canadian J. Res vol. 7, p. 551 (1932). 
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Experimental. 

The Dewar flask A was specially constructed from two Pyrex glass tubes 
which were sealed together at B and closed at the lower ends DD by flat plates 
of Pyrex glass. The outer tube was drawn down as indicated, and by succes¬ 
sively breaking it off and rejoinmg it to a narrower tube a few projecting rmgs 
CC could be made which served as stops in partially collimating the scattered 
light. The whole flask was silvered inside excepting the plane windows DD, 



Fro. 1. 


and a strip EE, 2 cm. wide, running vertically up one side. The stops CC were 
blackened with a suitable non-reflecting ink. The small aluminium stand F 
fits snugly into the flask, and the top of it is on a level with the end of the clear 
strip EE. The observation tube G is supported on F ; its upper end may be 
held lightly in a clamp to keep it vertical, but if F is well designed this is not 
essential. 

The quartz mercury arc H is placed parallel, and opposite to the clear strip 
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EE, and 4 to 5 cm. away from the flask. This type of arc runs very satis¬ 
factorily in the vertical position. It was made from 3 mm. quartz capillary 
tubing bent as shown, and was found to be a very powerful source of the 
radiation at 4047 A. and 4358 A. when operating with a potential drop of 
120 volts across the electrodes and carrying a current of approximately 
1 ampere The blast of air from the brass tube K served to keep both the lamp 
and the side of the Dewar flask from becoming too hot The scattered light 
was reflected into the slit of the spectrograph S by the right angle prism P, 
the sphero-cylindrical lens L being used to focus and concentrate it The 
Dewar flask was supported in a wooden stand, and once the alignment of the 
parts had been secured so that only light which came vertically down the 
centre of the flask was focussed into S, then it never required doing again, for 
the observation tube could be removed and always put back m the same 
position 

Although this arrangement was arrived at in order to study conveniently 
the Raman spectra of many substances at liquid air temperatures, a fairly 
continuous range of temperatures down to —100 3 C 1 may be obtained if, 
instead of filling the flask with liquid air, one fills it with ethyl alcohol. The 
alcohol bath is then cooled to the desired temperature by pouring sufficient 
liquid air into the pyrox tube M which dips into it 

The arrangement described possesses distinct- advantages over the earlier 
ones. The use of an almost completely silvered Dewar flask instead of the 
unsilvered ones used previously provides better heat insulation, and so requires 
less liquid air for its operation This can be quite an important factor in 
ma kin g long exposures when the flask may have to be left unattended over¬ 
night. The reflections from the silvering on the inner walls also help to intensify 
the exciting light, giving the light furnace v effect so often used in experiments 
on Raman spectra. The shielding of the spectrograph from any direct light 
is more complete than in most of the earlier arrangements. The advantage of 
taking the light which is scattered vertically downwards instead of that 
which is scattered upwards is that it occasionally happens that a substance 
may scatter a certain frequency quite strongly when m the solid form at 
very low temperatures, but that its uncondensed vapour absorbs the same 
frequency. When this happens the slightest trace of uncondensed vapour 
in the upper part of the observation tube may cause complete absorption of the 
scattered light 

In most of the work to be described, liquid air was used as the cooling agent, 
but a few photographs were taken at temperatures ranging from —70° C to 
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20° C. The substances examined were nitrogen tetroxide, ozone, ice, methane, 
ammonia, carbon tetrachloride, and liquid air. For each substance the 
exciting lines from the mercury arc were those at 4047 A. and 4358 A., although 
lines were occasionally observed scattered by the strong group near 3050 A. 
An attempt to use a similar apparatus m quartz and employ the strong mercury 
line at 2537 A 1ms not yet been successful, as small traces of oil in the liquid 
air seem to absorb this line so much that the resulting scattering of it is too 
weak to give observable Raman lines The wave-lengths of the lines in the 
Raman spectrum were obtained from a Hartmann interpolation formula 
using the mercury lines as standards. The spectrograph used was a two-prism 
glass instrument with an aperture of f/16 and having a mean dispersion of 
18A per mm. near 4400A The plates used were “ Gevaert Super Chromosa ” ; 
these were found to be most satisfactory from the standpoints of speed, fineness 
of grain, and freedom from halation. 

Nitrogen Tetroxide . 

This substance was the first to be examined, as a knowledge of its complete 
Raman spectrum formed an essential complement to work which was being 
done by the author on its infra-red absorption spectrum * At ordinary 
temperatures nitrogen tetroxide is a gas of which about 20% is dissociated 
into the dioxide On cooling it the proportion of dissociated molecules 
steadily decreases , it liquefies as a clear reddish-brown liquid, the colour 
bemg due to the dissociated molecules. As the liquid is further cooled, the 
colour gradually disappears until on solidification at —10° C. it forms either a 
transparent or a perfectly white crystalline mass, which is composed entirely 
of undissociated molecules.f The transparent form is rather unstable, and 
in all the work described here it was the latter form which was employed J 

The Raman scattering of nitrogen tetroxide has been previously studied by 
Merizies and Pringle§ at a temperature of —80° C. They reported one line 
only at 275 cm. but it was felt that many more must exist Table I, which 
summarizes the results obtained, shows that it has a very rich spectrum. 

The line at 283 cm.' 1 , which obviously corresponds to the one observed by 
Menzies and Pringle, is by far the strongest line in the spectrum. Although 

* Sutherland, p. 342. 

t Mellor, “ Treatise on Inorganic Chemistry/' vol. 8. 

t The sample of nitrogen peroxide used was provided by the Keseaich Department 
of Nobel’s Explosive Company, to which the author wishes to express his indebtednees. 

^ ‘Nature/ vol. 127, p. 707 (1931). 
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exposures of several hours were necessary to bring out the other lines, this one 
could be obtained in a few minutes. This line was later examined under higher 
dispersion and found to be a doublet of which the components seemed to be of 
equal intensity and had a separation of 3 cm 1 The interpretation of this 
line and of the lines at 500 cm. -1 , 813 cm 1337 cm. -1 , 1382 cm. ’ 1 , and 
1724 cm. -1 has been given elsewhere,* It is sufficient to remark here that 
these have all been satisfactorily explained ui terms of the fundamental 


frequencies of a molecule of the form 


°\N N/° 

q/ N>’ 


Vegard f has proposed 


from his results on X-ray powder photographs that the crystal lattice of solid 
nitrogen peroxide is built up from N0 2 molecules each of which is linear and 


Table I —Raman Spectrum of Solid Nitrogen Tetroxidc at —190° 0. 


Exciting | 

frequency 

Raman frequencies in cm." 1 . 

22938 

28f 

57 

79 

283 

500 

812 j 

1336 | 

1382 

1724 

24705 

— ; 

56 

80 

284 . 

* 

1 

814 

1338 

1382 

* 

Intensity 

mod 

nun 

strong 

very 

strong 

med. 

strong 


medium 



• Obscured by Mercury line 
t Observed only as an anti-Stoke* line 


symmetrical. These proposals have been criticized by Hendricks,J who claims 
that an unambiguous determination of the structure is not possible from Vegard’s 
photographs. From the above results on the Raman spectrum we may at 
once dismiss Vegard’s theory as quite untenable. If the crystal were composed 
of linear and symmetrical NO a molecules it would exhibit only one strong 
Raman frequency which would lie in the neighbourhood of 1300 cm. -1 . The 
greatest number of Raman frequencies it could possibly have would be two, i.e., 
a splitting of this single frequency into two by accidental resonance degeneracy 
such as occurs in carbon dioxide.§ The weak third and fourth lines which 
appear in carbon dioxide would not be observable as the number of molecules 
in the first vibrational level of such a linear molecule at the temperature of 
liquid air would be infinitesimally small. 

* Sutherland, loc. ext. 

t 1 Z Physik,’ vol. 68, p. 184 (1931); vol. 71, p. 299 (1931). 

t ‘ Z. Physik/ vol. 70, p. 699 (1931). 

§ Fermi, 4 Z. Physik/ vol. 71, p. 250 (1931). 
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The lines at 28cm. 57 cm." 1 and 79 cm. 1 are more difficult to interpret. 
The possibility that these are fundamental vibration frequencies may be 
immediately ruled out on account of their magnitude, and in view of the fact 
that an application of Placzek’s rules* shows that not more than six of the 
twelve fundamental frequencies of this molecule may appear in the Raman 
effect. The separations between them are obviously much too great for them 
to represent pure rotation frequencies, supposing that rotation were possible 
in this crystal. It seems not unreasonable, however, that these may represent 
the “ oscillational frequencies ” proposed by Paulmgf in which the molecule 
oscillates about a mean position in the crystal without ever having enough 
energy to make a complete rotation. We note that these frequencies form a 
linear progression, and recall that Pauling has shown that the energy levels 
corresponding to such motions will be given to a first approximation by the 
familiar formula 

E ~ (h + 1) Av 0 » = 0,1 # 2,3 > . 


In this connection it is important to add that several exposures were made of 
nitrogen tetroxide at various temperatures between —20° C. and —70° C., 
when these lines were again observed, and also faint lines at approximately 
105 cm 125 cm ~ a and 142 cm." 1 from the mercury linej at 1358 A. These 
are probably the next three members of the series, but further experiments 
under higher dispersion and with a more suitable exciting line will be 
required to determine their positions accurately. 

If this interpretation of these lines is correct, it is of interest to estimate 
whether rotation might be possible in this crystal. Pauling’s criterion is that 
the transition from oscillation to rotation will take place for molecules in the 
wth vibrational state, where n is given by the equation 


Here 


(« + !)■= 


to 

40 ' 


(i = ^ and 0 = 

iv 


A 2 

8tt 2 IK* 


Now the moment of inertia I is unknown, but we may safely estimate that a 
mean value for it will be not less than 2 X 10" 33 gm. cm. 2 . This leads to a 
value of 49*6 for n m the above equation and corresponds to an energy level 

* 4 Lcipziger Vortrage,’ p. 71 (1931). 

t 4 Phys Rev.,’ vol. 36, p. 430 (1930). 

J The lino at 142 cmr 1 was observed only as an anti-Stokes line, since the Stokes line 
coincides with a mercury line. 



Experiments on Raman Effect at very Low Temperatures . 541 

so high that the fraction of molecules possessing this energy even at the melting 
point (—10° C.) is quite negligible. 

Ozone. 

In this part of the work the author had the assistance of Dr. S L. Gerhard 
of the University of Michigan, who was engaged at that time on an investigation 
of the infra-red absorption spectrum of ozone. A preliminary account of the 
results has already appeared,* but a more complete discussion of them can 
now be given. For details of the preparation of the ozone, reference should 
be made to Gerhard’s paper.|‘ Pure liquid ozone is a very dark purple liquid, 
which may explode violently when under low pressures It was considered 
safer to work with a 30 % solution of ozone m liquid oxygen [ The top 
of the observation tube was always left open to the atmosphere and no 
explosions occurred in the course of tin* experiments. All the work was done 
at liquid air temperatures. 

This solution of ozone was found to scatter the mercury lino at 4047 A. 
fairly strongly, but seemed to absorb tin 1 line at 4358 A and all mercury hnes 
of longer wave-length to a considerable extent. Exposures were made lasting 
as long as 25, 40, 60, and 80 hours, but no definite Raman lines were obseived, 
although the Rayleigh scattering of the line at 4047 A. seemed to be as great 
as it had been with nitrogen tetroxide, for comparable times of exposure On 
two plates there were indications of what looked like a doublet corresponding 
to a mean frequency shift of 1280 cm _1 , but these could not be definitely 
confirmed as there are some weak mercury hnes in this neighbourhood. In 
view of Gerhard’s analysis of the infra-red spectrum and his assignment of the 
fundamental frequencies at 528 cm.” 1 , 1033 cm." 1 , and 1355 cm." 1 it seems 
probable that the observed doublet is spurious 

The failure to observe any strong Raman spectrum from ozone may be due 
to tw r o causes. The conditions for observation may have been unfavourable, 
or the Raman scattering may at best be extremely weak. From the fact that 
the Rayleigh scattering of the lmc at 4047 A. was so strong the conditions would 
seem to have been favourable, yet it must be remembered that the ozone 
solution did seem to absorb very strongly all light of wave-length longer than 
4358 A , which means all possible Raman lines of frequency greatei than 
1750 cm “ 1 , excited by the line at 4047 A. The absorption of ozone may 

* Sutherland and Gerhard, ' Nature,’ vol. 130, p. 241 (1032). 

t ‘ Phys. Rev.,* vol. 42, p. 602 (1032). 

} A few exposures were also made using pure ozone 
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continue for some way towards shorter wave-lengths than 4358 A., so that 
there is the possibility that potential Raman frequencies lower than 1750 cm," 1 
were reabsorbed by the liquid. It is more probable that the weakness of the 
Raman spectrum is due to more fundamental causes It would indicate that 
the ozone molecule does not possess a highly symmetrical form such as might 
be represented by an equilateral triangle or a stright line model. A molecule 
havmg either of these forms would possess one symmetrical mode of vibration* * * § 
which involves large changes in the polarizability and would therefore appear 
with great intensity in the Raman effect;f The conclusion that the form of 
the ozone molecule is triangular but not equilateral was also that reached by 
Gerhard from his investigations of the infra-red spectrum. 

Ice. 

The Raman spectrum of ice at 0° C. 1ms been already obtained by RaoJ and 
by Ganosan and Vcnkateswaran ,§ who observed three very diffuse lines at 
3193 cm." 1 , 3391 cm. -1 , and 3549 cm ~ l . These are to be compared with the 
maxima in the broad diffuse water band at 3210 cm. -1 , 3435 cm." 1 , and 3582 
cm. -1 , obtained by several observers,!] and with the line reported for water 
vapour at 3654 cm. -1 by Johnston and Walker.^] It has been suggested by 
Rao** that the appearance of three bands in water and ice is due to there being 
three different molecules viz , H 2 0, (H 2 0) 2 , and (H 2 0) 3 . As the band at 
3193 cm -1 becomes extremely weak at higher temperatures (circa 80° C.) it 
is associated with the (H 2 0) 3 molecules, while the band at 3549 cm. -1 , which 
increases slightly m intensity with increase in temperature, is associated with 
the II 2 0 molecule. If this explanation is correct, then one would expect 
little change m the Raman spectrum of ice if photographed at the temperature 
of liquid air instead of at 0° (J., since the association of simple molecules into 
larger aggregates with decrease in temperature, while quite probable in the 
liquid, is rather improbable m the solid 

* For the linear model it would be the mode of vibration in which the two outer atoms 
move symmetrically towards and away from the centre one ; for the equilateral one it 
would be that m which the atoms move aJong the medians of the triangle. 

t Placzek,’ 4 Z. Physik/ vol. 70, p. 84 (1931). 

% ‘ Ind J. Phys./ vol. 3, p. 105 (1928). 

§ Ibid., vol. 4, p. 190 (1929). 

H Kohlrausch, “ Smekal-Raman Effekt ” (1931). 

f 4 Phya. Rev./ vol. 39, p. 535 (1932). 

** * Proc. Roy. Soc,/ A, vol. 130, p. 409 (1930). 
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Accordingly, a few exposures were made of ice at the temperature of liquid 
air. The spectrum was found to consist of one quite intense and fairly sharp 
line at 3090 cm. -1 with a faint companion at 3135 cm. -1 . Such a great change, 
both iu the frequency and in the character of the Raman radiation is not 
easily explained on Rao’s theory It might be supposed that a gradual 
polymerization into (H a O) 3 molecules, or even larger aggregates, takes place 
in the crystal as the temperature decreases, but this is m direct contradiction 
to the X-ray observations of Barnes,* who found no change in the crystal 
structure of ice between 0° V. and —183° 0. Moreover, the work of Dennison'}* 
has pointed to the conclusion that the molecules in ice arc very probably of 
the form (H 2 0) 2 

The most striking fact is the great increase in the sharpness of the ice lines 
as the temperature is lowered. This was also noticed (although to a much 
smaller extent) in the case of nitrogen tetroxide, for which the lmes obtained at 
—190° C were appreciably sharper than those taken at temperatures of —30° C. 
to —50° ('. This would seem to indicate that the diffuseness is due largely to 
strong, variable, mtermolecular fields present in water and in the crystals. 
As the temperature is lowered the variations in theae internal fields due to the 
random heat motions of the molecules become less and less, so the possible 
changes produced in the vibiation frequency become less and less and the 
line becomes sharp and well defined instead of diffuse and broad The presence 
of such in ter molecular fields would also explain the large changes in frequency 
observed between the gaseous, liquid, and solid forms of water, for as the 
molecules become more closely packed together the fields will increase in 
strength l The change in frequency observed in ice with decrease m tempera¬ 
ture is also to be accounted for on these grounds, since the random motions at 
higher temperatures will always tend to weaken the influence of these internal 
fields and so allow the frequency to approach its unperturbed value as found 
in the gas 

A r6sum£ of most of the existing data on change in frequency with change 
of state in the Raman effect, as shown in Table II, is seen to give considerable 
support to this view. It will be noticed that all the molecules which exhibit 

* ‘ Proe. Roy. Noc.,’ A, vol. 125, p. 070 (1929). 

t ‘ Phys. Rev.,’ vol. 17, p. 20 (1921). 

X The difference between the values obtained for the frequency in the gaa as given by 
the Raman effect (3654 cm” 1 .) and as given by infra-red measurements (3748 cm.- 1 ) can 
now be understood when it is recalled that the observations of the former wore made at 
pressures of a few atmospheres, while those of the latter were made at pressures of a few 
millimetres of mercury. 
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Tabic II.—Change in Raman Frequency with Change in Statc.f 
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v d , \ery diffuse , d , diffuse , s.d , slightly diffuse p s , sharp. 

* The \r1ucb (or the frequencies at l'lnl era 1 and 540 cm ~ l are deduced from the work of 
Bailoy, Cassie and Angus (‘ Eroo. Roy Soe., 1 A, vol. 130, p 133 (1930) ) on the infra red absorption 
spectrum of the gas. 

large frequency shifts in going from the gaseous to the liquid form also have 
large electric moments, while those with zero moment exhibit little or no 
change. This is exactly what one would expect, as it will be only in the case 
of strongly polar molecules that large, mtermolecular fields can be developed. 
Next it will be seen that the change is greatest for these lines which are most 
diffuse, eg., the water lines, the HC1 and HBr lines, and the two S0 2 lines at 

t The data in this table are taken from the work of various experimenters as collected 
in Kohlrausch’s book “Her SmekahRaman Effekt ” (1931), or from the present paper, 
except for those on liquid and solid C0 2 , which are to be found in a paper by McLennan 
and Smith, 1 Canadian J. Res / loc . ctf. 
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1361 cm. -1 and 546 cm." 1 . It will be of interest to obtain the spectra of many 
of these polar molecules at —190° C., and the author hopes to undertake this 
work at an early date. When more accurate measurements of the widths of 
these lines are available it may be possible to make deductions regarding the 
magnitude of the intermolecular fields. 

As regards the existence of associated molecules in water and ice, it would 
seem more satisfactory to assume that only two kinds of molecules* * * § are present, 
viz., H a 0 and (H a O) 2 We accordingly attribute the line near 3200 cm -1 to 
the (H 2 0) 2 molecule, and look for an explanation of the other two frequencies 
in a doubling of the H 2 0 frequency arising from a condition of resonance 
degeneracy such as has been observed in CO a . This is suggested by the fact 
that one of the other fundamental frequencies of water is known from infra-red 
and Raman spectrat to lie near 1G50 cm." 1 so that its first overtone may fall 
close enough to the fundamental for these two levels to interact. As the 
temperature is lowered, the position of the fundamental shifts considerably, 
as well as becoming more sharply defined, so that the interaction between the 
two levels may become negligible and only one frequency will be observed. 

Methane. 

The Raman spectrum of methane has been observed in the gaseous form,! 
and in the liquid form,§ but no observations seem to have been made on solid 
methane. Yet the Raman spectrum of solid methane ls of particular interest 
in view of Pauling’s prcdiction|| that above 20° K. the molecules should rotate 
freely in the methane crystal. Although no pure rotation spectrum can be 
observed,^ nevertheless it should be possible to pick up some of the rotation 
lines in the vibration-rotation band which has its centre at 3022 ern -1 and was 
observed by Dickinson, Dillon, and liassetti in the Raman spectrum of the 
gas. 

* This is also m agreement with the conclusion of Kmsoy and Sponslor (‘ Pliys. Rev./ 
vol. 40, p. 1036 (1932) ) ( from a study of the X-ray data that fcho polymer m ice and water 
is dihydrol. 

t Plyler and SIcator, 1 Phys. Rev.,’ vol. 37, p. 1493 (1931), Johnston and Walker, 
tlnd., vol. 39, p. 635 (1932). 

t Dickinson, Dillon and Rassetti, * Phys. Rev./ vol. 34, p. 582 (1929); JHhaga van tarn, 

‘ lnd. J. Phys./ vol. 6, p. 595 (1932). 

§ McLennan, Smith and Wilhelm, ' Trans. Roy. Soo. Canada/ vol. 23, p 247 (1929); 
Daure, ‘Ann. Physique/ vol. 12, p. 375 (1929). 

I! 1 Phys. Rev./ vol. 30, p. 430 (1930). 

Houston, 1 Phys. Rev./ vol. 41, p. 203 (1932). 



546 


G. B. B. M. Sutherland. 


Several attempts were made to do this, but without success. The continuous 
background due to reflections and scattering from the amorphous mass was 
sufficiently intense to mask all lines except a very intense one at 2906 cm. -1 
which was scattered strongly by each of the group of mercury lines at 3650 A. 
as well as by the line at 4047 A. This line obviously corresponds to the intense 
line observed in the gas at 2914 cm." 1 , and in the liquid at 2909 cm " 1 . Some 
method of making a clear crystal of solid methane will have to be developed 
before the existence of these faint lines can be established. 


Ammonia . 

Only one intense line was obtained from solid ammonia at —190° C. ; it 
was scattered from the strong line at 3650 A as well as from the line at 4047 A., 
the measured frequency shift being 3369 cm. 1 in each case. There were 
fainter companion lines at 3203 cm. -1 and 1585 cmr 1 scattered only by the 
line at 4047 A. The latter were not so sharply defined as the more intense 
frequency at 3369 cm." 1 . When one compares these results with those in 
Table III on gaseous and liquid ammonia it is obvious that some fundamental 


Table III.—Comparison of the Spectra of Gaseous Liquid and Solid 

Ammonia. 



Frequencies in cm. -1 . 

Gaeeous ammonia*— 

Infra-red 

Raman 

933 966 

933*4 964 3 

1630 

3336 

3334 

Liquid ammomaf (room tem¬ 
perature —40 Q C , circa)— 
Raman 

1070 (0) j 

1070 {0) 

1580 (0) 

3210(2) 3300(4) 3380(0) 
3210 (4) 3310 (4) 3380 (4) 

Solid ammonia (at —190° C )- 
Raman 


1585 (0) 

3203 (1) 3369(4) 


♦ Robertson and Fox, 1 Proc. Roy. Soo ,’ A, vol. 120, p. 207 (1928), Barker, 4 Pkys. Rev ,' 
vol. 33, p. 684 (1929), Amaldi and Placzek,’ 4 Naturwias # * vol 20, p. 521 (1932). 
f Daure, /oc. at .; Bbagavantam, * lnd J. Phys \ol 5, p. 54 (1930) 


change occurs in the molecular structure of ammonia as it is gradually con¬ 
densed into the solid state. If one considers first only the three lines near 
3300 cm. -1 , the most remarkable thing is the disappearance of the middle 
frequency in the solid. The fact that this frequency appears by itself in the 
gaseous spectra and has been definitely proved to be a fundamental frequency 
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of the NH 3 molecule* is fairly strong evidence that solid ammonia is not com¬ 
posed of simple NH 3 molecules. Bhagavantam (loc. at.) has already suggested 
that the lines at 3216 cm.” 1 and 3380 cm. -1 m the liquid are due to a more 
complex molecule such as (NH 3 ) 2 , and the above results on the solid support 
such an interpretation. 

The origin of the lines at 1070 cm.” 1 and 1580 cm." 1 is more diffic ult to decide. 
Dadieu and Kohlrausch| have assigned them to the (NH^ molecule, but 
Bhagavantam {loc, cit.) prefers to associate them with the NH 3 molecule, since 
the intensity of the one at 1070 cm.' 1 is not appreciably increased at the lower 
temperature, and observations on the infra-red spectrum of the gas have proved 
that the frequencies 933 cm ” 1 , 966 cm and 1630 cm. 1 are fundamental 
frequencies of the NH 3 molecule. It is difficult to reconcile this view with the 
fact that the 1580 cm. -1 frequency is present in the solid, and to explain why 
one frequency should increase as the change is made from the gaseous to the 
liquid form while the other decreases. The fact that no Raman frequencies 
were found in the gas by Anialdi and Placzek (loc. at,) winch might correspond 
to these, even with very long exposures which brought out several new lines, 
is also against their interpretation as NH 3 frequencies On the whole the 
evidence would favour the explanation given by Dadieu and Kohlrauseh. 


Ca ibon Tet rack lor i de 

An exposure was made of solid carbon tetrachloride at the temperature of 
liquid air. It was found to scatter very strongly and give the same lines as 
it does in the liquid form at room temperature The contour of the lines seemed 
sharper at the lower temperature, and the results, Table IV, show that the 
relative intensity of the lines is apparently slightly altered by the change in 
temperature. The interpretation of this change in intensity with temperature 
is not at all clear. The anti-Stokes lines were, of course, not observed at the 
lower temperature. 


Table IV.—Raman Lines of Carbon Tetrachloride 


Temperature. 


Frequencies cm." 1 . 


25° C. 
-190° (\ 


217 (8) 313(9) 459 (10) 700 (3) 791 (3) 1537 (1) 

215 (3) 314(4) 458 (6) 758 (0) 788 (0) 


* Dennison and Hardy, ‘ Phys. Rev.,’ vol, 30, p. 939 (1932). 
t 1 Naturwise,’ vol. 18, p. 154 (1930). 
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Liquid Air. 

Some photographs were taken of the light scattered with no observation 
tube and only liquid air in Ihe Dewar flask When the liquid air was fresh, 
then Raman lines of liquid oxygen and liquid nitrogen could be obtained in a 
few hours, but if the liquid air was a few days old, then only the oxygen lines 
were observed. The values obtained are given in Table V and are slightly lower 
than those recorded by McLennan and McLeod.* These values are the mean 
of several taken from different plates and scattered by two different mercury 
lines, viz , those at 4047 A. and 4^58 A and are probably correct to 1 cm ~ l . 


Table V.—Raman Effect in Liquid Air. 


Ohsorver. 


Oxygen. 


Nitrogen. 


Mclennan and McLeod 
Sutherland 


lf>52cm. 1 
1350 cm." 1 


2330 om * 1 


2326 cm - 1 
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Summary . 

(1) A new and very simple apparatus is described for the rapid examination 
of Raman spectra at very low 7 temperatures. 

(2) The complete Raman spectrum of solid nitrogen tetroxide has been 
obtained and its interpretation is discussed. The lines are divided into two 
claases; those which are due to characteristic vibrations within a molecule 


* ‘Nature,’ vol. 123, p. 160 (1929). 
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of the form , -\ , and those which are due to oscillations of tins 

0 / X) 

molecule about an equihbrium position m the crystal. 

(3) An attempt to obtain the Raman spectrum of liquid ozone was un¬ 
successful This negative result is shown to have important consequences in 
the determination of the form of the ozone molecule. 

(4) The Raman spectrum of ice has been photographed at the temperature 
of liquid air, and found to differ markedly from that obtained at () D C It is 
shown that this can be accounted for by the existence of strong intei molecular 
fields m the crystal 

(5) This assumption of Btrong intermolecular fields is further developed and 
provides an explanation of the diffuscncss of certain Raman lines which alter 
greatly in frequency between the gas, liquid, and solid phases. 

(fi) The evidence for the existence of associated molecules in water and in 
ice is discussed ] it is concluded that while there are strong reasons for believing 
that (H 2 0 )o molecules arc present in water and in ice all the observed 
phenomena can be better explained without assuming the existence of higher 
aggregates. 

( t ) The spectrum of solid methane has been observed with a view to verifying 
Pauling’s predictions on the rotation of the methane molecules in the crystal. 
The results are indecisive on this point. 

(8) The Raman spectrum of solid ammonia has been obtained at the tempera¬ 
ture of liquid air. The results indicate that the crystal is composed of some 
polymer of the simple NII 3 molecule such as (NHj) 2 . 

(9) The results of observations on the Raman spectrum of carbon tetra¬ 
chloride at the temperature of liquid air, and of observations on the Raman 
spectrum of liquid air are given. The former are found to agree (except for a 
slight change in relative intensity) with observations at room temperature , 
the latter to differ only very slightly from the results of earlier observers. 
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On the Electromagnetic Fields due to Variable Electric Charges and the 
Intensities of Spectrum Lines according to the Quantum Theory . 

By V. Fock, University of Leningrad. 

(Communicated by I\ A. M Dirac, F.K S —Received March 18, 1933 ) 

In a recent paper under the same title,f G. A. Schott finds that the usual 
method of calculating the intensities of spectrum lines is liable to lead to gross 
errors. Although one would expect from general reasons that any improve¬ 
ment of the usual method would only lead to small corrections and that, 
therefore, Schott's conclusion cannot be free from error, it may not be 
devoid of interest to show that a correct calculation starting until Schott's 
formuhe leads, in contradiction to Schott's conclusion, to the generally 
accepted classical result. 

The aim of Schott’s calculations is to obtain a quantum mechanical expres¬ 
sion for the energy radiated by an atom, which is classically given hy 

R “» (1 > 

p(t) being the electric moment of a dipole representing the atom. Schott 
considers the special case of a hydrogen atom emitting a radiation correspond¬ 
ing to a transition from the eentrosymmetrical state 

V-A/C) (2) 

to the axiosymmetrical state 

^2 = B (rp,) (/ (r), (3) 

where 

f(r)=e '31/,^); g (r) - L'Vi (|) (4) 

are wave functions expressed in terms of derivatives of Laguerre’s polynomials 
L m and corresponding to principal quantum numbers n x = l and n 2 = k . 
The letter a denotes Bohr’s hydrogen radius. We adopt here Schott’s notations 
and put according to him the velocity of light c equal to unity. 

Schott finds by his method that the energy radiated is equal to 

It = IW (5) 


\ * Proc. Roy. Sot*.,’ A, \ol. 130, p. 37 (1033). 
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where 
I = 

and 


8neABvak 2 l 

l 2 -k* 



(t — r — r) 


i sin (2 tivt 


t- t) \/— Qd-cdy. 




2s 

al 




( 6 ) 

( 7 ) 


a denoting the quantity 


:I+ L 

al ak 


( 8 ) 


and J 8/2 denoting Bessel's function of order 3/2. 

On the other hand, Schott gives the following expression for the electric 
moment p : 

p = jtoAB cos (2tcvt f- s) . P, (9) 

where 



Equations (6), (7), (9), and (10) are taken without any change from Schott’s 
paper (his formulae (24), (25), (26), and (27)). 

We shall now calculate the quantity I and express it in terms of p. 

Noting that 

hml \/—J 8/2 (^) = ^ a 

m ->o2[x [l 

is a finite quantity, we introduce the function 

Q*(f*)-“\/ 2 -Q, (ii) 

2(x v (j. 

where Q is defined by (7). The quantity Q* (0) is finite and equal to 



or, expressed in terms of / and g, equations 14), 

Q* (0) = - al (*/' M 9 (r) z 3 dr. (] 3) 

J 0 

We have also, by (10) and (4) 

V= \* f{r) g {r)r* dr. 

Jo 


(14) 
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Now, f and g satisfy the equations 

It follows that 

t l, ‘ u ' s _ »' f)i “ 


Consequently 
or, by (13) and (14), 




P = 


2k 2 la 


P-k 2 


“oQ* (0). 


(15) 

( 10 ) 


This transformation is a consequence of the general quantum-mechanical 
equations of motion. 

Let us now consider the expression (6) for I. Introducing in place of t the 
new variable of integration 

u t — / -f- r 

and remembering that 

=5! a( ^(! x ) 

is an odd function of (jl, we may write 


j SneARvak 2 ] ., x 

1 ■=---—— cos (2k v (f — )) + £ ) 


l 2 — A 2 


X 


JT 


sin (xu sin 2 k vu § (jlQ* (jx) du d[i. 


(17) 


But the double integral is the Fourier expansion of the function 

4 { K 2 vQ* (2kv). 

Consequently, equation (17) may be written 

, e \3cik 2 l 


I — _ 0 4^2__ 

* l P- k 2 


cos (2 k v (/ — ?) + /*) Q* (2 kv), 


or, introducing the expression (9) for p(x) and using (1G), 

1-4 M p(t -r)9L^, 


(18) 


(19) 




Since Q*(27rv) is an even function of 27iv, it differs from Q*(U) by quantities of 
the order a 2 which are to be neglected in Schrochnger’s theory. (These quanti¬ 
ties are also neglected in Schott’s calculations ) Consequently we have the 
simple result 

I- -/> (*-')■ (21) 


Introducing tins in (5) and remembering that, following Schott, we have put 
c — 1, we see that equation (5) obtained by Schott’s method exactly coincides 
with the generally accepted classical expression (1). 

Schott’s criticism of the usual procedure is therefore based on a misunder¬ 
standing. As to the method used by Schott, it is not new, since it was used 
m 1927 by Klein the only novelty is the introduction of double Fourier 
expansions which is not necessary in our case since we are dealing with 
simple harmonic functions of the time. 


Summary. 

The paper is a criticism of a paper by Schott .I It is shown that Schott’s 
conclusions cannot be substantiated, and that the usual methods of calculating 
the intensities of spectral lines are correct. 


f 1 / Physik/ vol, 41, p. 407 (1027). 
t 1 Proe Ko\\ Sop A, vol. 130, p 37 (1033). 
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The Coefficients of Absorption and Opacity of a Partially 
Degenerate Gas . 

By Bertha Swirues, Ph.D., Imperial College of Science and Technology. 

(Communicated by K A Milne, F R S —Received March 18, 1933 ) 

§ 1. The absoiption of radiation in a highly degenerate gas has been 
investigated by Chandrasekhar,* * * § Majumdar,f and the present writer J Chand- 
rasekhar§ has also considered very fully the absorption in a classical gas. It 
appears that the absorption m a highly degenerate gas is much less than that 
which would be calculated for a classical gas at the same density and tempera¬ 
ture. The present paper is concerned with the absorption in a gas for which 
the degeneracy, as measured by Sommerfeld’s parameter, is small. As in a 
stellar configuration with a degenerate-gas core there must be a transition zone, 
where the gas is only slightly degenerate, it may be of value for astrophysical 
purposes to know the behaviour of the absorption coefficient for incipient 
degeneracy. 

In § 2 the coefficients of absorption and opacity due to “ free-free ” tran¬ 
sitions are evaluated ; in §§ 3 and 4 the contributions to the atomic absorption 
coefficient due to “ bound-free ” transitions from the lower energy levels are 
calculated In § 5 the absorption coefficient per normal hydrogen atom is 
found and the mass absorption coefficient deduced, and in § 6 the extra¬ 
polation for other atoms is discussed. 

It has not been found possible to make a complete evaluation of the opacity, 
owing to a difficulty to be explained later. 

The gas is supposed to consist of positively charged nuclei of charge Ze and 
electrons. The state of ionization is given by a modification of the standard 
ionization formula. The electrons alone are supposed to be degenerate. This 
is justifiable owing to the greater mass of the nuclei. The probability that a 
cell of energy E is empty is then given by 



* ‘ Proc. Roy. Soc.,’ A, vol. 133, p. 241 (1931). Referred to as C I. 

t * Aatr. Nachr.,’ vol. 243, p. 6 (1931); vol. 247, p. 12 (1932); Koth&ri and Majumdar, 
* Astr. Nadir.,’ vol. 244, p. 06 (1931). 

J 1 Mon. Not, R. Astr. Soc vol. 91, p. 857 (1931). 

§ ' Proc. Roy Soc.,’ A, vol. 13ft, p. 472 (1932). Referred to as C II. 



Opacity of a Partially Degenerate Gas . 


555 


where, if N # is the number of electrons per unit volume and T the temperature, 
a is given in terms of Sommerfeld’s degeneracy parameter S by the equation 

jjj _ IP N- ^ r 5 dj ^2) 

2(2^«tT) 1 tt* Jo e* + * 1* W 

§2. The Coefficients of Absorption and Opacity due to “ free-free ” Tran¬ 
sitions. —Using the results of Gaunt* the rate of absorption of energy from 
radiation of frequency v by electrons in states of positive energy in a range 
(E, E + dE) in the field of a nucleus with charge Zc, is, per unit volume 

a(Vk ' 3V3AcE^v 3 • 9 ' (r* +E ' lT 4- 1) (<’" J (E '»■>/»"' -f- ]) ’ yJ/ 

where g -* 1 when E, E' E + Av) -► 0 It appears also that except for very 
high frequencies g — 1 gives a good approximation when E alone tends to 
zero. For extreme degeneracy, an approximation to the repartition of the 
electrons among the phase cells is given m the following way . For energies 

less than the “threshold one 

while for energies exceedmg this value all phase cells arc vacant. Chand¬ 
rasekhar (C I) points out that the maximum of the Planck curve for the 
radiation then falls well within the “ threshold energy *’ and infers that the 
greater part of the contribution to the opacity is from transitions such that 
E > Av He therefore uses a formula due to Gaunt suitable for E > Av. 
This argument cannot be applied with the same force to the incipient degeneracy 
considered here The maximum of the weighting function used in evaluating 
the opacity (Rosseland mean) lies near the frequency 4AT/A, and that for the 
“ straight mean ” near 2-8 AT/A.f The 4t threshold energy ” is given approxi- 

rnately by — —*) and the condition for both these maxima to be outside 
J J bm\ iz / 

the threshold energy becomes 

2*3 > S 5 or S < 3-5. (4) 

We shall be mainly concerned with values of S which satisfy this condition, 
and for values of S outside this range it is not clear that the Gaunt formula 
for E : - Av is more suitable than (3). Usmg therefore (3) with g = 1, the 

* 1 Phil. Trans., 1 A, vol. 220, p. 163 (1930). 
f C/. Majumdnr, loc . cit. (1932). 
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atomic absorption coefficient due to “ free-free ” transitions is, for frequency 
v, equal to 

7(i _ A e ».w, {*» + "( , >f./i '—) } • 

where 

32ti: 2 ZV * 


A 3 x m*c ' 
The “ straight mean ” is therefore given by 


A 


On -- 


s: 




( M/k T _ _ j 


tfv 


f ® V 3 dv 

J 0 r*‘' u — 1 

160ZV f • A ' + , °«(?TI 
7i 2 v : ^ ; (er) 2 J 0 **- l 


tL) 

-i i/ 


d.r. 


The integral m (8) is equal to 


( 5 ) 

( 6 ) 


( 7 ) 


( 8 ) 


log, 10 r log ™ (I + LH - 11 dj -- !), say. (9) 

Jo ? x — 1 


To evaluate -9- for % 0-5, 0, —0 5, — 1 and —5, the values of the integrand 

were tabulated at intervals of 0*o m / and the integration made with a plani- 
meter. The results are given m Table I, columns (5) and (7) 

The atomic opaeity coefficient or Kosseland mean is defined as a x where 


1 <x 

Jo /g (v) (i — st 


f/v 


Jo 7>T 


dv 


( 10 ) 


where a (v) is the rate of absorption of energy from radiation of frequency v 
due to all transitions, “ bound-free ” as well as “ free-free/’ The opacity is 
not therefore an additive function*)* of the contributions from all transitions 
and its complete evaluation presents great difficulties. 


* In my previous paper a factor 2 has Wn omitted here in error. In that paper the 
formula (29) should be multiplied by 2, hut (30) remains unaltered, 
t < 7 Milne, ‘ Mon. Not. R. Astr. Soc.,’ vol. 85, p. 979 (1925). 
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We shall obtain here only the coefficient. of opacity due to “free-free” 
transitions in order to compare it with the corresponding absorption coefficient. 
We obtain 

1287 tW I r *•-» , I - 1 


iby/Whc (A’T) 2 V T j x + ]og( 4±iU 

Jo ; 1 + ll 


dj . (ID 


For convenience in computation, Uie integral m the denominator of (37) may 
be written* 


log (i + o LJo (i - O 2 

, i r_ ^io Ku ,(i 4 ^ irf > 

5 Jo (eosh ^ — 1 ) {log lf) (1 + e” tt ) — Iog 10 (1 f 


-—- dx 


—- 5082 f- ’ I f (t, <x) d'j 

°) “ Jo 


log (1 4 °) L “ Jo J 

For a ~ 0*5, 0, —0 5, —1, —5,/(x, a) was tabulated from x — 0 to x = 10 
at intervals of 0*5. The integration whs then made by means of a plam- 
meter. The error is estimated at about 2% As for all values of a considered 

rao 

\ 1 / (x, a) dx is much less than 5082 this degree of accuracy is sufficient The 
Jo 

results are given in Table I, column 4 In column 2, Table I, the values of 
S (*& ^ 3 N/[2 (27tMfcT)d), corresponding to the requiicd values of a, are given. 


s __ _2 f * x* (In 


* J it f r I 1 


For a 0, 0 5, this is equal to 


1' 2' + 3 


For a -- — 0*5, — 1, the mtegiand was tabulated from .t — 1 to x = 10 at 
intervals of 0*5 in x and the integration made with a plannneter For 


S oo 

o < 


. x* dx __ 5* or , 12 720 . 30240 

+1 r(») + “ ,v r> 2 r(i) + ^r<- j)' r 5«r(-^) 


with an error of the order of e 5 - 0 00074. f The sum of the senes on the 

* I wish to thank Professor D R. Hartree, F R.S., for discussion with regard to the 
evaluation of this integral. 

t See Bnllouin, “ Statistiqucs Quantiqucw,” voJ. 2, p. 387. 


VOL. CXII.— A, 



558 


B. Swirles. 


right-hand side of (16) is 8-816 and this may be taken as the value of the 
integral with an error of less than J %. 

The values of multiplied by he (&T) 2 /Z 2 e 6 are given in Table I, column 6. 
The values of a x and a 0 for very high degeneracy (a -*■ — oo) are included m 
Table I, using the formulae (see Cl) 

56 ZV 
" <h _ 10 y/9 ' ch (k’if 

u 80 ZV 
<l ° Zy/3 ' ch(kT)’ 1 


(17) 

(18) 


It is seen that already for a — — 5, the values are very little different from 
those for high degeneracy. 

For a classical gas (a -> b 00 )> (C I) 


C a 1 - 0 155 


e a 0 = 4*68 


zw 

c (2mn)' 

N. 

• (kiy 

(ID) 

ZW 

N. 

(20) 

(2 mm)* 

’ (kTf ■ 


Now since S = A 3 N g /|2 (2nmAT)«], the values of a x and a 0 are unaltered when 

By multiplying by tins factor we obtain the 
Table 1 


u . , j i 1 h 3 N 

mulfpM by - 


a. 

S. 

log (1 f e~ a ) 

5082 \ lJ*/(j\ a )ds 

D. 

hc(U T)* 

1 Z*e« ' 

Ac(ArT)* 

1 

0 5 

0 508 

0 4740 

5110 8 

0 433 

0 i46 

4 52 

0 

0 767 

0 6931 

5114 5 

0 610 

0 214 1 

5 71 

~0 6 

1 117 

0 9742 

5120 0 

0 797 1 

0 300 1 

7 46 

~1 

1 568 

1 3132 

5128 3 

0 083 , 

0 404 

9 20 

-5 

8 816 

5 0066 

5482 0 

1 609 

1 44 

15 06 

— 00 

<30 

ao 

oo 

1 645 

2 15 

16 39 


Table 11. 


a 

8 

i 

c (2wm)»/* my/* 
aj ZV N 

«l/«l<ao) 

c(LV>n)*/*(4T) ? /‘ 
a ° ZVX 

a d a ${<i o)' 

00 i 

0 

0 165 

I 

4 68 

1 

0 5 

0 508 

0 144 

0 93 

4 46 

0*96 

0 

0 767 

0 139 

0 90 

3 72 

0*79 

-0 5 

1 117 

0 134 

0 87 

3*34 

0*71 

-l 

1*668 

0 129 

0 83 

2*93 

0 63 

-5 

8 816 

0 082 

0 53 

0 85 

01 
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expressions for aj and a 0 in a form suitable for comparison with the classical 
expressions. In Table II, columns 3 and 5, the values of a t and a 0 multiplied 
by c (2 twi)* (&T) J /(ZWN e ), and in columns 4 and 6 the ratios of and a 0 
to the values which would be computed for them from the formulae (19) and 
(20) for a classical gas, are given. 


hcjkTp 




These results are also shown in figs. 1 and 2. 


2 p 2 
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§3. Absorption, Coefficient due to the two K-electrons ,—Using the result of 
Nishina and Kabi,* and Stobbe,f the rate of absorption of radiation of fre¬ 
quency v by the two K-eleetrons m the field ol a nucleus of charge Z is found 
to be 


2*ne 2 Vj 3 exp [—4{vj/(v--v,)}* tan 1 {( v “ v i)/ v i} i l exp, [q-f-A (v—v 1 )/fcT] 

3cm ' v 4 * 1 - exp. [ -2 tc{v]/(v vjpl exp [a-)-A (v—Vj)/A:T]-f l' 


where 



^ 2tI 2 ///6 4 


Therefore the atomic absorption coefficient (the “ straight mean M ) is given 
by 

i (av)^ v 3 e~ A, ^ r dv 

J V, 




Putting 


(22) reduces to 


* r v a 

Jo £' h '! ki -1 


( 22 ) 




{(v - v,)/v,}< = X and ^ = y v 


2 9 . o « 2 _ r 

~~ 7T 3 cmVj r . o (x 2 


jc exp. [— (4/ic) tan 1 a] dx 


H) [1 exp. (—27r/x) | [exp. (y x z 2 )-f exp.(-a)] * 

(23) 


This reduces to equation (17) (011) when e a tends to + oo and may be evalu¬ 
ated in a similar way under ccitam conditions, The range of integration is 
divided into equal intervals ( k , k + 1) where k is an integer, and in each of 
these intervals the expression 


/(*) 


x exp | — (i/x) tan x x] 
j* + 1 ' 1 — exp. (— 2n[x) 


(24) 


is represented by a linear approximation 


m k x + c k , 


so that, to the extent to which this approximation is valid, 


( + l /(z)(fa 
( «?■*■ + «-* 


ntui=m r e - toB 

2m L 


% 

+ 


f- 


“1*+ 1 


K* + !)/(*) - *f(* + 1)] f + ' T J X - • (25) 
J* e v ' x + c 


* ‘ Verh. deuts. phys. Gcs.,’ vol. 9, p. 8 (1928). 
) ‘Ann. Phynik,’ vol. 7, p. 661 (1930). 


(21) 



Opacity of a Partially Degenerate Gas. 


561 


The coefficients m», c k are the same as in (18) (CII) and I am indebted to 
Mr. Chandrasekhar for checking his calculation of them. Then, 

f 0—r a '* - {0-01082 [log (1 + e-“) - log (1 + «—*•)] 

J„ e Vl -f e .Vi 

+ 0-01201 [log (1 + «•—-»■) - log (1 + e—*»•)] 

+ 0-00953 [log (1 + e-‘ , -* l, ‘) - - log (1 + e “~ B * / *)J 
+ 0-00710[log (1 + *-*-"»•) - log (1 + e -«-i«i>,)] 


I 


0 00237 


f 2 dx 
J! e^'+ e- 


0-00753 




dx 


+ e- 


- 0-02211 r —- + .. 1 . (26) 

Ji e** + «"• / 


We must now consider just what range of vaules for a and y Y we require. 
Ignoring the effect of the finite volumes occupied by the atoms in their discrete 
quantum states the ionization formula for a gas can be obtained in the form 


n r+l I -*r/U’ * 

?'r <Jr 


(27) 


where w r is the number of atoms (r — I) times ionized, q r is the statistical 
weight and <J/ f is the rth ionization potential. From this it would appear 
that as a — ao (high degeneracy) the gas cannot be ionized But in order 
to account for the very high densities m white dwarf stars it is necessary to 
assume that the gas is very highly ionized. For such high densities (27) 
will no longer be valid since it becomes necessary to take into account the 
volumes occupied by the atoms. 

It has been suggested by various writers! that for very high densities the 
ionization is determined by the fact that the volume which can be occupied 
by an ion is restricted. When the density is such that 

/Factor of order\ ^ /Number of nuclei \ ^ /Volume of (r — l)v ^ ^ 

\unity / \per unit volume 1 \ tunes ionized atom/ 

then the atoms must on an average be more than (r — 1) times ionized. 

We shall now put the condition (28) in another form. Let an (r — 1) 


* Cf, Milne, ‘ Mon. Not. R. Astr Soc.,’ vol. 90, p. 769 (1930). 

t Kothari and M&jumdar, * Astr. Nachr.,’ vol. 244, p. 66 (1931) where other referenoes 
aro given. 
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times ionized atom have a senes electron describing a non-penetrating orbit 
in the field of a core with charge Z Pf f. Then the orbit corresponding to the 
ground state has radius approximately a H / Z o(f , where a H is the radius of the 
first hydrogen orbit. If be the rth ionization potential 


= * 




If now we consider each ion to occupy a sphere of radius /ca u /Z P ff, where 
k > 1, the condition (28) becomes, if N is the number of nuclei per unit volume, 


V A*ff ' 

If N is the number of free electrons, 


(29) 


and 


N. - (r — 1)N 
ATS* - 

2mn 2 ' 


Then since a n = h^/iizhne 2 , (29) becomes 


k 2 i 87c \ # 

ik \» (r — 1)7 


S* > * r /AT. 


(30) 


This is the condition for pressure ionization to occur. The numerical factor 
is less than unity and we may infer that pressure ionization will not occur, 
i.e., we may apply (27) provided that 

<Iv/AT > S«. 

We shall therefore impose the condition 

Si > S*. (31) 

The range of values of S which we particularly wish to investigate is that 
between 0 and 3; calculations on the “ standard model ”* of a star with 
degenerate-gas core, give a value S = 2*97 at the interface.! 

We find that for a> — 1 (corresponding to S < 1 -6) and y x > 3 (thus 
satisfying (31)) a good approximation to (26) is given by the first term 

0-01082 - log (1 +«-•). 

20 

* Milne, 1 Mon Not. R. Astr. Soo.,* vol. 91, p. 1 (1930). 
t Cf. Kothari, ‘ Mon. Not. R. Astr, Soc.,’ vol. 93, p. 71 (footnote) (1932). 
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For larger values of 8 the values of y 1 required by (31) will be such as to corre¬ 
spond to extremely low temperatures. 

The contribution to the absorption coefficient by one K-electron is 

— . — . vA"*' X 0-01082e* log (1 4- e~*)> 

7T 3 CWVy 

whilst in a classical gas it is 


2 tt . 5 e 1 
7T® ’ cmv. 


X 0*01082. 


§4. The Coefficient of Absorption due to the Eight \^electrons,—Tha rate of 
absorption of radiation of frequency v by the eight L-electrons in the field 
of a nucleus of charge Z is given by 




x exp. [-8{v,/(v - v a )>) tan -1 {(v — vg)/v a >*] exp.[« + A(v- v a )/^Tl 


Putting 


1 - exp [— 4tt{v 2 /(v - v 2 )}‘| ' exp. [a + h (v - v 2 )/ATJ + 1' 

x = {(v- v 2 )/v 2 }‘ and ^ y 2 


the atomic absorption coefficient is given by 

2 12 . 5 c 2 




7C 8 cmvn 


y * e '# +1 | 1 + ^ + l 


-4-1 + ('*=* 4- 1) 2 J 




(1 - er** jx ) ((?*' -f <T‘) 


fa. (36) 


By similar considerations to those employed for the E-electrons it is seen that 
the values required are 

y 2 ^ a> - 1, 


and by the same argument as before a good approximation to the integral 
in (36) is given by 


0*00280 
Vi 


e a log (1 + e _ft ). 


(37) 


As in the case of the K-electrons, the contribution to the absorption coefficient 


* Mr, Chandrasekhar has kindly sent me the corrected form of the result given by 8tobbe ( 
lot. oit. 
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by an L-electron is e* log (1 + e~ a ) times the value given by the classical 
formula. 

§ 5. The Absorption Coefficient due to Hydrogen Atoms .—Let 
n = total number of hydrogen atoms per cm. 3 , 
n t — number per cm. 3 in quantum state £, 

N t -- number of hydrogen ions per cm. 3 , 

N # =- total number of free electrons per cm. 3 , 
a = coefficient of absorption per normal hydrogen atom, 

The contribution to a due to the “ free-free ” transitions is 


N. 

n. 


(38) 


If the electrons alone are degenerate 


wher<* 



"i 


«. - *i =yi — *•* 


(39) 


It follows from (8) and (9), putting Z — 1, that the contribution to a is 


80p« a 

(/T) ** 

J*L.**!i 

t:V3 r y x (kT) 9 


(40) 

(41) 


We must now consider the contribution due to “ bound-free ” transitions 
from states of higher energy than those given by l = 1 and l = 2. Using 
Milne’s result which was justified by Gauntf as a good approximation for 
large total quantum number l, and not too high frequency of radiation, the 
rate of absorption of radiation of frequency v by n t i-electrons is given by 


where 


Mi = 


16tiW> 
3V3 ch' 


h 

V 3 


£ A <‘> 


e a+hW- y^fkT 

( ,a \-h{v~yj)lkT _j_ j 


A (0 


1 1 
(l ~ l ) 2 (I + £) 2 ' 


(42) 


* Of. Milne, ' Mon. Not. R. A»tr. Soc.,’ vol. 90, p. 709 (1930). 
t ‘ Phil. Trana A, vol. 229, p. 163 (1930). 
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Using this result for / 3 we have for the contribution to the atomic absorption 

coefficient 

r (rt.)i 'Ar'“/* T dv 


r - 

v’ 

(U 



Jo e 

»»/*T 1 

Itv 



80 

ZV*v, 

n t A (/) 

e ~vj+* f 00 dv 

(43) 

7t 2 \/3 

t (AT) 3 ' 

i* ' 

4 ( )/*T + , 

80 

Tl^V 3 

Z 2 e 6 vj 

' c (AT) 3 

»A (0 

i 2 

. <r v ‘ ,a log(l +e _ “) 

(44) 


This is again the classical result multiplied by a factor e a log (1 + e~‘). 
Using 

— = I 2 e v i~ y> , 

«l 

and including the contribution from the electrons in quantum states l — 1 
and l — 2 as calculated m §§ 3 and 4, it follows at once by companson with 
C TI, p 480 et 6 eq., that the total contribution from “ bound-free ” transitions 
to the absorption coefficient per normal hydrogen atom is 


Mil 4 J Vt 


(46) 


We have therefore for the absorption coefficient per normal hydrogen atom 


« - -T75 •-■‘'4- + 2-286 log (1 + «-) 

c L y. 


(jfcT ) 3 


(46) 


and for the mass absorption coefficient 


an x 80 c% 2 . 

p tz 2 \/3 c (2ttih) 


286y x log (1 -(- e a )] 


Mi 

S(kT)> 9 ' 


(47) 


where the first term m square brackets represents the contribution from 
“ free-free ” and the second that from “ bound-free ” transitions A com¬ 
parison of columns (3) and (5) in Table I shows that the ratio of * bound-free ” 
to <c free-free " absorption increases slightly with increasing degeneracy in 
the range with which we are concerned, (qo ]> a > — 1) For values of y x 
greater than 3 the “ bound-free ” absorption is predominant In hydrogen 
the condition 


involves 


2/i > 3 

T < 0 5.10 3 . 
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§ 6. Extrapolation for the Absorption Coefficient in general —A similar process 
to that employed m (_’ II (§ 9) leads to an expression 


40 


eVi* 


7T 4 \/3 cni(2nm) x 


j S '/.r X ^l) 


N. 


S(iT)J 


(48) 


for the atomic absorption coefficient m genera], where 

x r -- fraction of total number of atoms which have lost (r — 1) electrons. 
/ f — rth ionization energy 

This formula is applicable when / r > 3&T and a> — 1, i,e. f for incipient 
degeneracy. For extreme degeneracy, as we have seen, the ionization formula 
cannot be applied except for very low temperatures. For high degeneracy 
when the ionization formula cannot be applied the contribution from the 
" bound-free ” transitions is small, and moreover thermal conduction becomes 
of more importance than the radiative transfer of energy * 

In the range of values considered for a and / r it is dear from the values of 
log(l f e “) and S m Table I that no very great error is incurred by using 
the classical formula It appears therefore that the “ standard model ” of 
a star gives such values for the density and temperature at the interface, as 
to justify the use of the classical formula up to the interface and to make the 
use of the “ degenerate ” formula inside the interface imperative The results 
obtained here apply to the “ straight mean ” absorption coefficient. From 
tig 2, which gives the behaviour of the Rosselaud mean of the absorption due 
to “ free-free ” transitions, we see that with increasing degeneracy the Rosse- 
land mean falls off much more slowly from the value winch would be computed 
from the classical formula. It would therefore, probably be equally justifiable 
to use the classical expression for the Rosseland mean in the range considered. 


It is a pleasure to express my thanks to Professor E A Milne for his helpful 
criticism during the course of this work 


Summary. 

Expressions have been found by various writers for the absorption coefficient 
of a classical gas and a highly degenerate 1 gas. In the present paper the 
absorption coefficient of a gas in intermediate states is investigated. Values 
are found for the “ straight mean ” absorption coefficient due to both “ bound- 
free ” and “ free-free ” transitions, and for the opacity, considering “ free- 
free ” transitions only. The application of the results to the two-phase 
“ standard model ” of a star is discussed. 

* tSee Kothan, 1 Mon. Not. R. Astr Soc.,’ vol. 93, p. 62, et &eq, (1932). 
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Adsorption , Oriented Overgrowth and Mixed Crystal Formation. 

By C. W. Bunn. 

(Communicated by 0 N. Hmshelwood, F R.S — Received March 21, 1933.) 

[Platk 8.] 

Introduction. 

In this paper is considered the cause of strong adsorption of certain sub¬ 
stances on specific crystal faces, and the relations between this phenomenon 
and the other two types of phenomena set down in the title—oriented over¬ 
growth of different crystals on each other, and mixed crystal formation between 
two substances. A theory of adsorption is suggested, according to which this 
mode of association of two substances is related to the other two modes, 
oriented overgrowth and mixed crystal formation, very much more closely 
than is commonly realized. 

Present knowledge of strong adsorption on specific crystal faces is due to the 
study of habit modification by dissolved impurities Urea nitrate grown from 
a solution containing methylene blue forms a good example ; Gaubert* found 
that the presence of methylene blue m the solution modifies the habit of the 
crystals, and at the same time it becomes included in the crystals, colouring 
them blue. The modification of habit in such cases appears to be caused by 
strong preferential adsorption of the impurity on certain crystal faces ; the 
rate of growth of these faces (thickness of solid deposited in a given time) is 
reduced, and they are therefore prominent on the final crystal, since it is always 
the most slowly growing faces which predominate. The evidence for this 
view is that when the adsorbed substance is a coloured substance and can thus 
be seen in the crystal, as in the above example, it is seen to be located in pyramid- 
shaped regions opemng out from the centre of the crystal to the faces whose 
rate of growth has been reduced. Other typical examples with coloured 
impurities are . urea nitrate in presence of picric acid,* which affects different 
faces from those affected by methylene blue , Pb (N0 3 ) 2 m presence of methy¬ 
lene bluef , and alum in the presence of diamine sky blue FF.J 

* ‘ C. R Acad. Soi PariH,’ vol. 143, p. 936 (1906). 

t Buokley, 1 Z. Krwtallog.,’ vol. 76, p. 147 (1930). 

} Keenan and France, ‘ J. Amer. Ceram. Soc.,’ vol. 10, p. 821 (1927). 
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The same appears to be true for colourless impurities. Three examples are 
described below in Section I—sodium chlorate in presence of sodium thio¬ 
sulphate,* * * § potassium sulphate in presence of potassium chlorate,f and potassium 
sulphate in presence of potassium nitrate.I 

It appears likely, judging from these examples and from the work of Gaubert^. 
on the effect of a large number of substances on ammonium chloride crystals, 
that whenever crystal habit is modified by the presence of an impurity in the 
solution, the impurity becomes included in the crystal owing to strong pre¬ 
ferential adsorption on the faces whose rate of growth is reduced. 

Gaubert§ in 1925 suggested that habit modification is due to the same 
causes as oriented overgrowth , the discussion leading up to this suggestion 
does not seem convincing, but he gave very good evidence in support of it, 
in the fact that Pb(N0 3 ) a forms oriented overgrowths on methylene blue 
crystals. 

Sloat and Menzies,!) actmg on Gaubert’s suggestion, attempted to obtain 
oriented overgrowths of urea on octahedral faces of sodium chloride, failed, 
and abandoned the idea. 

Buckley (m various papers) has attempted to explain adsorption on specific 
faces, for potassium salts of oxy-acids, as due to adherence of an ion of impurity 
by a pair or a triangle of its oxygen atoms to a pair or triangle of oxygen atoms 
of an ion exposed on the growing face of the crystal. This idea seemed to 
work sometimes, but failed at others. 

I have approached the problem by examining the properties of modified 
crystals containing impurity. It is probable that the arrangement of the 
particles of impurity m these crystals is the same as it was on the faces of the 
crystals during growth ; consequently, if the nature of these impure crystals 
were understood, we should know something about the arrangement of the 
adsorbed particles on the growing crystal faces. Gaubert (loc. cit,, 1918, 
1925) has already stated, without giving much evidence, that these impure 
crystals (which will be called hero “ adsorption bodies ”) are solid solutions 
in which both components aro oriented, i.e , mixed crystals. In the following 
pages, the properties of “ adsorption bodies ” and mixed crystals are com¬ 
pared ; a good deal of new evidence is presented. 

* Buckley, * Z. Knatailog./ vol. 75, p 15 (1930). 

■f Buckley, ‘ Z. Kxistallog.,’ vol 81, p 157 (1932). 

X ' Bull. Soo. Franc. Mm.,’ vol. 38, p 149 (1915). 

§ ‘C R. Acad Sci Pans.,’ vol. 107, p. 491 (1918) ; vol. 180, p 378 (1925) 

|| * J. Phys. Chem.,’ vol. 35, p. 2005 (1931). 
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I .—Mixed Crystals and “ Adswphon Bodies 

Fine Structure. —X-ray methods have not, up to the present, given any 
direct evidence of the structure of adsorption bodies Powder spectra of two 
examples were obtained by France and collaborators,* but m each case the 
spectrum was the same at that of the pure substance , the amount of impurity 
present in the crystals was too small to cause any appreciable modification of 
the spe< tra 

Optical properties show, firstly, that a contaminated region of an adsorption 
body (in the examples studied below) is, as far as micros epic examination is 
able to decide, a single solid phase when first formed The units of impurity 
are too small to be seen individually, even under high powers. 

Secondly, optical properties give evidence of orientation of the units of 
impurity. Interpretation of the evidence is simplest for isometric crystals. 
Cubic crystals of Pb (N0 3 ) 2 or Ba (N0 3 ) 2 coloured by methylene blue are 
birefrmgent and pleor hrnic. Each cube is divided diagonally into six pyiamids 
with their apices at the centre of the crystal and opening out to the six cube 
faces, ea< h pyramid having the same optical orientation with respect to its 
own cube face The whole structure is a sort of mimetic twinning structure, 
fig 1. Now pleochroism might be produced in a coloured crystal by strain , 
but pleochroism due to stiam is not likely to assume the precise regular character 
observed, and therefore this possibility can be ignored. The type of regularity 
observed is evidence of orientation of the impurity with respect to the ciystal 
lattice , further, the impunty is oriented m a particular way with respect to 
the cube face on which it is deposited. Gaubert (loc. cit., 1918) concluded 
that pleochroism is evidence of orientation of the impurity, though he does not 
mention the “ twinning ” structure. 

Pleochroism has also been observed by Tammann and Laassf and Gaubert! 
m certain organic < rystals coloured by dyes, growD either fiom alcoholic solu¬ 
tion or from melts. 

Orientation of colourless impurities in adsorption bodies is sometimes indi¬ 
cated by changes m the birefringence of the crystals. Interpretation is 
simplest for isometric crystals containing birefrmgent impurities. Buckley 
(loc. cit , 1930) found that sodium chlorate, which normally crystallizes in cubes, 
forms tetrahedra in a solution containing thiosulphate, and that the modified 

* Foote, Blake and France, ‘ J. Phys. Chom,,’ vol. 34, p. 2236 (1930); Weinland and 
France, 4 J. Phya. Chcm / vol 36, p. 2832 (1932). 

t 1 Z. anorg. Chom vol. 172, p. 65 (1928). 

J ‘ C. R. Acad. Scj. Pans,’ vol. 194, p. 109 (1932). 
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crystals contain some thiosulphate. 1 have observed that when a strongly 
supersaturated solution of sodium chlorate containing thiosulphate crystallizes 
rapidly on a microscope slide, the crystals are weakly birefrmgent, and that 
crystals having both cube and tetrahedron faces show the strongest bire¬ 
fringence in sectors opening out from the centre of the crystal to the tetrahedron 
faces The thiosulphate is evidently located chiefly m these regions A pure 
tetrahedron (x,e., with no cube faces) consists of four pyramids with their 
apices at the centre of the crystal, fig. 2, each pyramid having the same optical 
orientation with respect to its own tetrahedron face Again we have a sort 
of mimetic twinning structure, analogous to that of barium nitrate cubes 
containing methylene blue, except that there are four sectors instead of six ; 
again we have evidence of orientation of the thiosulphate units with respect 
to the face on which they are deposited. 



Fig. 1.—“ Thinning M structuic of Pb(NO a ) a 
cube containing methylene blue, and of 
mixed cry stain of NH 4 Cl with metallic 
chloride dih>drates. 



Flo 2 “ Twinning " structure of 

N«i(’ 10 3 tetrahedron containing thio¬ 
sulphate. 


The optical structure of these crystals is not always so simple as that described. 
Crystals which start as cubes show a diagonal division into very weakly bire- 
fnngent sectors, exactly like cubes of barium nitrate containing methylene 
blue , evidently thiosulphate is adsorbed and retained on cube faces, though 
far less strongly than on tetrahedron faces. When tetrahedron faces subse¬ 
quently develop on these crystals, the optical structure is naturally rather 
complex. 

A good example involving a crystal belonging to one of the less symmetrical 
systems is that of potassium sulphate (orthorhombic) crystallized m presence 
of potassium chlorate. Buckley (loc, cit., 1932) found that this impurity 
modifies the habit of K 2 S0 4 crystals, the chief effect being on 001 faces. I 
have observed that in crystals of K 2 S0 4 grown rapidly on a microscope slide 
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in presence of KC10 3 , the sectors ending in the 001 faces are more weakly 
birefringent than the rest of the crystal, when observed from a direction normal 
to 010, fig. 17, Plate 8; even in ordinary transmitted light, diagonal dividing 
lines are visible, as in fig. 16, Plate 8 The KC10 3 is evidently adsorbed and 
retained by the 001 faces of K 2 S0 4 in such a way as to reduce the birefringence 
seen from this direction. 

The same effect is observed when the impurity present in solution is KN0 3 ; 
but the appearances are often more complex, owmg to twinning of the K 2 S0 4 
crystals. 

In these adsorption bodies, therefore, the impurity units are oriented with 
respect to the crystal lattice, and they are very small, beyond microscopic 
size. A fine structure of tins type is, as far as optical properties are able to 
decide, that of a mixed crystal. 

Other properties of mixed crystals and adsorption bodies will now be con¬ 
sidered. The evidence furnished by these properties is not direct evidence of 
structure, but the analogies presented give strong support to the view that the 
two types of crystals are essentially similar. 

“ Twimnmf ” Structure ,—We have seen that in adsorption bodies bounded 
by faces all of the same form, oriented deposition of the impurity on the faces 
gives rise to a sort of mimetic twinning structure. Mixed crystals of ammonium 
chloride with metallic chloride dili>drates* have structures entirely analogous 
to that of barium nitrate containing methylene bluc. If solutions of ammonium 
chloride containing the divalent chlorides of manganese, iron, cobalt, nickel or 
copper are crystallized, cubes (often with curved faces) are at first formed ; 
these cubes are birefringent, and are divided diagonally into six sectors opening 
out from the centre of the crystal to the cube faces ; quartz wedge and cono- 
scopic observations show that the optical orientation of a sector with respect 
to its own cube face is the same for all sectors--each sector is a uniaxial crystal 
with its optic axis normal to the cube face. 

These mixed crystals are usually described as “ anomalous ” because the 
substances forming them are not isomorphous. The similarity of the “ twin¬ 
ning M structures to that of Ba(N0 3 ) 2 crystals containing methylene blue 
suggests that adsorption bodies are of the same nature as mixed crystals of 
non-isomorphoua substances. 

Factors determining Composition ,—The amount of impurity in an adsorption 
body depends, not only on the nature of the face on which deposition occurs, 

* Clendmnen and Rivett, ‘ J. Chem. Soo./ vol. 119, p. 1329 (1921) , vol. 121, p. 801 
(1922) ; vol. 123, pp. 1344, 1634 (1923). 
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and on the concentration of the impurity in the solution or melt,* but also on 
the rate of growth of the crystals. In the examples studied, the optical effects 
showing the presence of impurity are stronger when the crystals grow rapidly 
than when they grow slowly. Taminanri and Laass (loc. cU.) observed the 
same thing m benzophenonc crystals grown from melts < ontainmg dyes. Thus 
crystals when growing slowly are able to reject the impurities arriving at their 
faces, whereas when growing rapidly they are unable to do this so completely. 

Mixed crystals of the isomorphous substances (XH 4 ) a SS0 4 and K 2 S0 4 behave 
in a similar way. In the system (N1I 4 ) 2 S0 4 -K 2 S0 4 -H 2 0, at equilibrium the 
ratio (NH 4 ) 2 S0 4 . K 2 S0 4 in the solid phase is always far less than that in the 
solution. Crystals giown slowly reject the excess (NH 4 ) 2 SO, ( which arrives at 
their faces, and have a composition approaching the equilibrium ratio Crystals 
grown rapidly in a thin film of solution on a microm ope slide have the appearance 
of figs. 18 and 19, Plate <S ; the rapidly growing end faces are unable to reject 
all the excess (NH 4 ) 2 S0 4 , and therefore the socIom ending in these faces con tarn 
more (NH 4 ) 2 S0 4 and are more strongly birefringent (since the birefringence of 
(NH 4 ) a S0 4 is much greater in all the directions than that of lv 2 S0 4 ) than the sectors 
ending in the more slowly growing side faces, which arc able to reject more of 
the unwanted (NII 4 ) 2 S0 4 . That the end sectors are mote unstable witlirespeet 
to the solution than are the side sectors is showm by the fa* t that the end sectors 
redissolve in the mother liquor m a iew minutes, these regions becoming quite 
hollow. Similar effects w r cre observed in mixed crystals of Tv 2 S0 4 and K 2 Cr0 4 , 
and (NII 4 ) 2 S0 4 and K 2 Cr0 4 . The essential similarly of these crystals to that 
of K a S0 4 grown in presence of K010 3 is well illustrated by the similarity of 
figs. 19 and 17, Tlate 8. The difference lies in the fact that in the latter system 
the equilibrium concentration of KC10 3 is solid K 2 S0 4 is near zero. 

In general the chief difference between adsorption bodies and ordmary mixed 
crystals is that in the former the amount of impurity taken up depends in a 
highly specific way on the nature of the face ; m the latter it does not, unless 
the faces grow at different rates. Even this difference, however, is only a 
difference of degree; for the monochmc mixed crystals of hydrated metallic 
sulphates MS0 4 .7H a O (where M = Fe, Mn, Co, Cu, etc ), which when grown 
rapidly on microscope slides are flat rhombs with inclined extinction, arc divided 
diagonally into sectors, one opposite pair having a slightly different extinction 
angle and therefore a different composition from the other pair. Since the 
faces concerned grow at about equal rates, it appears that the ease of rejection 

* Gaubert (loc. ciU, 1906); Tammann and bauHB (loc. ett ), Gaubert, 4 C. R. Acad. Sci 
Pans/ voJ. 147, p. 632 (1908). 
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of unwanted material depends to a certain extent on the nature of the face as 
well as on its rate ot growth. Fig. 20, Plate 8, shows a crystal containing 
manganous and copper sulphates ; the irregular portion growing out rapidly 
on the left has an extinction position different again from those of the pairs of 
sectors. The strongest effects of this type were observed with the combinations 
Fe-Cu (4:1), Mn-Cu (1 1), and Ni-Cu (1 1 and 3:1), weak effects with 
Zn-Fe (1 : 1 and 3:1); and no effect with Mg-Zn (1 : 1 and 3.1), Fe-Mn 
(4 : 1), Cd-Cu (1 :1) 

Stability .—-Rapidly grown adsorption bodies are unstable in their mother 
liquor. Sodium chlorate crystals containing thiosulphate partially redissolve 
and become practically isotropic within one day Potassium sulphate crystals 
containing chlorate change more slowly, but within one day the 001 faces 
become etched and hollowed. The analogous dissolution ol the rapidly growing 
sectors of (NH 4 ) 2 S0 4 -K 2 S0 4 mixed crystals has already been mentioned 

More important than thu> is the fact that some adsorption bodies in the dry 
state separate into two solid phases Ammonium chloride cubes grown in a 
solution containing much urea (but not saturated with urea) take up very 
little urea, for the crystals are only very weakly birefringent, but within a 
few minutes of their formation, thin birefringent laminao parallel to the cube 
faces appear, a few to each crystal; presumably these consist of urea which has 
separated from the composite crystal. Migration of urea through the crystal 
must occur in order to form these laminae. It is evident that the amount of 
urea which can be held m solid solution m ammonium chloride is very small 

Sodium chlorate crystals containing thiosulphate become practically iso¬ 
tropic in two days, and minute, strongly birefringent crystals, presumably of 
thiosulphate, appear on the surfaces Potassium sulphate crystals containing 
chlorate show, within a week, very small birefringent crystals in the sectors 
opening out to the 001 faces, and the general birefringence of these sectors 
increases. 

Similarly, Tammann and Laass ( loc . cit.) observed that the dye in their pleo- 
chroic benzophenono crystals grown from melts subsequently separated in the 
form of inclusions, leaving the body of the crystal colourless. 

Certain mixed crystals behave in exactly the same way. Grimm and Wagner* 
found that mixed crystals of BaS0 4 and KMn0 4 containing up to 40% KMn0 4 
are stable; mixed crystals containing up to 60% KMn0 4 can be obtained, 
but they rapidly become opaque owing to separation of minute KMn0 4 
crystals. 

♦ 4 Z. phya. Chem.; vol. 132, p. 131 (1928). 
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Mixed crystals of NH 4 C1 with metallic chloride dihydrates also separate 
into two solid phases in the dry state. Specimens containing each of the 
five metals Mn, Fe, Co, Ni and Cu were prepared about three years ago and 
left either in the dry state or mounted in Canada balsam on microscope slides. 
In all specimens small bircfnngent crystals appeared on the surfaces, and the 
birefringence of the main crystal decreased practically to zero ; this happened 
most rapidly (within a few months) with crystals containing Cu, and the 
small birefringent crystals were identified as crystals of 2NH 4 C1. CuCl 2 .2H a O. 
Crystals containing the other metals changed more slowly, but are now 
practically isotropic. 

The similarity between these “ supersaturated ” mixed crystals and ad¬ 
sorption bodies suggests that the latter are also “supersaturated” mixed crystals. 
This term, however, implies a definite, if small, equilibrium solubility In the 
only two systems in which the equilibrium relations have been worked out, 
KjSO^KNOg-HaO* and NaCl-urea-H a O,f no stable range.s were encountered, 
though it must be remembered that any stable ranges would be so small 
that they would probably not be detected unless they were being definitely 
sought. If the equilibrium solubilities are zero (if there is such a thing as 
complete lmmiscibihty of solids), adsorption bodies should be described as 
“ unstable mixed crystals.” 


II .—Theory of Adsorption. 

Application of Knowledge on Mixed Crystal Formation to Adsorption .— 
Since adsorption bodies and mixed crystals appear to differ only in degree, 
existing knowedge on mixed crystal formation may be applied, in a suitably 
modified form, to the adsorption problems presented by the phenomena of 
habit-modification, and possibly to adsorption on crystal faces in general. 

The most well-known examples of mixed crystals are those formed between 
jsomorphous substances which have atomic lattice structures similar both in 
form and in absolute dimensions. According to Goldschmidt ,% mixed crystal 
formation only takes place when the corresponding interatomic distances m the 
two separate crystals do not differ by more than about 10%; when 
this condition is fulfilled, the two substances form an extensive, or sometimes 
a complete, range of stable mixed crystals. 


* Hanud, ‘ J. Chem Soc.,’ p. 190 (1926). 
t Ritzel, * Z. Knstallog.,’ vol. 49, p. 152 (1911). 
f * Trans. Faraday Koc.,’ vol. 25, p. 268 (1929). 
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The reason why there is no appreciable stable mixed crystal formation be¬ 
tween the substances which form adsorption bodies is that there is no overall 
similarity of lattice structures ; but the fact that unstable mixed crystals 
are formed suggests that the lattices have a partial, very limited, similarity ; 
we wish to know the nature of this partial similarity. 

The Condition for Strong Adsorption —Since the condition for stable mix ed 
crystal formation is complete similarity of lattice structure m all respects, 
it seems reasonable to suppose that the condition for strong oriented surface 
adherence and formation of unstable mixed crystals on certain faces only is 
similarity of the lattice structures of the two substances along certain specific 
planes only, the rest of the lattice structures being dissimilar. In other words 
for stable mixed crystal formation a three-dimensional similarity of lattice 
structure is required, while for strong oriented surface adherence a two- 
dimensional similarity is required Thus, if in two crystals the atomic arrange¬ 
ment on a particular plane of one crystal is similar to that on a particular 
plane of another crystal, and the interatomic distances are similar (within, 
say, 10% if the analogy with mixed crystals holds good), then one of the 
substances will adhere strongly to the appropriate crystal face of the other, 
and vice versa . 

The conception of “ similarity needs closer examination. The structure 
of crystals m general can be regarded, to a first approximation, as a conse¬ 
quence of the necessity of packing spherical atoms of specific sizes, or groups 
of such atoms, in an orderly manner. The structures of mixed crystals can 
be regarded in the same way, though there is apparently a certain amount of 
distortion of the atoms to enable them to accommodate themselves to an 
intermediate lattice structure. There is no reason to suppose that conditions 
are any different for adsorbed substances on crystal faces, for we have seen that 
adsorption bodies and mixed crystals differ only in degree. We are therefore 
led to suppose that the similarity of lattice structures along specific planes 
must be such that a packing effect can be achieved, projecting atoms on the 
crystal face fitting into hollows of the thin layer crystal of adsorbed substance. 
This, of course, is only a crude picture, but it may be useful m the same way as 
the conception of the packing of spheres is useful in dealing with crystal 
structures in general. 

This view seems inherently reasonable. If we imagine adsorbed particles 
more or less at rest on crystal surface, we should expect the most stable 
arrangement to be that in which the particles are arranged in the same way as 
they would be m a crystal of the substance ; and we should expect the strongest 
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adherence in crystals where this arrangement corresponds to the arrangement 
of particles on the crystal face in such a way that a packing effect can be 
achieved. The packing effect permits a closer average approach between 
atomic centres, aDd therefore a stronger binding, than would otherwise be 
possible There are, of course, other factors which will probably have to be 
taken into account ultimately, but for the present attention will be confined 
to the conception in its simplest form. 

The adsorbed layer need not be continuous. Sometimes, as in the growth 
of modified crystals m solutions containing very small amounts of impurity, 
there may be isolated molecules or ions of impurity here and there on the 
growing crystal face. Perhaps the most satisfactory conception of the 
necessary condition for strong adsorption, covering these systems as well as 
continuous layers, is this . When the crystal face baa a structure similar to 
that of a face of a crystal of the adsorbed substance, a particle of the latter will 
adhere to the crystal face just as it would to the corresponding face of its own 
crystal, since it experiences similar forceM 

The condition postulated as necessary for strong adsorption of a substance 
on a crystal face of another appears to bo identical with that known to be 
necessary for oriented overgrowth of a crystal of one substance on a crystal 
face of another. Of course, it may be that the necessary degree of closeness 
of interatomic distances for adsorption is different from that required for 
oriented overgrowth; but it should at any rate be possible, m cases where 
very strong adsorption is known to occur, to obtain oriented overgrowths ; 
that is to say, when it is known that a certain substance in solution has a strong 
effect in modifying the habit of a crystal, it should he possible under suitable 
experimental conditions to obtain oriented overgrowths of the substance on 
those faces of the crystal whose rate of growth it depresses 

It is hardly surprising that consideration of the properties of adsorption 
bodies had led to the idea that the essential condition for strong adsorption is 
qualitatively the same as that necessary for oriented overgrowth; for it seems 
obvious that adsorption is a necessary preliminary to the formation of an 
oriented overgrowth, and in fact an oriented overgrowth is simply an adsorbed 
layer which has been “ developed ” up to visible size. 

Habit Modification -The reduction of the rate of growth of specific faces 
when impurities are strongly adsorbed on them can be explained without 
making any assumptions as to the mechanism of deposition of particles on the 
faces, 

A certain amount of impurity is always included in those regions of the 
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crystal built up by deposition on the affected laces, forming an unstable mixed 
crystal. The fact that the mixed crystal is unstable gives the explanation. 
On the growing face, particles of impurity are strongly adsorbed, together 
with particles of the main substance ; when more material is deposited on 
these, an unstable mixed crystal is formed, which, being unstable, tends to 
redissolve, the net result being that the rate of growth is lower than it would 
be in absence of the impurity. Looking at it in another way, there is an 
attempt to build up a pure crystal, since the mixed crystal is unstable; but 
the impurity is adsorbed so strongly that it is difficult to eject it, and it is the 
conflict between these forces that is responsible for the reduction of the rate of 
growth. 

There is some evidence in favour of the view that a redissolving process 
occurs concurrently with growth. When sodium chlorate crystallizes on a 
microscope slide in presence of a large concentration of thiosulphate, the first 
crystals grow as beautifully rounded tetrahedra , later, ns growth slows down, 
the crystal faces become plane. Also, in presence of a comparatively small 
concentration of thiosulphate, when the crystals have both cube and tetra¬ 
hedron faces, the tetrahedron faces are often curved at first, while the cube 
faces are perfectlyplane. The rounded form suggests a dissolving process, which 
is most urgent when large amounts of impurity enter the crystal owing to rapid 
growth. 

The greatest modification of habit would be expected where there is very 
strong similarity of specific lattice planes, but complete dissimilarity of the 
rest of the structures. As regards dissimilarity of the complete structures, 
this seems to be true ; when complex organic substances such as dyes modify 
inorganic crystals, very small quantities are usually sufficient to cause consider¬ 
able modification of habit 

The weakest modification of habit would be expected where there is either 
little correspondence of lattice structures on any planes, or else if the whole 
structures are similar. In the latter case, strong adsorption occurs on all 
faces, and since the mixed crystal formed is stable there is no urgent necessity 
for rejection of the foreign particles, though a certain amount of readjustment 
of composition may be necessary to attain the equilibrium composition of the 
mixed crystal. This agrees with the facts; mixed crystals of isomorphous 
substances usually do not differ very much m habit from the pure components. 

Before considering typical examples of habit modification in the light of 
these conceptions, one intermediate between typical mixed crystal formation 
and adsorption will be examined. 
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III.-NH 4 C1 and 2NH4C1. CuCi 2 .2H a O. 

In the system NH 4 Cl-CuCl 2 -H a O (Olendinnen and Rivett, foe. tit.), NH4CI 
takes up CuCl a . 2H a 0 to form a small range of mixed crystals containing up 
to about 1 *5% CuCl 2 at 25° C. There is a compound 2NH 4 Cl. CuCI a . 2H a O 
with a small range of mixed crystals on either side of it Wc may regard 
the mixed crystals containing up to 1-5% CuCl 2 as mixed crystals 
formed between NH 4 C1 and 2NH 4 C1. CuCl 2 .2H 2 0 It has already been 
mentioned that these mixed crystals are cubes and ha\e the “twinning" 
structure characteristic of adsorption bodies bounded by only one type of face. 

The atomic lattice structure of CuCl 2 2H 2 0 is not known, but that of 
2NH 4 C1. CuCl 2 .2H 2 0 has been worked out.* It is tetragonal, with unit 



Fia. 3.—Atomic arrangement on cube faces of NH 4 CI. 

Fio. 4.—Atomic arrangement on 001 faces of 2NH 4 C1 CuCl a . 2H t O. 

Fio. 6.—Atomic arrangement on 100 faces of 2NH/J1 Cul'l a . 2U s O. 

The figures within the diagrams denote distances in A of atomic centics l>elow the 
plane of reference. 


cell dimensions a — 7*58 A., c — 7-96 A, c being only slightly greater than a, 
NH4CI is body-centred cubic, with unit cell edge a — 3-87 A. Now twice 
3*87 is 7*74, which is midway between the lengths of the a and c edges of 
2NH 4 C1 CuCl a . 2H a O. If the structures of the two substances are com¬ 
pared, it can be seen that the structure on the basal plane 001 of 2NH 4 C1. 
CuCl 2 .2H a O, fig. 4, is very similar to that on the cube face of NH 4 C1, fig 3 ; 
the structure on the 100 face of the double salt, fig. 5, is not very similar to 
that of the cube face of NH 4 C1, except in the correspondence of the unit cell 


* Wyokoff, " The Structure of Crystal#,” 1931. 
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edges, c of the double salt being almost exactly double a of NH^Cl. Thus 
there is a close correspondence of the structure of the basal plane of the double 
salt with that of the cube face of NI^Cl, the rest of the structures being only 
partly similar. It is no doubt the partial overall similarity of the two structures 
which is responsible for the formation of a small range of mixed crystals stable m 
solution. The close correspondence of the structure on the basal plane of the 
double salt with that on the cube face of NH 4 CI suggests an explanation of the 
“ twinning ” structure. Suppose the first nucleus is a cubic NH 4 C1 crystal; 
on each cube face of this crystal, the double salt would deposit with its basal 
plane in contact with the cube face of NH 4 C1; one can imagine the NH 4 ions of 
the latter fitting into the hollows between Cl ions of the former, thus achieving 
the packing effect necessary for strong adsorption. That 2NH 4 C1. CuCl a . 2H a O 
does orientate in this way on 100 faces of NH 4 C1 is shown by the fact 
that oriented overgrowths are easily obtained, with 001 of the double salt 
in contact with 100 of NH 4 C1, oriented in exactly the expected manner. Further 
growth of the postulated NH 4 C1 nuclei would cause the double salt to be included 
as mixed crystal, which is stable in contact with solution provided it does 
not contain more than 1*5% CuCl 2 The resulting crystal would have a 
“ twinning ” structure of exactly the type which m fact is formed , and each 
pyramid would be an optically negative umaxial crystal with its optic axis 
normal to the cube face (since the double compound is optically negative) ; 
this is m fact the truth. 

This case forms an admirable link between ordinary mixed crystal formation 
and adsorption. The formation of mixed crystals stable in solution is due to 
a partial overall similarity of lattice structure, while the formation of cube 
faces and the “ twinning ” structure can be explained in exactly the way which 
has been visualized for adsorption bodies, through strong similarity of the 
lattice structures on specific planes. 

IV .—Ammonium Chloride and Urea , Ammonium Bromide and Urea . 

NH 4 C1 grows from pure solutions in the form of skeletal growths formed by 
very rapid growth along the axial directions. The presence of urea in the 
solution causes the formation of cubes of NH 4 Cl. The effect is a very strong 
one, for one molecule of urea to every six of NH 4 C1 ls sufficient to cause the 
formation of perfect cubes even when crystallization takes place very rapidly, 
as in the rapid evaporation of a drop of solution on a microscope slide. When 
grown slowly m a day or two in a crystallizing bath, one molecule of urea to 
twelve of NH 4 C1 is sufficient. The change from skeletal growth to formation 
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of perfect cubes represents a very considerable reduction of rate of growth in 
the axial directions. 

Structure .—Ammonium chloride is body-centred cubic with a —3 *87 A. 
The arrangement of particles on a cube face is shown in fig. 3 ; all particles on 
a face are of one sort—either NH 4 or Cl ions—and their centres lie on a square 
network, the distance between neighbouring particles being 3*87 A. 

Urea is tetragonal, and belongs to the tetragonal scalenohedral class. 
(Normal habit shown in fig. 8.) Its unit cell contains two molecules, and has 
dimensions a = 5*67, c = 4*73A. (Wyckoff, loc . nt.). A projection on the 
basal plane, turned 45° from the usual position of representation for reasons 




which will appear directly, is shown in fig. 6. Now the points marked with 
small crosses form a square network of points 4*01 A. apart. (4*01 is the 
semi-diagonal of the unit cell area on the basal plane.) 4*01 and 3*87 
differ by less than 4%, and the two structures would therefore fit together 
very well; moreover, a packing effect could be achieved by particles on the 
cube face of NH 4 C1 fitting into the spaces marked with crosses, which are gaps 
between NH a groups of different urea molecules. Note that in order to fit 
the structures together, the urea structure must be placed so that its 110 
faces aie parallel to cube edges of NH 4 C1. Presumably 4% distortion 
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in permissible, just as up to 10% distortion is permissible in mixed 
crystals. 

Evidence that urea does orientate in this way on cube faces of NH 4 C1 is 
provided by oriented overgrowths. 

Oriented Overgrowth .—It has already been pointed out that if the present 
theory is true, it should be possible, where strong adsorption is known to occur, 
to obtain oriented overgrowths. 

Oriented overgrowths of urea crystals on cube faces of NH 4 (J1 were easily 
obtained m the following way. Small cubes of NH 4 C1 were grown on a micro¬ 
scope elide by allowing a drop of aqueous NH 4 C1 solution containing 5% 
urea to evaporate m air The mother liquor was removed by filter paper, 
a drop of warm, strongly supersaturated solution of urea in equal parts of 



FiO. 7 —Orient til overgrowths of urea on cube faces of NH 4 C1. 


alcohol and benzene was added, and quickly covered by a cover-glass. Crystal¬ 
lization occurred immediately, and the NH 4 C1 crystals were covered with urea 
crystals oriented in exactly the expected manner. Fig. 21, Plate 8, shows the 
freedom with which these oriented overgrowths are produced. Fig. 7 sums 
up the observations made. The urea crystals grow with their optic axes 
normal to NH 4 C1 cube faces ; every NH 4 C1 crystal shows, m convergent polar¬ 
ized light between crossed mcols, the uniaxial interference figure of urea, the 
optic axis being normal to the cube face. The basal plane of urea is thus in 
contact with the cube face of NH 4 CJ. The 110 faces of urea are always parallel 
to cube edges. Note that on any particular cube face, the two possible orienta¬ 
tions of urea crystals—with either 110 or lIO parallel to a particular cube 
edge—often occur together ; it appears, therefore, that oriented nuclei of 
urea are formed independently on different points of the same cube face. 

These oriented overgrowths can be obtained by using a purely alcoholic 
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solution of urea ; but they are not formed so readily, and the Ni^Cl crystals 
dissolve rather rapidly in the solution. Attempts to obtain oriented over¬ 
growths from an aqueous solution supersaturated with urea and saturated 
with NH 4 C1 failed. 

Reciprocal Action .—It is an important consequence of the present theory that 
adsorption is a reciprocal phenomenon, i e., if a substance A is adsorbed on a 
particular crystal face of B, then B will be adsorbed on a particular crystal 
face of A. Therefore habit modifications should be reciprocal; since urea 
reduces the rate of growth of cube faces of NH 4 Cl, then NH 4 C1 should reduce 
the rate of growth of 001 faces of urea. 

When urea is grown in aqueous solution it forms exceedingly long acicular 
crystals without definite end faces. In alcoholic solution the habit is as shown 
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Fig. 8.—Normal habit of urea crystal. 

Fro. 9 —Urea crystal grown in solution contauung NH 4 CI. 


in fig. 8. When NH 4 CI is present in the solution (nearly saturated with respect 
to NI^Cl), basal planes appear, fig. 9, sometimes almost extinguishing the 
111 faces. 

The same thing can be observed on a microscope slide, i e., under conditions 
of rapid growth. It is best observed with solutions in equal parts of alcohol 
and water. At first, when crystal growth is rapid, ill faces are present on 
the urea crystals; subsequently, as growth slows down, basal planes appear 
and sometimes nearly obliterate the 111 faces. 

The fulfilment of the predictions of oriented overgrowth and reciprocal action 
forms good evidence that the theory does represent the true state of affairs, 
at any rate in this particular example. 

In conclusion it may be noted that the overall structures of NH 4 C1 and urea 
are very dissimilar; it is only on one plane of each that a similarity exists. 
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This fits in with the idea already expressed, that the strongest habit modifica¬ 
tion effects would be expected in cases where there is maximum similarity on 
specific planes, but maximum dissimilarity over the whole lattices. 

Ammonium Bromide and Urea —Ammonium bromide has the same structure 
as ammonium chloride, and normally grows in the same skeletal form. It is 
well known that urea causes it to grow in cubes. The interatomic distance on 
the cube faces is 4*05 A., t.e,, very close to the 4*01 of urea. 

It was found that NH 4 Br has a much stronger effect on the habit of urea than 
NH 4 C1 has. In alcoholic solution quite small quantities of NH 4 Br cause the 
formation of basal planes which obliterate the 111 faces of urea crystals ; 
even in aqueous solutions the same effect is easily observable on a microscope 
slide, and when the solution is nearly saturated with NH 4 Br the urea crystals 
are very squat prisms terminated by basal planes. 

Oriented overgrowths of urea on NH 4 Br cubes were easily obtained by the 
same method as that used for NH 4 C1. The alcohol in a few seconds dissolves 
sufficient NH 4 Br to cause the appearance of basal planes on the urea crystals 

V .—Sodium Chloride ami Urea , 

Urea causes octahedral faces of NaCl to appear. The effect is less strong 
than that of urea on NH 4 Cl, it requires one molecule of urea to every three 
molecules of NaCl to cause the formation of perfect octahedra without cube 
faces. It is to be expected, therefore, that the correspondence of the lattice 
structures will be less close than m the case of NH 4 C1. 

There is one complication ; in the aqueous system there is a compound 
NaCl. CO(NH 2 ) a • H 2 0, the structure of which is not known. However, the 
following evidence shows that the production of octahedral faces of NaCl can 
be explained as being due to urea itself. The evidence of oriented overgrowths 
will be described first, before considering the structures. 

Oriented Overgrowth. - -Attempts to obtain oriented overgrowths on NaCl 
from alcoholic solutions of urea failed. This is in accordance with the experi¬ 
ence of Sloat and Menzies (loc. at.). These workers found, however, that m 
some crystals NH 4 C1 could form oriented overgrowths from the vapour state 
on certain cubic crystals where none formed from solution. Urea vapour was 
therefore tried in the present experiment. NaCl crystals having both cube and 
octahedron faces were grown on a microscope slide from aqueous solution 
containing urea. The mother liquor was removed aud the slide placed in a 
vessel in which urea was vapourized in vacuo. Oriented overgrowths were 
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readily obtained, most freely on the octahedral faces but also on the cube 
faces The urea crystals were irregular in shape, and although some informa* 
tion on their orientation was obtained bv optical properties, it was desirable 
to grow crystals with faces. This was done by immersing the slide in a slightly 
supersaturated solution of urea in alcohol; many of the urea crystals developed 
mto well-formed crystals showing the usual faces (110 and 111). 

It was found that on the octahedral faces the urea crystals were oriented 
with their 111 faces in contact with the NaCl face, the edge 111 : III being 
parallel to the edge of the octahedron face. Six different orientations, of 
which only two are shown m fig. 10, may occur on the same face. 

On the cube faces the urea crystals were usually oriented with their 110 
faces m contact, and their optic axes along the diagonals of the cube face, as 
in fig 11 Four different orientations are possible. Also on a few rare occasions 
urea crystals with their basal planes in contact and 110 faces parallel to diagonals 
of the cube face were seen ; examples of this are also shown in fig. 11. 




Flo 10. — Onented overgrowths of uiea on Fig. 11.— Oriented oveigrowths of uiea on 
(x Uihedron faces of NaCl On each cube faces of Na(>] 

face six different orientations may 
occui, of which only two Hie shown. 

Structure ,—The reasons why these oriented overgrowths are formed can be 
seen from the structures on the faces concerned. The arrangement of particles 
on 111 of NaCl is shown in fig. 12 ; atomic centres lie at the corners of equi¬ 
lateral triangles with sides™ 3-98 A The arrangement on 111 of urea is 
shown in fig. 13 ; only the molecules nearest the plane of reference are shown, 
the blank spaces being hollows into which NH 2 groups of the next set of urea 
molecules would fit. These hollows form isosceles triangles with one side 
8 02 and the others 7*38 A - -distances about double those of NaCl. But 
we can choose points such as those marked with crosses which lie at the comers 
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of isosceles triangles with one side 4-01 and the others 3 *69 A ; 4-01 differs 
from 3*98 by less than 1%, while 3*69 differs from 3-98 by 7 to 8 %, 
and the structures therefore fit only moderately well The packing effect 
is also not very good, but it may be noted that if, say, 01 atoms are placed at 
the points marked, necessarily in a plane rather above the plane of reference, 
it is possible to put Na atoms m the hollows so that they occupy the correct 
positions with regard to the Cl atoms , possibly m the growth of 111 faces of 
NaCl this type of packing occurs 



FiO 12 —Atomic anangement on octahediou faces of NaCl. (on left' 
Fig. 13 —Atomic Auangement on 111 facets of uiea (on ught) 


The arrangement on 100 of NaCl is shown in fig. 14 , the centres of Cl atoms 
form squares of side 3-98 A., with Na atoms in the centres of the squares 
On 110 of urea, fig. 15, the spaces between molecules form rectangles with one 
side 4*01 and the other 4*73 A, , this face would thus fit on 100 of NaCl 
with the optic axis of the urea crystal parallel to the diagonal of the cube 
face. 4*01 differs from 3*98 by less than 1%, while 4*73 differs from 3*98 
by over 15% ; the structures therefore fit less well than do those of 111 
of NaCl and 111 of urea ; also the structures do not pack at all well This 
is in accordance with the fact that oriented overgrowths on cube faces are 
formed less readily than on octahedron faces. 

The rarely observed oriented overgrowths with 001 of urea in contact with 
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100 of NaCl and 110 faces of urea parallel to cube face diagonals are interesting 
and important. The arrangement on 001 of urea has already been given 
in fig. 6, 100 of NaCl in fig 14. There is a very close correspondence of unit 
cell dimensions, a for NaCl being = 5*63, and a for urea = 5*67, the differ¬ 
ence being less than l 0 o . If oriented overgrowth were merely a question 
of correspondence of unit areas on specific faces, it would be expected that 
oriented overgrowths of this type would form more readily than the other 
types described ; and in addition it would be expected that adsorption of urea 
on cube faces of NaCl would be very strong, the rate of growth of these faces 
would be considerably reduced, and no habit modification of NaCl by urea 




^73 


Fio. 14. —Atomic arrangement on cube faces of NaCl (on left). 
Fia. 15. —Atomic arrangement on 110 faces of urea (on light). 


would occur. If the structures are examined, it can be seen that although 
the unit areas correspond closely, a good packing effect cannot be achieved, 
and this may be the reason why oriented overgrowths of this type are rare, 
and adsorption on cube faces not so strong as on octahedral faces. 

The evidence provided by oriented overgrowths is thus unexpectedly varied ; 
but the fact that oriented overgrowths on octahedral faces are formed more 
readily than on cube faces fits in with the known effect of urea in reducing the 
rate of growth of the octahedral faces relatively to that of the cube faces. 

No reciprocal modification of habit would be expected here, except a shortening 
of the acicular urea crystals ; for NaCl would be adsorbed fairly strongly on 
111, less strongly on 110 (these two faces being the only forms on urea crystals), 
and only weakly on 001 of urea. 
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To investigate thw, urea was crystallized from a solution in a mixture 
of 75% alcohol and 25% water, with NaCl present and without it. 
The urea crystals were normal in both cases , the length of the crystals 
was very variable, and no definite impression of shortening in presence of 
NaCl was gained ; but the length of acicular crystals is usually so variable as 
to be of no great significance. 

When urea was crystallized from a purely aqueous solution containing NaCl, 
the crystals were prisms bounded by basal planes only ; there was no sign of 
any pyramid faces Since this only happens in aqueous solutions, and not in 
75% alcohol solutions, it may be caused by adsorption of the compound 
NaCl. CO(NH 2 ),. H 2 0 on the basal plane of urea. 

Retgers* found that urea has a much smaller effect on KC1 than on NaCl, 
small octahedron faces being formed on the corners of KC1 cubes. On KBr 
and KI urea has no effect at all. (All three potassium salts have the same 
space lattice as NaCl ) 

This is exactly what would be expected, for on the octahedron faces of KC1 
the interatomic distance is 4*44 A., i.e., larger than on 111 of NaCl, and further 
removed from the spacing on 111 of urea ; on octahedron faces of KBr and KI 
the spacing is greater still. This show r s dearly the importance of atomic 
spacing, and the fact that the greatest effect occurs where there is closest 
correspondence of lattice structures is very good evidence in favour of the 
present theory. 


VI .—Other Examples. 

The following examples have been found in scientific literature. Where 
oriented overgrowths are known to be formed, this is in itself sufficient proof 
of the sort of similarity of lattice structure on specific planes which has been 
postulated as a necessary condition for strong adsorption. 

KC10 3 and KMn0 4 .—Buckleyt found that KMn0 4 encourages Oil of KC10 3 
with subsidiary effects on 110, 101, 100 and 101. Also KC10 3 modifie8 KMn0 4 , 
encouraging 102 and 001. He also observed that oriented overgrowths of 
KMn0 4 form readily on Oil of KC10 3 , the 102 face of KMn0 4 being in contact 
with Oil of KC10 a . 

This is a perfect example, as complete as that of NH 4 C1 and urea , there is 
reciprocal action, and formation of oriented overgrowths with an affected face 


* 4 Z. pbys. Chem.,’ vol. 9, p. 267 (1892). 
t 4 Z. KriBtaliog.,* vol. 82, p. 37 (1932). 
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of each crystal in contact There appears to be a partial overall similarity 
of the lattice structures. It is no doubt this partial overall similarity of lattice 
structures that is responsible for the fact that there are habit modification 
effects on more than one face of each crystal; and it is evidently 102 of KMn0 4 
that is responsible for reducing the rate of growth of Oil of KC10 3 , and vice 
versa 

It seems at first sight rather surprising that oriented overgrowths are formed 
so readily, for the habit modification effects are not very strong (compare 
NaCl and urea). It may be that the partial overall similarity of lattice struc¬ 
tures makes it easier for oriented overgrowths to form. But another view 
suggests itself. In view of the partial overall similarity of lattice structures, 
there may be a small stable range of mixed crystals. Now habit modification 
is usually less marked when stable mixed crystals are formed (see Section II) ; 
the comparative weakness of the modification of habit does not necessarily 
mean that adsorption is weak , it may mean that rejection is less urgent— 
the impurity can be retained m the crystal as a stable mixed crystal—and 
consequently there is less slowing down of the rate ot growth and less habit 
modification than in crystals where the structures differ greatly. Thus 
adsorption may actually be strong, and therefore it is not so surprising that 
oriented overgrowths are formed readily 

Pb(N0 3 ) a and Methylene Bine -Methylene blue encourages the cube faces 
of Pb(N0 3 ) 2 . Gaubert (for at l ( h>o) states that oriented overgrowths of 
Pb(N0 3 ) 2 form on methylene blue crystals , presumably it is the cube face 
of Pb(N0 3 ) a that is in contact, with the methylene blue crystals, though this is 
not explicitly stated 

Urea Oxalate and Methyl Bins. —Gaubert* found that many dyes modify 
urea oxalate crystals ; some encourage 010, and one of these, methyl blue, 
forms oriented overgrowths readily on 010. He also states, as a general 
observation, that the coloured crystals of urea oxalate are solid solutions, 
but that “cristaux mixtes”—by which term he means ( loc at , 1918) the 
regular association of little crystals of visible size—can also be obtained, pre- 
presumably from solutions supersaturated with dye as well as with urea oxalate 
Gaubert*s “ cristaux mixtes ” appear to be repeated oriented overgrowths, 
and if they are formed in all the examples mentioned, this would add many 
more to this list of crystals in which oriented overgrowths are formed on 
faces on which strong adsorption occurs. Unfortunately, Gaubert gives no 
details. 

* ‘ C. R. Acad. Son Pans,’ vol. 192, p 964 (1932) 
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Together with the three examples given earlier, NH 4 C1, NH 4 Br, and NaCl 
with urea, this makes at any rate six examples of oriented overgrowths where 
they would be expected according to the present view of adsorption, that is, 
six examples in which there is excellent evidence of similarity of specific lattice 
planes of crystals concerned in adsorption, and of mutual orientation of these 
planes on each other. 

There are several other cases in which reciprocal habit modification occurs, 
but oriented overgrowths have not as yet been reported. These examples 
do not give direct evidence of similarity of lattice structures on specific planes, 
but they do suggest that adsorption is an affair concerning the crystal structures 
of the substances involved , and it is probable that where only one face of each 
crystal is affected, it is these two faces which have similar structures. 

We may expect some exceptions to the rule of reciprocal action, if the 
analogy between adsorption and mixed crystal formation holder good. For 
instance, sodium nitrate takes up a certain amount of sodium chlorate as 
mixed crystal, but sodium chlorate takes up no sodium mt-raic The reason 
for this appears to be that NaClO* can exist as an unstable rhombohedral 
form, which often appears when a drop of NaC10 3 solution crystallizes on a 
microscope slide* without cover glass , it is this form which enters into NaNO a 
as mixed crystal, and is stabilized thereby But NaNO a has no unstable 
isometric form, and consequently the ordinary isometric form of NaC10 a 
cannot take up NaNC 3 as mixed crystal. Tin* same kind of tiling may happen 
in habit modification, which mav sometimes lie due to an unstable form of the 
impurity winch lias faces with a lattice structure corresponding with that of 
particular faces of the modified crystals, reciprocal action on the stable 
form of the impurity is not to be expected in such crystals. 

Other exceptions are to be expected w hen on one of the substances adsorption 
occurs on faces which are already the print ipal or the only faces of the normal 
crystal. One such system -NaCl and urea—has already been encountered. 

The following examples are taken from Buckley’s work on potassium salts 
of oxy-acids. 

K 2 S0 4 and KC10 3 .—KC10 3 encourages 001 and 010 (and 110 slightly) of 
K a S0 4 encourages Oil ot KC10 a .f. 

KjS0 4 and KNO a .—KN0 S encourages 001 and also 010 of K 2 S0 4 .* 1 have 

observed that K a »S0 4 modifies the habit of KN() 3 , but the precise nature of 
the modification has not been investigated. Buckley statesf that he is 

* Buckley, * Z. Kratallog.,’ vol. 81, p. 157 (1932). 
t Ibid., vol. 82, p. 37 (1932). 
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studying modification of habit of KN0 3 and will no doubt include KgSC^ 
as one of the impurities. 

KMn0 4 and K 2 Cr 2 0 7 .™K 3 Cr 3 0 7 has a strong effect on 001 of KMn0 4 . 
KMn0 4 also modifies K 2 CJr 2 0 7 , but the precise nature of the modification is 
not known.* 

K a 0r0 4 and KOlOj. — KC10 3 encourages 110 and 010 of K 2 0r0 4 (loc. cif,). 
K a OG 4 encouiages Oil of KCI0 3 .f 

K 2 (>0 4 and KMn0 4 — K a Cr0 4 encourages 110 and 100 of KMn0 4 (loc, tit.). 
KN0 4 ent ourages 010, 102 and (weakly) 110 of K 2 Cr0 4 t 

There is one doubtful case K 2 80 4 encourages 110 and 100 of KMn0 4 
(loo. ait.). Buckley (loc. nt ) considers that KMn0 4 has no effect on the faces 
of K 2 S0 4 , but he states that it encourages the formation of twins and triplets 
on 110, and prevents the elongation along the a axis which often occurs in 
pure solutions , how much of this picvention of elongation is brought about 
by the twinning, which disturbs face development, and how much by adsorp¬ 
tion effects, it is dillh ult to de< ule 

There are thus five examples of reciprocal action, making with the three 
previous ones- N1J 4 C1 and Nil 4 Br with urea, and KC10 3 and KMn0 4 -- eight 
in all; and two exceptions, one of which -NaCl and urea —is understood, and 
the other- IwS0 4 and KMn(J 4 —doubtful 

Finally, the effect of K 2 S 2 0 (t on K 2 80 4 may be mentioned Buckley (loc. 
<M.) found that K a S a O tt has a fairly strong effect on 001 of K 2 80 4 Now 
K 2 S<> 4 is pseudo-hexagonal about the c axis, and the unit dimensions on 
001 (Wyckofl, loc nt ) are a - 5*73, b — 10*00 A On this face, half way 
up the unit cell as shown in the diagiam in Wyckoff’s book, there art' K atoms 
oci upying positions in a plane at the corners of isosceles (uearly equilateral) 
triangles, one side of which is 5*73 and the other two 5 70 A. X 2 8 2 0 6 is 
hexagonal, and it seems likely that it would be the basal plane which would 
fit on the to the pseudo-hexagonal basal plane of Iv 2 S0 4 The crystal structure 
of K a S 2 0 G has been determined by Hchvig § The unit cell dimension a — 9-82 
A. , i e M very dose to b of K 2 S0 4 The projection on the basal plane shows 
that then* are K atoms occupying positions m a plane at the corners of equi¬ 
lateral triangles with sides 5*67 A. The structures on these planes would 
fit fairly well; the simplest way of regarding the adsorption of K 2 S 2 O fi on 

* ‘Z. Kristallog.,’ vol. 78, p. 412 (1931). 
t Ibid,, vol 82, p. 37 ( 1932) 

J /bid., vol. 82, p 285. 

$ Ibid., vol. 83, p. 85 (1932), 
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001 of K fi S0 4 is to suppose that when K atoms of the K^SO* structure are laid 
down in the position described above, they can then act as the foundation for 
deposition of S a O 0 groups in the form of the K 2 S a O Q crystal. 


VII .—Co ru'lusio n . 

Only the examination of a large number of crystals can show whether the 
view of adsorption presented here is of general application ; but the examples 
already studied fit in with it so completely that it is worth while examining 
others to see whether it is a general truth Note that the present view refers 
only to strong adsorption such as that responsible for modification of habit. 
For instance, m the growth of a modified crystal it may be—though there is 
no evidence on this point at present —that adsorption occurs on all faces, but 
only on certam specific faces with sufficient strength to interfere with growth ; 
on these faces ejection of the impurity is difficult, on all others it is easy ; 
modification of habit is a question of the difficulty of ejection of tightly bound 
particles. 

Adsorption has been studied chiefly m connection with habit modification, 
i.e. y on growing crystal faces. But it is at least as likely to occur when the 
faces are not growing as when they are ; indeed, the formation of oriented 
overgrowths, which may be regarded simply as adsorbed layers “ developed ” 
to visible size, shows that it does occur on stationary faces, and therefore it 
seems likely that the theory may apply to cases of strong adsorption from 
solution in general. Whether it is also true (probably with necessary modi¬ 
fications) for strong adsorption of gases on solids is perhaps more doubtful, 
but there seems to be a growing impression among workers on this subject that 
the lattice structure of the solid surface is of great importance. This cannot 
be discussed here. 

The present view is from the general standpoint particularly satisfying, 
for its brings out the close relation between the three modes of intimate 
association of substances in the crystalline state—adsorption, oriented over¬ 
growth and mixed crystal formation. 

The conception on which the present view is based, i,e. } the mixed crystal 
nature of adsorption bodies, and also one of the principal consequences of it, 
that oriented overgrowth and strong adsorption are due to the same cause, 
have been anticipated by Gaubert, m 1918 and 1925 lespectively, though I 
was unaware of this when most of the present work was done. Gaubert has not 
followed up his ideas, nor correlated them ; for instance, the 1925 suggestion 
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appears to be made independently of the ideas in the 1918 paper; and in a 
later paper (1931) he mentions oriented overgrowths of methyl blue on modified 
faces of urea oxalate crystals without comment on their significance. The other 
principle workers on modification of habit at the present time—Buckley in 
England, and France and lus collaborators in America—do not mention 
Gaubert’s ideas. Sloat and Menzies ( loc . at.) rejected Gaubert’s views, as 
they failed to obtain oriented overgrowths of urea on octahedral faces of 
NaCl; since this has now been achieved, their objections vanish. The present 
work entirely agrees with Gaubert’s views, correlates and amplifies them, and 
supplies more evidence m support of them. 

If the present view is correct, in future the most valuable information on 
the arrangement of adsorbed particles on crystal faces will be given by oriented 
overgrowths But it is necessary to know more about the experimental 
conditions necessary to obtain them. 

A study of the known cases of oriented overgrowths should give some idea 
of the maximum permissible difference of arrangement and of interatomic 
distances. The work of Barker,* repeated and extended in certain directions 
by Koyert and Sloat and Menzies (loc. cit ), shows that alkali halides of the 
same lattice structure tolerate a difference in interatomic distance of 15% 
and 20%, or even 30% for one substance. For substances of different 
overall lattice structures, no general conclusions on this point have yet 
been drawn. 

The most remarkable thing m Barker’s work on the oriented overgrowth of 
NaN0 3 on calcite is that he found that the former grew with its rhombohedral 
faces in contact not only with the rhombohedral cleavage faces of calcite, but 
also, much less readily, with natural prism and scalenohedral faces of calcite; 
in these positions the only congruence is that of similar edges or zone axes, 
the faces m contact being quite different This suggests two things First, 
that m certain examples, probably rare, fairly strong adsorption may occur 
when there is close correspondence of interatomic distances along one line 
only. Second, that an adsorbed layer of a substance cannot be arranged 
like any plane in a crystal of the substance, but only like certain specific planes, 
perhaps the planes which as faces grow fairly slowly Prism and scalenohedral 
faces are never seen on NaN0 3 , and therefore have high rates of growth and are 
unstable planes, and this may be the reason why they do not form adsorbed 

* * J. Chem. Soo.,’ vol. 89, p. 1120 (1906); ‘ Min. Mag.,’ vol. 14, p. 235 (1907); vol. 15, 
p. 42 (1908), ‘ Z. Kristallog * vol. 45, p. 1 (1908). 

t ‘ O. R. Acad. Sci. Pans,’ vol. 180 , p. 20G0 (1925); vol. 194, p. 620 (1932). 
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planes on the corresponding faces of calcite ; instead the stable rhombo- 
hedral planes of NaNO s form on the prism and scalenohedral faces of calcite, 
in spite of the fact that there is correspondence of atomic arrangement only 
along one line. 

I wish to thank Messrs. H Emmett and J. L. Matthews for assistance m 
experimental work I also wish to thank the Directors of Imperial Chemical 
Industries, Limited, for permission to publish this work, which was carried 
out in the Wmnmgton Laboratory of I.C.I. (Alkali), Ltd. 

Summary. 

The properties of crystals usually regarded as being built up by continual 
adsorption and inclusion of impurity during growth (called here “ adsorption 
bodies ”) have been compared with those of mixed crystals It is concluded 
that the two types of crystals differ only in degree. Adsorption bodies may be 
regarded as unstable mixed crystals. 

Applying knowledge on mixed crystal formation m a modified form to 
adsorption, it is suggested that the condition for strong adsorption is similarity 
of lattice structure and interatomic distances on specific planes only ; the rest 
of the structures may be quite dissimilar. 

This condition is the same as that known to be necessary for oriented over¬ 
growth of different crystals on each other. Another consequence of the ideal 
is that modification of habit should be reciprocal. A simple explanation of 
modification of habit is suggested; on the affected faces a mixed crystal is 
formed, which, being unstable, tends to redissolve, thereby reducing the rate 
of growth. 

Some examples have been studied, and are in complete accord with these 
conceptions. With NH 4 C1 and urea, for instance, the 100 plane of NI^CI 
is similar to 001 of urea , reciprocal modification of habit on these faces occurs, 
and oriented overgrowths with these faces in contact can be obtained. 

Adsorption on crystal faces thus appears to be very closely related to the 
other modes of intimate association of substances in the crystalline state— 
oriented overgrowth and mixed crystal formation. An oriented overgrowth 
is regarded as an adsorbed layer developed ” up to visible sizo. 

If the views stated here are correct, in future the most valuable information 
on the arrangement of adsorbed particles on crystal faces will be given by 
oriented overgrowths. 
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X-Ray Analysis of the Crystal Structure of Durene. 

By J. Monteath Robertson, M.A., Ph.D. 

(Communicated by Sir William Bragg, O M , F.R.S—Received March 21, 1933.) 

3 . Crystal Bata, Space Group . 

The crystal structure of durene, 1 .2.4.5. (sym.)-tetramethyi benzene, 
C„H a (CH 3 ) 4 , has not previously been examined by the X-ray method, but the 
class and axial ratios are given by Groth* as rnonoclmic prismatic 

a : b : c = 2*4609 *1 1 *9975, (S - 115° 27' 

with the (100) face most prominently developed The present work confirms 
these measurements to within the limits of experimental error (about £%), 
but it is found that the axial directions used above define a cell which 
contains an identical molecule at the centre of the ac face. It is therefore 
necessary to select a new axis m order to define the true unit cell. The relation 
of Groth’s axial directions to the cell now chosen is illustrated in fig. 1, the b 
axis being perpendicular to the paper. 

Croth’s a 
* 


•.o. f .o 



The X-ray work, recorded b) means of rotation, oscillation, and moving film 
photographs, leads to the following values for the axial lengths, etc. :— 

a = 11*57 ±0*05 A. 
b= 5*77 ±0*02 A. 
c = 7*03 ±0*05 A. 

JJ = 113*3° {/t01} halved when h is odd, (010) halved. 

Space group (P2fa) 

Density of crystal = 1*03 (lball) 

Number of molecules of C 10 H 14 per unit cell = 2 (1 *99) 

Volume of unit cell = 430 A. 3 , 

* * Chem Kryatallog.,* vol. 4, p. 758 (1917). 
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Reference to space group literature will show that under these circumstances 
a centre of symmetry must be assigned to the molecule, and that this is the 
only symmetry which the molecule utilizes in building the crystal. As far as 
the space group, then, the structure is similar to certain other symmetrically 
substituted benzene derivatives, and to the naphthalene-anthracene series. 
With durene, however, the dimensions of the cell give no clue as to the orienta- 
tion of the molecules, and the further analysis must depend upon the measure¬ 
ment of the intensities of the X-ra\ reflections 

2 Experimental Measurement of Intensities. 

The accurate measurement of the intensities of this compound presents 
considerable difficulties Crystals can be obtained in the form of thin plates 
or prisms, the large face being the (001) Twinning is usual on this face. The 
crystals are soft, melting at 80°, and very volatile, a small specimen only 
lasting about half an hour in the* open 

It was found that the difficulty of twinning could be overcome by careful 
crystallization from benzene, when good untwmned specimens were obtained 
m the form of small prisms. These were cut carefully to the size required 
(0 4 to 0*1 mg.) with as nearly as possible square sections perpendicular to 
the zone axis under examination. These small specimens were then sealed off 
in very thin glass tubes, the uniformity of the glass and its absorption effect 
on the X-ray beam being tested. Even the thin tubes used were found to 
stop from 35% to 50% of the copper rays, but, of course, a much smaller 
fraction of the molybdenum beam. 

A complete survey of the relative intensities of the reflections for a number 
of zones was carried out by the photographic method, employing copper radia¬ 
tion, the procedure being similar to that employed for the anthracene analysis.* 
Special care had to be taken in estimating the backgrounds owing to extra 
scattering from the glass tubes. Several short exposures wore obtained, 
however, from a small crystal in the open, by means of one of Dr. Muller's 
powerful rotating anode X-ray tubes. It was found that these measurements 
agreed very well with those obtained m the more detailed surveys from the 
glass protected crystals. As with anthracene, intensities were measured 
over a range of about 1000 to 1 and special methods were employed to correlate 
the results over this range. 

The general experience is that the smaller crystals lead to higher values for 
the more powerful reflections The values obtained for these reflections from 
* 1 Proc. Roy. Soc.,* A, vol. 140, p 79 (1933). 
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the smallest available crystals are taken to be correct, without further correction 
for extinction, and the values are correlated with the measurements of the 
weaker reflections from the larger crystals used for the extended surveys. 
An example of tins correlation is given in Table I. 


Table I.—Integrated intensity, arbitrary units. 
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In other experiments it was found that still higher values were obtained for 
the (001) and (002), so that the true values for the strong reflections remain a 
little doubtful. But on the whole quite satisfactory correlations were obtained 
for the reflections within each zone. In further correlating the separate 
zones there are, of course, fewer common reflections, and the results are 
correspondingly more uncertain But again a fairly reasonable agreement was 
reached in different experiments 

So far only the relative intensity measurements have been described. The 
absolute values of the structure factors wore obtained in the following way. 
Two of the durene crystals upon which an extended series of relative measure¬ 
ments had been made were selected, and a few reflections from each were 
carefully measured on the ionization spectrometer. These were compared, 
under exactly the same tube conditions, with two standard crystals of known 
reflecting power, ^.e. ) two crystals for which the quantity Eco/I had been 
accurately measured.* The absorption of the X-ray beam by the glass tubes 
surrounding the durene crystals was now carefully measured by exploration 
with fine pin-hole beams of monochromatic copper and molybdenum rays. 
The correction for the glass tube, and for the absorption m the crystal itself 
being ascertained, it was now possible to derive the absolute values for the 
durene reflections. The two crystals employed gave consistent results with 

* For the loan of theso two standard rofleotors I am greatly indebted to Dr B. W 
Robinson 
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copper radiation, but the experiments with molybdenum radiation were 
somewhat inconclusive. The values used in this paper are taken from the 
experiments with copper radiation 

The two durene crystals for which absolute measurements were thus obtained 
were now employed as sub-standards to calibrate all the intensity measure¬ 
ments with absolute values With the usual formula) for the “ imperfect ” 
crystal, the values of F were now derived, and these are given in Table II (F 
measured) Owing to the difficulty of handling these crystals, and the large 
corrections necessary for the glass containers, etc., the final results are perhaps 
slightly more uncertain than the anthracene measurements But they are 
sufficiently accurate to permit a detailed analysis of the crystal structure 


Table II--Measured and Calculated Values of the Structure Factor. 
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<25 

601 

0 496 

-24 

18 5 

033 

0 537 

0 

<,2 5 

602 

0 576 

2 

< 2 5 

034 

0 621 

_ o 

< 2 5 

603 

0 (165 

f 18 5 

11 -5 

035 

0 717 

I 5 

2 5 

604 

0 765 

I 12 

5-5 

041 

0 546 

- 6 5 

5 

800 

0 718 

1 17 

9*5 

042 

0 583 

- 4 

< 3 

805 

0 645 

+ 12 

6 5 

043 

0 642 

4- 1 

< 3 

804 

0 585 

- 9 

9 

044 

0 715 

+ 6 

2 

803 

0 545 

- 14 

14-5 

051 

0 678 

- 0 5 

<25 

802 

0 530 

- 3 5 

< 2-5 

052 

0 710 

-r 1 5 

< 3*5 

801 

0 544 

- 2 5 

< 2 5 





801 

0 638 

- 2 

3 





802 

0 711 

+ 25 

2*5 
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Table II—(continued). 


hkl. 

HID 6 

Cn Ka 

V 

(alculated 

K 

measured 

hkl 

sin $ 

Cll Ka 

F 

calc ulated 

F 

measured. 

looff 

0 731 

1 1 

i 

< 2 .i I 

550 

0 758 

1 0 5 

^ 4 5 

lOOi 

0 09t) 

+ 3 5 

3 ! 

010 

0 455 

- 3 

4 5 

iooS 

0 00H 

0 

2 5 i 

020 

0 510 

* 

3 

ioo5 

0 005 

— 5 5 

3 ! 

030 

0 589 

o 5 

^ H 5 

1001 

0 OHO 

2 6 

- 1 j 

710 

0 525 

- 5 

3 5 




i 

720 

0 574 

- 0 5 

<- 3 ft 

110 

0 152 

-29 

27 

810 

0 5<n 

4 

3 

120 

0 270 

- 0 5 

13 i 

910 

0 000 

4 5 

» 

ISO 

0 407 

1- 3 

- 2 1 





140 

0 639 

i 6 

2 i 

114 

0 470 

9 

5 

150 

0 070 

4 2 

. 3 

nS 

0 300 

— 7 

1 5 

210 

0 190 

* 49 

50 5 ! 112 

14 1 111 

0 270 

- 5 

5 

220 

0 303 

i 12 

0 174 

,2V 

19 

230 

0 420 

* 1 

3 

in 

, 0 210 

| 4 11 5 

10 

240 

1 0 663 

4 i 

- 3 5 

m 

0 305 

9 5 j 

9 

260 

0 082 

11 5 

H 

i n 

0 415 

i — 7 5 

7 5 

310 

0 260 

-+ 23 

30 5 

121 

0 290 

' 2 

3 6 

320 

0 345 

| 17 6 

14 5 ! 

131 

! 0 415 

5 5 

7 

330 

0 455 

- 8 

'> | 

212 

0 200 

11 5 

12 6 

34(1 

0 576 

- 0 

0 

225 

0 422 

— 5 

- 5 

360 ! 

0 700 

i 7 

6 j 

222 

0 317 

9 5 

10 5 

410 

0 319 

* 8 5 

10 5 ! 

221 

0 304 

j 4 5 

<. 3 

420 

0 393 

1 12 

5 5 i 

221 

0 347 

- 8 5 

11 

430 

0 492 

4- 3 5 

* 3 5 1 

222 

0 421 

17 

16 

440 

0 000 

f 6 5 

3 5 ; 

232 

0 459 

l 3 

< 5 

460 

0 725 

- 4 

2 

315 

0 302 

r 17 

15 

610 

0 380 

- 4 

3 

A'2*\ 

1 0 430 

-i 7 5 

0 

620 

0 460 

1 13 

9 5 

333 

0 523 

4 2 5 

< 5 

630 

0 539 

fll 

8 

331 

0 449 

8 5 

5 6 

640 

0 044 

- 0 5 

3 5 

114 

0 468 

- 8 

5 


3. Analysis of the Structure. 

Even with the assumption that only the carbon atoms have any appreciable 
scattering power for X-rays, the durene structure still contains 15 independent 
parameters. The problem is therefore much too complex to be undertaken 
without some further guiding principles. The chemical structure states the 
relative positions of the atoms in the molecule, but the exact form and dimen¬ 
sions of the ring and side groups are unknown. Now, the results of the 
anthracene mvestigation have shown that even m a complex structure where 
the molecule does not coincide with any crystal plane, the aromatic rings are 
regular plane hexagon structures, to quite a high degree of accuracy. It 
seems a reasonable assumption, then, to take a plane model of the durene 
structure, based upon the anthracene dimensions, as shown in fig. 2. 

The carbon to carbon distance in the ring is 1*41 A., and the CH 3 groups 
are placed at the greater distance of about 1 *56 A. from the benzene rmg, but 
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a small variation of the latter distance is quite unimportant at the present 
stage of the analysis. 

The problem now reduces to the much simpler one of finding the orientation 
of this structure m the crystal. The success with which the measured struc¬ 
ture factois can be explained by moans of this model must be the justification for 
using it. The finer details of the structure, e.g the exact position and scatter¬ 
ing power of the CH a groups, can only be settled by a more detailed Founei 



analysis. Unfortunately, any such Fourier analysis must be preceded by a 
careful trial and error analysis, m order to decide the phase constants of each 
term. 

The durene crystal resembles the naphthalene-anthracene type by its tabular 
or flaky form, the (001) being by far the most important face. It can at once 
be shown, however, that there is no possibility of the molecules lying in this 
plane. If they did, the structure factor for the (001) would have a value of 
about 106* and the higher orders would fall oS normally in intensity. The 
measured value of F(001) is actually only 39, with almost normal decrease 
to the (003), when the value drops abruptly almost to zero. 

Analogy with the naphthalene-anthracene structures, and the pseudo- 
orthorhombic nature of the, lattice (compare fig. 1) suggests the possibility of 
the long axis of the molecule being nearly normal to the (001) plane. But this 
possibility can be entirely ruled out by a simple calculation which gives the 
values shown in Table III for the structure factors for this orientation. 

* In these calculations the graphite-anthracene atomic /-curve for carbon is employed. 
The formulae for calculating the geometrical structure factors for this space group have 
already been given (‘ Proc. Roy. Soc.,’ A, vol. 125, p. 542 (1929)). 
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Table III 


hid. 

F calculated 

Long axw normal 
to (001). 

F calculated 

Crosg axis normal 
to (001). 

F measured 

001 

3 

13 

39 

002 

2 

38 

37 

003 

2 

21 

20 

004 

4 

f» 

4 

005 

l 

27 

2 

<3 


However, when the cross axis of the molecule is placed normal to the (001) 
plane, the agreement between the calculated and the observed values for these 
reflections is very close, as shown by the above figures. 

These examples are sufficient to illustrate the method by which the correct 
orientation of the molecule can be found. Other sets of reflections can be 
employed to find how the planes of the molecules are inclined to each other 
In general the structure is found roughly from the low index reflections, and 
is refined by a careful study of the higher index reflections, which are more 
sensitive to small movements. 

The best agreements have been obtained for the following orientation. 
X, vp and co are the angles which the long axis of the molecule makes with the 
a, b and c' (perpendicular to a and b) crystal axes, y, <J/ and to' are the corre¬ 
sponding angles for the cross axi^ of the molecule (compare fig. 2). Any three 
of these quantities can be treated as independent parameters. Then 

X = 47° x = 97° 

<]i = 43° <|/ = 90° 

co = 85° to' = 7° 

The structure factors calculated for this position are compared with the 
measured structure factors in Table II. 

4. Discussion of Results . 

It will be seen that the average agreement between the calculated and 
observed values is fairly good, and is at least sufficient to determine the sign, 
or phase constant of all but a few of the weaker reflections beyond any reason¬ 
able doubt. Trials of different positions seem to show that while movements 
of up to 3° have not much effect, yet a movement of 5° in any direction will 
destroy many of the agreements found. There remains the possibility that 
some distortion of the model used, e.g. t in regard to the position of the CH 3 











602 


X-Ray Analysis of Crystal Structure of Durene. 


along the o axis is of the order of 4*2 A., a figure again very similar to the 
anthracene result (4*06). 

With regard to the other physical properties of the crystal, I am indebted to 
Mr J. D. Bernal for an optical examination. His results are consistent with the 
molecular orientation arrived at in this analysis, the refractive indices showing 
that there is no possibility of the molecules being parallel. 

In conclusion I wish to thank Sir William Bragg, OM., F.R.S., and the 
Managers of the Royal Institution for their interest in this work. 

5. Summary. 

A quantitative X-ray examination of the crystal structure of durene, 
1.2.4.5-tetramethyl benzene, is desciibed. The space group is C 2 ^ (P2j/a), 
and there are two molecules in the unit cell. The structure is thus similar 
to the naphthalene-anthracene type, but the cell dimensions give no clue as 
to the orientation of the molecules, which in tins case must be deduced 
directly from the intensity measurements. 

A technique is described for dealing with the small volatile crystals. Inte¬ 
grated intensity measurements have been made, and the absolute values of 
the structure factors obtained for about 100 reflections. 

In the analysis of the struc ture it is shown that to a first approximation at 
least, the molecules arc flat or disc-like, as in anthracene and hexamethyl 
benzene. The precise orientation of the molecules has been obtained from a 
study of the intensities and is given on p 000. It is found that the planes 
of molecules in neighbouring rows are airangcd almost perpendicularly to 
each other, instead of being parallel, as might be expected. The closest 
distance of approach between atoms m adjacent molecules is about 3 * 7 A., very 
similar to the distance found for anthracene (3*8 A.). 
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The Spectra of the Halogen Molecules . Part L—Iodine 

By W. E. Cuktis, D So., and S. F. Evans, M.Sc., Armstrong College, 

Newcastle-upon-Tyne. 

(Communicated b) T II Havelock, F ii S —Received March 2d, 1933 ) 

[Plate 9.] 

Introductory. 

The term “ halogen molecule ” is intended to include the inteihalide com¬ 
pounds as well as the elementary molecules. The existence of three of the 
ten possible molecules of this type, namely, IF, BrF, and OIF, has not yet been 
established, and we have not attempted any spectroscopic search for them. 
For F 2 the data are meagre, only an emission spectrum being known,* and we 
have therefore confined our attention to the other six molecules, namely, 
Cl a , Br 2 , I 2 , BiCl, IC1, and IBr. The spectra of these, with the exception of 
BrOl, have been extensively investigated, and partially interpreted There 
are certain features, however, notably the continua and diffuse bands observed 
in emission, winch have not yet been satisfactorily explained, and we have set 
out to survey the existing data systematically and, where necessary, to obtain 
new data with the object of accounting for these features 

The problem of obtaining satisfactory data of continua and diffuse bands is 
definitely different from that involved m the case of line and ordinary hand 
spectra Not only is it more difficult to make accurate visual settings for the 
purpose of wave-length determinations, but it becomes of much more impor¬ 
tance to record the intensity distribution, which is often very characteristic 
and undoubtedly significant For these reasons we have thought it essential 
to obtain and reproduce microphotometer reeoids m all experiments, and to 
determine wave-lengths solely from these records Quite low dispersion has 
been used, and appears very suitable for a general survey, although a more 
detailed investigation using higher dispersion may well prove profitable later 
It seemed important to us to get strictly comparable data m all observations, 
and it has therefore been necessary to redetermine some of the existing data, 
which although numerous are seldom complete or homogeneous. A number 
of entirely new data are also presented. Some consideration must first be 
given to the known band systems of these molecules, since they provide 

* Gale and Monk, ‘ Phya. Rev.,* vol. 29, p. 211 (1927); vol. 33, p. 114 (1929). 
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evidence relating to the location and characteristics of molecular levels, some 
at least of which may be expected to be concerned in the emission of the 
continua and diffuse bands. 

There are such strong general similarities between the spectra of all the 
halogen molecules that it is safe to assume that the same general interpretation 
will be applicable to them all The data are by no means equally extensive ; 
for example, the banded absorption m the visible region which is shown by the 
vapours of I 2 , Br 2 , 01 2 , 101 and TBr has not been observed at all in the case of 
F 2 , presumably because the absorption coefficient is so small that an excessively, 
long column would be required Again, the IBr molecule is so unstable that 
it is difficult to obtain its spectrum free from I 2 bands, whilst the still greater 
instability of BrOl in the vapour phase has so far prevented the detection of 
any characteristic absorption, although an emission spectrum undoubtedly 
exists, as will be shown. 

On account of the general correspondence between these spectra it should 
evidently be profitable to consider them together and especially to seek to 
establish between them as detailed a correspondence as possible, so that 
tentative interpretations may be tested and accidental numerical coincidences 
more readily exposed This is what we have attempted to do, but to simplify 
the discussion it is desirable at first to consider only a single typical molecule, 
that of I 2 , for which the data are much more complete than for any other of 
these molecules 

The Spectrum of I 2 . 

In view of the complexity of the phenomena and the number of investigations 
concerned it is convenient to treat the absorption, fluorescence, and emission 
spectra separately. Their chief features are indicated diagrammatically in 
fig. 1. 

(a) Absorption .—The best known feature of the absorption spectrum is the 
band system (B) extending from the red to the green and merging at the con¬ 
vergence point into its associated continuum (C). There is also a much weaker 
band system (A) in the near infra-red, with a continuum (not shown) having a 
maximum about 7300 A. Another set of bands (D) occurs in the ultra-violet, 
between 2750 and 1700 A., but it is not yet certain whether these all belong to 
one system. Between 2750 and 2090 A. Pringsheun and Rosen* have measured 
some 300 bands in iodine vapour at a pressure of about one atmosphere and at 
temperatures up to 800° C. Kimura and Miyamshif used a lower pressure and 
* ‘Z. Phyailk/ vol. 50, p. 1 (1928). 

f * Sci. Pap. Inst Phys. Chem. Res. Tokyo,’ vol. 10, p. 33 (1929). 
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a temperatures of about 120° C., and observed 157 bands in the region 2145 
to 1948 A. Sponer and Watson* measured bands overlapping this system 
and extending down to about 1770 A. These appear to represent an extension 
of Kimura and Miyamshi’s system but are relatively more intense The same 
observers also discovered a group (E) of very strong bands in the region 1770 
to 1670 A., and some further absorption (F) between 1600 and 1500 A., but 
experimental difficulties prevented the detection of structure, if any The 
investigation of the absorption spectrum m the region of still shorter wave¬ 
lengths 1ms not yet been attempted 



Fio. I.—Spectra of molecular iodine. 

(b) Fluorescence ,—It has long been known that iodine vapour at low pressures 
can be excited to fluorescence by absorption of Hg 5461 or other line in this 
region. The resulting doublets (or groups if a wide exciting line is used) have 
been extensively studied, originally by Wood, and completely interpreted in 
terms of the current theory of band spectra. Indeed, they provide one of the 
most direct and striking applications of this theory, They are indicated under 
B in fig 1. There is a further extensive fluorescent spectrum which can bo 
excited by radiation of 1900 A. or thereabouts. For a short distance above 
the exciting wave-length this spectrum consists of a regular series of sharp 
lines (G) closely resembling Wood’s series in the visible region and admitting 
of a similar interpretation. But after about the 35th member they merge 
into a series of diffuse bands (H) which are at hist fairly regularly spaced but 
which later show no obvious regularity at all. These extend to about 4000 A.f 

* ‘ Z. Physik,’ vol. 56. p. 184 (1929). 

t McLennan, ‘ Ptoc Hoy Soc./ A, vol 91, p. 23 (1914) ; Oldenburg, • Z Physik,’ vol. 
18, p. 1 (1923). 
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The three continua at 3460, 4300, and 4800 A. which are prominent features 
of the emission spectrum can also be obtained by ultra-violet irradiation in the 
presence of a foreign gas, nitrogen for instance, at considerable pressures, but 
Oldenberg concludes that this is not genuine fluorescence but photochemi- 
luminescencc 

(c) Emission —The emission spectrum vanes very greatly with the pressure 
and current density. If both are sufficiently high the atomic spark spectrum 
may readily be obtained, with, of course, the arc spectrum, but free from 
molecular spectmm. In the present work we are only concerned with the 
latter, and conditions have accordingly been chosen to give the molecular 
spectrum as free as possible from the atomic. The high frequency discharge 
(about 10 7 oscillations per second) was employed throughout, with external 
electrodes, and the pressure of the iodine vapour was about 0*1 mm or less, 
being controlled by the temperature of a side limb. In the* green-red region a 
set of bands (B) may be obtained which are the counterpart of the ordinary 
absorption bands. They arc not identical, however, since the intensity 
distribution is dependent in the case of emission on the electrical conditions 
and in the case of absorption by the temperature of the vapour. It is note¬ 
worthy that the continuum which is associated with the absorption bands is 
not also observed in the spectrum of a discharge tube, although it has been 
obtained as part of the recombination spectrum of heated iodine vapour.* 

The most characteristic and best known features of the emission spectrum 
are the three continua already mentioned, which are usually designated by 
their approximate positions 4800, 4300, and 3460 A They differ markedly 
in appearance and vary in relative intensity with the conditions. 4800 is 
sharp on the red side, falls off m intensity slowly to the violet and probably 
extends well into the ultra-violet. According to Bhatnagar, Shnvastava, 
Mathur, and Sharmaf it terminates definitely at 2130 A , but we have not been 
able to confirm this 4300 is probably also sharp on the red side, but as it is 
overlaid by 4800 it is not possible to compare the two edges satisfactorily. 
It shows traces of structure on one of our plates taken in the second order of 
a 21-foot grating. We have found that there is also a maximum at about 
4020 A. which is particularly prominent at low pressures. 3460 is distinctly 
different in character, being approximately symmetrical and comparatively 
narrow (about 100 A.). Further, it is much more persistent than 4800, which 

* Kondratjew and Leipunaky, * Trans. Faraday Soo.,’ voh 26, p. 736 (1029). 

f 1 Phil Mag.,’ vol. 6, p. 1226 (1928). 
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is only prominent over a limited range of pressure, both in emission and 
fluorescence. It is obtainable m fluorescence in the presence of a large excess 
of foreign gas {eg., N a at atmospheric pressure), when an extensive system of 
diffuse bands is apparently associated with it.* 

There is Anally a considerable number of diffuse bands, more or less regularly 
arranged, between 2700 and 3300 A These appear to be m the main identical 
with those observed in fluorescence, except that the long wave members of 
the latter system do not occur m emission (under the conditions we have used) 
and the short wave members are masked. ii present, by overlying continuum. 
The only published measurements of these bands in emission are those of 
Bliatnagar and his co workers (Ux: ait ), which refer to the edges and not to the 
intensity maxima. Since the latter are very well defined on our micro photo¬ 
meter records, and since, too, the published values of Oldenberg and McLennan 
for the fluorescent bands are not in very satisfactory agreement we have 
thought it worth while to make fresh wave-length determinations The 
results are given in Table I, and murophotometer traces of spectra at low and 
higher pressures are reproduced m Plate A The wave-lengths given are 
probably correct to within an Angstrom or two, except for broad or unsym- 
metncal maxima. 

Interpretation of the Absorption Sjxrtrum of J 2 

The absorption spectrum is idatively the simplest of the thiee, since one 
level, that corresponding to the normal state of the molecule, is common to 
all the systems. This is theiefoie the natmal starting point for an investiga¬ 
tion of the whole spectrum The data have been summan/ed above. In the 
visible and near infra-red regions their interpretation is established, but the 
position with regard to the ultra-violet is at present somewhat unsatisfactory. 
Fig. 2 shows the approximate form of the potential energy-nuclear separation 
curves as derived from Morse functions based on the experimental data The 
normal state of the molecule is ! X f , ’ and the upper level of the visible bands is 
one component of 3 1I U , designated by Mullikenf O ! and dissociating into atoms 
in the 2 P 1/2 and 2 P a/a states. The infra-red system J arises from a transition from 
the ground state to another of the components of 3 J1 U which has the same 
dissociation limit as the normal state of the molecule There are a number of 

* Oldenberg, ‘ Z. Physik/ vol. 25, p J 36 (1924). 

t ‘ JPhys. Rev.,’ vol. 30, p. 1440 (1930). 

% Pnngsheim and Roson, loc. cit .; Brown, * Phys. Rev.,* vol. 38, p. 1187 (1931). 
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other theoretically possible molecular states based on the same two dissociation 
limits, but so far there is no experimental evidence of their existence, unless 
a fragmentary band recorded by Nakamura,* which does not appear to belong 
to either of the known systems, should prove to bo associated with one of 
them.| There is also a third mode of dissociation possible, namely 2 P1/2 f *PlA. 
but there is at present no experimental evidence relating to this. Some of 
the states in question are doubtless of the repulsive type, but these would give 
rise to contmua if they combined with the ground state, and the only contirma 
observed up to the present are those associated with the visible and infra-red 
systems. The latter of these is very weak. The former is stronger and more 
extensive, and is probably composite, including separate contmua due to 
v" = 0, 1, and so on, but no veiy detailed examination of its structure appears 
to have been made 

The chief present problem in connection with the absorption spectrum is 
that of the interpretation of the ultra-violet band, system or systems Prmgs- 
heim and Rosen, who studied the long-wave end of this, concluded that it arose 
from a transition from a lower state B (to zs 90 or 180) lying slightly above the 
normal, A (to = 214), to an upper state D (to ~ 70) 8poner and Watson 
have proposed an alternative arrangement in which these bands are linked up 
to the main system farther to the ultra-violet, thus rendering it unnecessary 
to postulate the additional low level B. There are two difficulties in accepting 
this suggestion. One is that the Pringshcim-Rosen bands do not appear to 
join on to the others very satisfactorily There is only a long single pro¬ 
gression forming a sort of bridge between them, and looking more like a v " 0 
progression than one in the middle of a system. On the other hand, it must be 
remembered that the data are not a homogeneous set, but are due to different 
observers working undei widely different conditions of pressure and tempera¬ 
ture Since in addition the accuracy of the measurements is low, discrepancies 
of as much as 10 cm. 1 appearing in the mean intervals, it is hardly possible to 
reach a definite conclusion at present More accurate measurements are very 
desirable, and preparations to this end are now m hand m this laboratory. 

The second difficulty in Sponer and Watson’s interpretation is that very 
high values of v " (up to 28) must be assumed to occur, and it seems at first 
unlikely that there could be a sufficient concentration of such moleoules to 
give appreciable absorption. We have, however, made some calculations 

* ‘ Mem. Coll. Sot. Kyoto Imp. Untv.,’ A, vol. 9, p 31T> (192t>). 

| But Pnngshenn and Rosen reported that they were unable to obtain this band, and 
Mr. 0. Darbyshire. working in this laboratory, has been equally unsuccessful. 
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bearing on this point and find that at 200° C. (Mecke’s maximum temperature), 
the concentration of molecules having r" ■= 9 (the lughest value observed by 
him) is approximately 1 *4 X 10 3 , whereaR at 800° 0 (Pnngsheim and Rosen’s 
maximum temperature), the concentration for v" — 28 is 7 9 X 10~ 6 The 
relative pleasures and lengths of path used are somewhat uuoeitam, ami dis¬ 
sociation at the higher temperature has been neglected, but it does not appear 
by any means impossible that absorption could be observed up to e" = 2H 
In any case the data are especially uncertain for the highest e" values, and it 
may be that the last few T progressions aie spurious On the whole there does 
not seem to be sufficient justification for Pnngsheim and Posen’s assumption 
of an additional low state B, although it is not improbable that more than one 
upper state is involved 

The interpretation of the far ultra-violet system of Spoiler and Watson 
is fairly clear The intensity distribution is of a type characteristic of a 
transition which is accompanied by a marked loosening of binding The 
first progression (r" = 0) is very long, and extrapolates to a convergence in the 
neighbourhood of GO 200 cm 1 * The vibrational level intervals in the upper 
state are known from the analysis, but the v' values are arbitrary The 
rotational analysis has not been attempted, and the nucleai separation r is 
therefore not obtainable directly But a rough estimate of its value may be 
obtained by making use of Morse’s approximate relationship to 0 r 0 3 -- constant. 
For the two states concerned in the visible absorption bands this pioduct has 
the values 4020 and 3500 Assuming a mean value of 3700, r Q for the state in 
question comes out to about 3*5 A The product o> 0 /y% which is often nearly 
constant for different electronic states of the same molecule, has considerably 
different values in this case, namely, 1510 and llGo. 

The remaining quantities necessary for the evaluation of an approximate 
curve relating potential energy and nuclear separation, namely, w 0 and o> ft .r, 
have been estimated from the data of Sponer and Watson. The values upon 
which the curve shown m fig. 2 is based are as follows oj 0 - 90 cm = 

0*11 cm -1 , D = 15,400 cm. J , r 0 -3*5A. The usual Morse formula 
U =14 (e~ air ^ r ° } — l) 2 has been employed. 

The curve is admittedly somewhat hypothetical, but so far as it can be 
tested it appears to fit the facts reasonably well. It accounts, for example, 
for the general distribution of intensity m the band system and foi its change 

* This im the sum of the wave-numlxr of the 0, 0 baud (14,800) and of the dissociation 
potential JJ (1*9 volt), both an estimated by Sponer and Watson They do not give the 
convergence wave-number explicitly, and it is evidently subject to considerable uncertainty. 



010 


W. E. Curtis and S. F. Evans. 


with temperature, as well as for some of the fluorescence phenomena to be 
discussed later It exhibits several unexpected features, however; the dis¬ 
sociation work (15,400) is considerably larger than that of the normal state 



(12,400), which is quite exceptional for a molecule of this type, although it is 
characteristic of certain unstable molecules, such as Hg a . The curve is also 
abnormally broad, owing to the extremely small value of jc, which in its turn 
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denotes a close approximation of the nuclear vibrations to simple harmonic 
type Both of these features would suggest that the excited state in question 
differs in some fundamental way from the others, and this is borne out by a 
consideration of the dissociation limit 

This is approximately 60,000 cm 1 above the ground state of the molecule, 
which corresponds to a total atomic excitation of about 47,600 cm. \ assuming, 
as appears to be well established, that the ground state dissociates into two 
unexcited ( 2 P 3/2 ) atoms. Now the first atomic state above the normal is 2 P 1 y 2 
at 7600, and the upper state of the visible absorption bands has its convergence 
at just this distance above the dissociation limit of the ground state, thus 
dissociating into one 2 P 32 and one 2 P 1/2 atom. The next limit, corresponding to 
dissociation into two 2 P 1/2 atoms, would lie at 15,200, but no molecular states 
converging to such a level are known, although Kondratjew and Leipunsky* 
have reported an I 2 excitation potential at 3-8 volts which appears to refer 
to this level. The next possibility is 2 P 3/2 +- 4 P 6 / 2 , a total excitation of 54,632, 
or 7000 cm. 1 above the estimated convergence of the ultra-violet system. 
There appear to be three alternative explanations of this discrepancy which 
may be advanced, namely: 

(1) That Sponer and Watson’s value for the convergence, 60,200, may be 
some 7000 too low. An error of this magnitude would appear to be out of 
the question, however. 

(2) That the ground state may dissociate into one 2 P 1/2 and one 2 P 3/2 atom 
instead of mto two 2 Pg/ 2 atoms as hitherto assumed. This is at first sight 
rather a tempting hypothesis, since it would just about account for the magni¬ 
tude of the discrepancy. There is no direct evidence bearing on the question, 
since the chemical determination of the heat of dissociation of the normal I t 
molecule gives no information as to the nature of the products. But there are 
two distinct lines of indirect evidence which support the accepted view. One 
is derived from a correlation of atomic and molecular states,f and the other 
from the interdependence of the heats of dissociation of I a , Cl 2 , and IC1. From 
the spectroscopic data for these molecules, and assuming the products of 
dissociation to be known in each case, one can calculate the heat of dissociation 
for normal IC1.J The only way in which agreement with the chemical deter¬ 
mination can be secured is to suppose that normal I a gives two normal atoms 
on dissociation, in accordance with the accepted view. 

* ‘Z. Phyflik,’ vol 44, p, 708 (1933). 

t Mulliken, ‘ Phys. Rev./ vol. 36, p. 1440 (1930). 

X Cordes, 4 Z. Physik,’ vol. 74, p. 40 (1932). 
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(3) That the dissociation products are not excited atoms. The only 
alternative would appear to be ions, 1 1 and I“, in either their normal or some 
excited state.* The energy of 1^ relative to I has been determined by the 
electron impact method by Foote and Mohlerf and from an analysis of the 
atomic iodine spectrum by S. F. Evans + The results are respectively 10*5 
and 10*44 volts, a much better agreement than could be expected in view of 
the long and uncertain extrapolation upon winch the latter is dependent^ 
Taking the convergence wave number for the love] m question as 60,200, and 
subtracting the energy of dissociation of 1 2 into normal atoms, namely 12,400, 
wo get on the present hypothesis the value 47,800 for the energy of I + I" 
relative to normal atoms Adopting 10*5 volte (85,100 cm.' 1 ) as the energy 
of I', the electron affinity is 47,800 — 85,100 = — 37,300 cm. x . 

Values for the electron affinity have been obtained by two otliei methods. 
One of these is based on calculations of grating energies of crystals, the most 
recent and reliable value being that of Mayer and Helmholz.i! They consider 
that their result, 26,090 cm.* 1 (74 2 k. cal. per mol.) should be accurate to 
within about 2%. The other method ib due to Kmpping,*; and is based 
on his experimental determination of the work required to dissociate HI into 
H + I~. As some of the data he employed have since been revised it is 
repeated below. 

He considers the energy changes involved in the cyclic set of changes 
+I-+H f + I + e-H4 I-iH, + *I,-*HI 
Introducing the energy changes, all supposed positive, we have 

HI + V m = H+ + I- 
H+ + I~+E = H H + I + e 
+I + e = H + I + V H 
H + I - *H 2 + *1, + JD U + W, 

£H 2 + H 2 = HT + Q, 


* This suggestion has been advanced on other grounds by several other workers, namely, 
Oldenberg (‘ Z. Phyeik,’ vol, 18, p. 1 (1923)), Sponer and Watson, (*Z Physik,' vol. 66, 
p. 196 (1929)) and Mulliken (‘ Phys. Rev.,’ vo], 36, p. 1447 (1930)). 

t ‘ Phys. Rev.,’ vol 21, p 382 (1923). 

X 1 Proc. Roy. Soc./ A, vol. 133, p. 417 (1931). 

§ The value 10-548 recently published by Deb (‘ Proc. Roy. iSoc.,’ A, vol. 139, p. 380 
(1933) ) is based on the assumption that the “ 3460 ” continuum is emitted as a result of 
the capture of an electron by an ionized I atom. The energy required to produce suoh an 
ion from the normal molecule is about 97,000 cm.' 1 , whereas it is possible to excite the 
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where V m is the work of dissociation of HI into H f + I~, E is the electron 
affinity of I, i e., the work required to detach the extra electron from I', V H 
is the ionization potential of H, D H and Dj are the heats of dissociation of H 2 
and I 2 into normal atoms, Q is the heat of formation of HI from H a and I 2 
as determined chemically and e represents a fnv electron. 

Adding and equating the two sides we get 

Vm + E = V H + -f- + Q* 

The values of the various quantities are as follows — 

V HI = 12*7 volts (Kmpping, loo nf , corrected by Gerlach and Gromnnn) ■= 
103,000 cm. 1 

V u — 109,700 (Rydberg constant) 

D„ — 35.800 (spectroscopic value given by Professor O W Richardson 
m a private communication) 

D t -- 12,400 (spectroscopic value) 

Q = 450 (1290 eals per mol , see eg Saha and Srivastava, ‘ Heat,” 
p. 463). 

Hence E = 31,250 cm.” 1 . This is 5000 higher than the value deduced from 
grating energies, which as stated above is regarded as being within 2% 
of the true value. The only one of the above quantities which can be 
Beriously in error is V HT , and it therefore seems desirable that it should be re¬ 
determined. 

If we accept the Mayer-Helmholz value for the electron affinity as the most 
reliable at present available, we have to account for the discrepancy of some 
11,000 cm _1 which results from the adoption of hypothesis (3). We might 
assume the products of dissociation to be excited, with energies 85,100 + X 
for 1+ and - 26,090 + Y for 1". We should then have 47,800 - 85,100 - 
X = — 26,090 + Y, and therefore X + Y = —11,210. Since both X and 
Y are essentially positive the difficulty is only accentuated by such an assump¬ 
tion. It is possible, but distinctly improbable, that the above value of the 
atomic ionization potential is in error by so much as 11,000 cm. x . On the 
whole, it seems best to regard the question of the dissociation products of the 
level in question as still an open one, 

emission of “ 3460 ” by absorption of radiation in the neighbourhood of 63,000. It follows 
that the suggested interpretation is untenable, and that no weight can be given to the value 
of the ionization potential so derived. 

|| ‘Z. Physik/ vol. 76, p. 19 (1932). 

H * z. Physik,’ vol. 7, p. 328 (1921). 
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There is, however, one other point of interest in connection with these 
bands. It might appear that the question as to whether the dissociation 
products are ions or excited atoms could be answered by observing whether 
radiation of suitable frequency produces conductivity in the vapour. Ludlam 
and West* have, m fact, found such an effect using radiation from an aluminium 
spark, but the effective wave-length was uncertain, and no very definite 
conclusions could be drawn. If there is a continuum associated with this 
system it should be about 60,000 cm. -1 , i,e , 1670 A. or beyond A continuum 
in this region (F of fig 1) has, in fact, been observed by Sponer and Watson. 

There remains to be considered the banded absorption of still shorter wave¬ 
length discovered by Sponer and Watson. This comprises some six very 
intense bands in the neighbourhood of 1750 A., together with some weaker 
bands extending down to 1666 A The former group shows intervals approxi¬ 
mating to 213 cm. \ the separation of the ground state vibrational levels, 
and has been interpreted by Sponer and Watson as a transition to an upper 
level having approximately the same nuclear separation and vibration frequency 
as normal I 2 . That is to say, they regard each band as a sequence of heads 
arising from the same Ar, thus accounting for their remarkably high intensity. 
This view receives some support from observations of the effect of raising the 
temperature to 140° C , this does not affect the number of bands but merely 
broadens the middle members. This would correspond to a strengthening of 
those components of a sequence which arose from higher v" values. At the 
same time there should be a transfer of intensity within the system towards 
longer wave-lengths, but this is not recorded. Another difficulty in the 
sequence interpretation is that the bands are apparently symmetrical, whereas 
an unresolved sequence should certainly be sharper on one side or the other, 
according to whether co' or o" is the larger. The dispersion used was small, 
however, and may have been insufficient to show such an effect if present. 
The chief argument in favour of the sequence interpretation seems to be the 
absence of an alternative. The only possible one would be to attribute the 
bands to a transition from the normal state to an upper level of very low 
stability, corresponding to a nearly flat potential energy curve. This would 
give diffuse bands having separations of the observed order, but their intensities 
Bhould fall off steadily from the high frequency end, which would correspond 
to absorption from the lowest and most abundant vibrational state, whereas, 
in fact, they show a maximum near the middle. Also the effect of increasing 


* * Proo. Roy. Soo., Edin., 1 vol. 46, p. 34 (1924). 
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temperature would be to bring up further members at the long-wave eud, but 
Sponer and Watson state definitely that this does not occur Further experi¬ 
mental work is necessary before the question can be settled, but as the evidence 
stands at present one must regard the sequence interpretation as the more 
acceptable. This necessitates an upper level of similar characteristics to the 
ground state, with its lowest vibration level about 57,000 cm 1 above that of 
the latter On the assumption of a similar work of dissociation this is also the 
total excitation energy of the dissociation products. These might be atoms 
in the normal (5p 2 P.j ,) and 6s 4 P g/J states, having a total energy of 54,600, or 
the excited atom might be in the next higher state, Gs 4 P a ^. giving a total 
energy of 56,100 

The remaining absorption bands m this region, winch he mainly on the 
short-wave side of the above group, have not been analysed We have detected 
some possible regularities, however, as set out m the Table 1. For comparison 
the mam group of Sponer and Watson is also included. In the absence of any 
intensity estimates the groupings can only be regarded as tentative, but it 
may be worth recording them so that they may bo tested when better data 
become available. 

Table I. 


1 

Series I. 

i 

Noi ion i r 

Sories m. 

Sonos IV 

57,617 

58,386 

58,600 

00,006 

179 

224 

264 

238 

338 

162 

336 

59,708 

1»5 

262 

277 

222 

143 

57,900 

059 

546 

198 

305 

268 

218 

56,945 

595 

57,791 

328 

225 

(147) 

274 

223 

720 

*(248) 

f517 

105 

219 

(390) 



501 

858 




* Interpolated, not observed, but may be under 57,143, Which is very broad 
t Is also the first member of Series I. 

Senes I is Sponer and Watson’s “ group of six ” referred to above 


Interpretation of the Fluorescence Spectrum. 

The fluorescent series associated with the visible band system has been 
extensively studied and need not be considered here. We shall confine our 
attention to the ultra-violet system. It has been excited by various radiations 
between 1800 and 2100 A., and extends from the exciting wave-length up to 
about 4000 A. The high frequency part up to 2150 A. is a typical molecular 
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fluorescence series converging towards the red and showing the intervals 
characteristic of the lower state. It may be assumed to originate in absorption 
of one or more of the lines of the ultra-violet system, raising the molecule to 
the excited state D at about the level marked X, fig. 2. The series of 35 sharp 
fluorescent lines correspond to transitions from the latter back to the lowest 
35 levels of the normal state. The remainder of the fluorescence spectrum* 
consisting of some 70 more or less diffuse bands, is not so readily explained. 

Kuhn* has suggested an interpretation of those, 25 in number, lying at the 
low frequency end, ip, between 3169 and 4007 A. From a graph of the 
intervals, reproduced in fig. 3, he concludes that the bands form one series* 
due to the transition from an upper firmly bound state (co ~ 220 cm to 
a lower loosely bound or unstable state. There are several difficulties in his 
explanation, however. In the first place, although Kuhn remarks that Sponer 
and Watson have found an excited state with this vibration frequency, this 
cannot be the upper state in question, since it lies too high (- 57,000) above 
the ground level to be capable of excitation by the frequencies used (none 
above 54,000). Further, the necessity for postulating such a state does not 
arise if the criticism of Kuhn’s graph which follows is sound An examination 
of the diffuse bands recorded by McLennan between 31,000 and 38,000 cm.* 1 
strongly suggests that they form one series, with certain members missing. 
The first three gaps are each near strong Hg lines (3125, 3025, 2967) which 
would almost certainly have obscured any bands in their immediate neigh¬ 
bourhood under McLennan's experimental conditions. The remainder cannot 
be so explained, but it is probably significant that the next four gaps occur 
between successive bands; that is to say, that alternate members appear to 
be suppressed (in the region 34,500 to 36,000). By interpolating these, together 
with several others between 36,000 and 38,000 a fairly satisfactory complete 
series is obtainable. The resulting intervals are plotted in fig. 3 and indicate 
that at least two distinct series exist, one between 4007 and 3394, converging 
rapidly towards the violet and the other below 3394 converging slowly in the 
same direction. This conclusion is supported by the intensities, which show 
a definite discontinuity at the same point and also by the fact that we have 
obtained the latter series very readily in emission without any trace of the 
former. Incidentally it may be noted that the convergence to the violet 
negatives the possibility of either series being of the pure fluorescent type, smce 
any emission senes originating in a single upper level must converge to the 
red. The intervals plotted in fig. 3 are taken from our own data derived from 
♦ * Z. Phyaik,’ vol 03, p. 475 (1930). 
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the emission spectrum and given in column 4 of Table II. McLennan’s 
fluorescence results arc given m column 2 and although showing large systematic 
differences from the corresponding emission bands evidently refer to the same 
series. 

Of these two series, the long wave one shows a very rapid change of intervals, 
which no longer approach a limit (~ 220 cm -1 ) as in Kuhn’s interpretation. 
The larger intervals occurring are much above any vibration frequency to be 
expected for the iodine molecule, but may possibly arise as Kuhn suggests 



Fio 3.—Intervals from ultra-violet diffuse bands. 0 Intervals from Oldcnborg’s data ; 
• intervals from present data, Cs> half-intervals from present data , - - - - Kuhn’s 
curve. 

from a combination of an upper firmly bound state with a lower loosely bound 
or unstable state. The interval graph is very similar to that obtained in the 
case of certam Hg 2 bands discussed by Kuhn, except that in the present case 
the limiting value of the intervals, which should correspond to the vibration 
frequency of the upper state, is not approached, and this cannot therefore be 
identified. We have not found it possible to construct a plausible lower state 
potential energy curve from the data on the assumption that the state D is 
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the upper state associated with these bands. It is more probable that the 
latter is arrived at by a transition from D, which would account for the com¬ 
paratively large number of upper vibrational states involved. 

The above observations will apply equally well to the second or short wave 
series. Qualitatively both senes might be accounted for as arising from a 
transition from a stable upper level to different portions of the same unstable 
lower level. The data at present available do not permit of the location of 
either of these levels. It is only possible to say that the lower level is probably 
associated with the limit 2 P 3/2 + 2 P 3/2 , and that the upper cannot be far below 
the level D. These conclusions follow immediately by subtracting the 
maximum frequency of the system (~ 37,000 cm *) from the excitation 
frequency in fluorescence 53,000) which gives 10,000 as the maximum 
possible excitation of the final state. If there is an intervening transition the 
latter would be still lower. But an unstable lower level must he above the 
fundamental limit 2 P 3 / 2 + “p3/a> i e., 12,500 cm ' 1 and this leaves at most 3500 
for the preliminary transition. There is one group of diffuse bands in the 
neighbourhood of 31,000 cm." 1 (3220 A ), that is to say, at the beginning of the 
short wave series, which is ho promment as to call for special mention. There 
are some seven or eight of them, with intervals ranging from 205 to 245 cm." 1 
and intensities rising to a maximum near the middle. The irregularities in 
the intervals, although considerable, probably do not exceed the errors of 
measurement, and the intensities run so smoothly that one is bound to con¬ 
clude that the group is a real one, with some simple physical connection between 
the members. The spacing and intensity distribution are very similar to 
those of the group near 1700 A. observed by Sponer and Watson in absorption, 
but we have not found it possible to trace any precise correspondence between 
them nor is it likely that such should exist, since the absorption group arises 
from the excitation of a much higher level than that concerned in the emission 
of the fluorescent bands. 

It has been suggested above that the greater part of the fluorescent band 
system may be derived from an upper state or states lymg below the state D 
and excited by a preliminary transition from it. A detailed consideration of 
the properties of the latter state lends support to this view. According to 
the Franck-Condon theory an electronic transition in a molecule has little or 
no direct and immediate effect on the position or motion of the nuclei. The 
two conditions taken together would suffice to determine the frequency capable 
of being emitted by a molecule at any phase of the nuclear vibration. Although 
the principle is not to be interpreted too precisely, it is of great use in indicating 



Spectra of the Halogen Molecules. 


619 


the most probable transitions. In the present case we may apply it to the 
level X of the state D in order to predict the nature of the fluorescent radiation. 
Smce the vibration period (10“ 12 second) is small compared with the average 
life of the excited state (~ 10“ H second ?) we may assume that molecules in 
all phases of vibration will be found, with increasing probability towards the 
turning points. 

The kinetic energy is represented by the vertical height of the level above the 
potential energy curve. So long as thiB is less than the corresponding distance 
(i.e., for the same nuclear separation) in the ground state a transition to the 
latter may take place, blit if it is greater continuous emission resulting in 
dissociation would occur. That is to say, only molecules represented by the 
points between X and Y can give discontinuous fluorescence by transitions to 
the ground state. Any other state with the same dissociation limit (12,400) 
is bound to be less stable than the latter, and the above restriction will operate 
to an even greater degree It follows that the extensive observed system of 
fluorescent bands cannot originate directly from the level D There must be 
an intermediate transition to a third level, or perhaps more than one Such 
levels would not combine with the ground state and would not therefore show 
in absorption. The fact that the fluorescence spectrum is practically inde¬ 
pendent of the exciting wave-length, so long as this lies between 1850 and 
2000 A., also strongly suggests that a secondary transition must intervene 
between those of excitation and fluorescence. 


Interpretation of the Emission Spectrum. 

Mention has already been made of the principal features of the emission 
spectrum. Except for the bands in the less refrangible region of the visible 
spectrum, none of them have as yet received a really satisfactory explanation. 
Considering first the relatively broad contmua, we find that there is general 
agreement, on expenmental grounds, in assigning those near 4800 and 4300 
to the iodine molecule.* We have found, using high dispersion, distinct 
signs of a complex band structure in the case of 4300 excited by a low pressure 
discharge, and Cario and Oldenbergf have reported a regular structure in the 
case of 4800 excited in a narrow capillary. It thus appears probable that 
neither of these is a genuine continuum. There is no such evidence relating 

* E.ff; Finkelnburg, ‘ Phya. Z./ vol. 31, p. 1 (1930); Meoke, “ Handbuoh d. Physik ” 
{Geiger and Scheel), vol. 21, p. 640 (1929). 

t 1 Z. Physik/ vol. 31, p. 914 (1925). 



620 


W. E. Curtis and S. F. Evans. 


to the emission maximum which we have observed near 4020 A., but there is 
no reason to doubt that it is molecular in origin. 

Concernmg the maximum usually referred to as “ 3460 ”* there has been a 
good deal of controversy. It differs markedly in behaviour from the others. 
It is much more persistent and is especially prominent at higher pressures, 
when it appears to break up into a regular series of diffuse bands (Cario and 
Oldenberg, loc . oiL) It is unique, moreover, in that it remains very prominent 
in highly dissociated iodine vapour, and attempts have therefore been made to 
ascribe it to the iodine atom. The occurrence of structure seems to preclude 
this, however, and at present no satisfactory way out of the dilemma is 
apparent. Gorlach and Gromannt attributed it to the capture of an electron 
by the iodine atom, but the resulting value (28,760 cm. -1 ) for the electron 
affinity differs considerably from that of Mayer and Helmholz (26,090) derived 
from grating energies. Oldenberg suggested that it might result from the 
recombination of 1 L and I , thus accounting for the simultaneous atomic and 
molecular characteristics as arising from the initial and final states respectively. 
We cannot find any numerical support for this, since using the values quoted 
above for the ionization potential and electron affinity, the excitation of the 
resulting iodine molecule then comes out to be 42,200 cm, which is a rather 
unlikely value as will be seen by reference to fig 2. There is also considerable 
doubt as to whether such a process as I I - Av + I 2 is possible No such 
lomc recombination with emission of radiation has as yet been established, 
although a number of molecular states are known which dissociate adiabatically 
into ions. It is true that Teremn and PopowJ have reported several observations 
of photodissociation into ions but they do not appear to have shown that this 
takes place in one act. It is more probable that the absorption of light results 
in excitation to an unstable level, which then dissociates into ions. 

The most promising clue in connection with 3460 is a recent observation of 
Skorko§ that it can be obtained at high temperatures in absorption and then 
shows a coarse vibration structure. By following this up it may be possible 
to establish the position of the upper level and hence determine its nature. 

The wave-lengths and intensities of the system of diffuse bands, as deter¬ 
mined from our nucrophotometer traces, are given in Table I, together with the 

* This wave-length refers to the loug*wave edge. Although this is comparatively 
sharp no aco urate position oan be assigned to it f and we have accordingly determined the 
wave-length of the intensity maximum (3414 A., see Table II), 

t 1 Z. Physik/ vol. 18, p. 239 (1923). 

J ‘ Z. Physik,’ vol. 75 f p. 338 (1932). 

§ ‘ Nature,' vol. 131, p. 366 (1933). 
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corresponding data of previous observers. The plates were taken on a Hilger 
small quartz spectrograph having an average dispersion of 46 A. per milli¬ 
metre in this region, and the traces themselves are on a scale of about A. 
per millimetre. The pressure of iodine was of the order of 0*001 mm. The 
spectrum and microphotometer record are reproduced as (6) and (a), Plate 9. 
The effect of raising the pressure to 0*16 mm. (corresponding to atmospheric 
temperature) will be seen from (c) and (rf) The relative intensity of 11 3460 ” 
is much greater, and the continua at 4800 and 4300 are prominent. Otherwise 
the spectrum is essentially the same, except that the diffuse bands are less 
conspicuous on account of the increased intensity of the continuous back¬ 
ground. It is impossible to say whether this is an extension of 3460 or a 
separate continuum, but the former seems quite probable. 

The first two columns refer to low pressure fluorescence, and the third to the 
Tesla discharge as studied by Bhatnagar, Shrivastava, Math lit, and Sharma. 
The latter workers have measured both edges of the bands ; the tabulated 
values are the means of these. 

The intensities attached to our values are measured directly from the micro- 
photometer traces and thus have no absolute significance. But they have the 
advantage of being objective, and do represent with some accuracy the order 
of intensities in any particular region. The intensities (in brackets) given by 
other observers are presumably estimated visually in the usual manner. 

It is evident from the table that the fluorescent and emission spectra are 
essentially identical in this region. At the long-wave end the agreement is 
complete, except for systematic wave-length differences, whilst at the short 
wave end there are some slight discrepancies There is good general agreement 
between our results and those of Bhatnagar and co-workers. They list a few 
additional weak bands which are, in fact, present on our microphotometer 
traoes, although not suitable for measurement. But we cannot confirm their 
conclusion that all the above bands form an ordinary system, with “ 3460 ” 
as the (0, 0) transition. In the first place, the relative enhancement of “ 3460 ” 
by pressure is so pronounced as to put any such simple relationship out of the 
question. Further, the majority of the diffuse bands have a remarkably 
symmetrical intensity distribution, whereas an ordinary band is necessarily 
unsymmetrical in this respect. Until they have been examined under higher 
dispersion too much insistence should not be laid on this evidence. But a 
study of the proposed v'v" scheme on the basis of our data does not provide 
any support for it, since the combination differences vary irregularly by 100 
cm. -1 and more from the average values. Such discrepancies might be per- 

2 T 
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Table II.—Diffuse Bauds iu Low Pressure Spectrum of Iodiue. 


Oldenberg. 

McLennan 

Bhatnagar and 
oo- workers. 

Curtis and Evans. 

A and Int. 

A 

A and Int. 

A. 

Int. 

if. 



3400 

3414 3 

3 6 

29,280 


3311 (7) 

3315 

3307 (2) 

3306 4 

3 8 

30,236 

235 

3230 (9) 

3290 

3277 (5) 

3280 9 

6-2 

30,471 





224 

3261 (10) 

3268 

3251 (8) 

3256 9 

8*2 

30,695 

219 

3237 (10) 

3245 

3228 (8) 

3233 8 

8 7 

30,914 

216 

3212 (10) 

3220 

3206 (H) 

3211 4 

8-8 

31,130 

211 

3191 (9) 

3195 

3183 (8) 

3189 8 

7 9 

31,341 

186 

3169 (6) 

3175 

3164 (3) 

3171 0 

3 7 

31,627 

298 



3142 (3) 

3141 3 

3 5 

31,825 

183 



3119 (8) 

3123-3 

7 5 

32,008 

206 


3107 

3101 (7) 

3103 3 

6 9 

32,214 

194 


3090 

3083 (1) 

3084 8 

2 7 

32,408 

240 


3005 

3059(6) 

3062-1 

4 6 

32,648 

198 


3047 

3040 (7) 

3043 6 

5 9 

32,840 

221 

I 


3022 (1) 

3023 3 

1 5 

33,067 

220 


3009 

3002(6) 

3003 3 

3 5 

33,287 

179 


2993 

2985(7) 

2987 2 

4 4 

33,466 



2960 

2970 (1) 




370 


2946 

2951 (7) 

2954 0 

3 5 

33,836 

238 


2930 

2938 (2) ' 

2933 9 

2 8 

34,074 



2915 

2920 (0) 




362 


2900 

2908 (2) 

2903 I 

3 0 

34,436 

332 


2883 

2872 (5) 

2875 4 

2 9 

34,768 

346 


2853 

2846 (3) 

2847 0 

2 7 

35,114 

325 


| 2825 

| 2820 (3) 

2820 9 

2 5 

| 35,439 

350 


2799 

2794 (0) 

2793-3 

2-3 

35,789 

338 


2774 

2765 (1) 

2767-2 

2-2 

36,127 



2760 

2748(1) 




332 


2737 

2739 (1) 

2742 0 

2-0 

30,459 

410 
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nussible so long as the edges of the bauds were measured (as by Bhatnagar and 
©o-workers), since they could be attributed to blending, but the increased 
accuracy of our results and the symmetry of the maxima renders such an 
explanation untenable. Apart from this the o>' value proposed (~ 710) is 
bo high as to be exceedingly improbable. The fact that the intensity maxima 
in the sub-groups follow a fairly smooth curve, and also that all the bands vary 
together with pressure, suggests that they may belong to one system. On the 
other hand, the grouping and intensities do not resemble those of any known 
system. Broadly speaking, three regions may be distinguished. At the long 
wave end, between 3350 and 3150, is the very prominent group already men¬ 
tioned, with quite regular intervals and intensity distribution. The intervals 
converge from 235 to 211 cm. 1 towards the ultra-violet, and the intensities 
increase in the same direction, reaching a maximum for the penultimate band, 
namely, 3211 A., and then falling slightly for 3190. The next band, at 3171, 
shows an abrupt decrease of intensity and interval, and probably does not 
belong to this group, although usually included in it. 

At the short wave end, from 2950 to 2700 A., we have another set of bands, 
showing considerable regularity of intensities and intervals, but the latter are 
much larger than in the previous group, ranging around 340 cm. -1 , and decrease 
more slowly in the same direction. In the intermediate region there are three 
groups each containing three bands, with intervals ranging from 180 to 240 
and little apparent regularity as regards intensity. A fundamental difficulty 
in connection with the short wave set is the wide spacing, 340 cm. _1 . Smce 
the vibrational frequency m the ground state is only 213 cm. 1 it is very unlikely 
that this should correspond to an actual vibrational frequency of the excited 
molecule. There are two ways in which intervals much greater than the 
actual vibration frequencies may occur. Firstly, by the combination of a 
stable level with one of low stability, provided that relative positions of the 
potential energy curves are favourable. In such a combination, however, the 
intervals must show a rapid variation if they differ considerably from those 
characteristic of the stable state,* and this explanation is therefore excluded 
by their comparative constancy m the present observation. Secondly, it is 
possible to obtain a pseudo-interval as the result of a fortuitous relationship 
between the vibration frequencies of two combining states. If one, for example, 
is approximately two-thirds of the other, coincidences will occur between every 
third band of the former progression and every second of the latter. In the 
present observation, the observed maxima with a spacing of 340 cm. 1 might 

♦ See Kuhn, 1 Z. Phyaik/ vol. 63, p. 461 (1930) 

2 t 2 
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be due to the superposition of two progressions having intervals of about 170 
and 133 cm."* 1 . If this is the true explanation, some confirmation should be 
obtainable from microphotometer traces of much higher dispersion, since the 
coincidence will not be exact over more than a very narrow range. 

Returning now to consideration of the prominent group about 3260 A., 
the main question is whether the approximate agreement of the observed 
intervals (236 to 211 cm." 1 ) with those of the ground state (6> 0 " = 213 cm." 1 ) 
is significant or accidental. It cannot actually be that of the ground state, 
or these bands would appear in absorption. If the excitation to the upper 
level takes place by electron impact all trace of o>" necessarily disappears. If 
the excitation takes place by absorption of radiation, as, for example, of the 
atomic resonance line 1844, which is very strong in the discharge, there might 
appear to be a possibility of the population of the upper state being to some 
extent dependent on <o", since a group of lower levels with this spacing will 
have been separately excited by the same frequency. Since the rotational 
energy has to be taken into account as well, however, the upper levels excited 
will not show the o" spacing. We conclude therefore that the intervals of 
this group probably have nothing to do with those of the ground state, and 
this is supported by the fact, which has already been mentioned, that the 
intervals show a rapid variation, such that if they tend to a* constant value it 
must be well below 200 cm.' 1 . 

We have recently found that a very similar set of diffuse bands can be 
produced in bromine at very low pressures ; the study of these, which is now 
in progress, may very well throw some light on the question at issue. 

We desire to express our indebtedness to the Department of Scientific and 
Industrial Research for a grant which made this investigation possible. 


Summary . 

The chief features of the I a spectrum which have not yet received an explana¬ 
tion are described and discussed. In the absorption spectrum the chief 
problem is the nature of the excited states associated with the various systems. 
Of these the best determined is the upper level of Sponer and Watson's ultra¬ 
violet system. A potential energy curve is given for this, and is found to 
possess some unusual characteristics. Consideration of these, together with 
the apparent impossibility of accounting otherwise for the dissociation energy 
of the products, leads to the conclusion that the latter are probably ions. 
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The resulting value for the electron affinity of the iodine atom is not, however, 
in satisfactory agreement with the latest determinations from grating energies. 

Some possible regularities in the far ultra-violet absorption bands are pro¬ 
posed, but more precise data, including intensity estimates, are much to be 
desired in this region. 

The fluorescence system of diffuse bands due to ultra-violet excitation is 
next considered, and it is shown that Kuhn’s conclusions require modification. 
The bands allocated by him to one series actually fall into two, one of which 
converges rather rapidly with increasing frequency whilst the other converges 
more slowly. It is remarkable that the bands still farther to the ultra-violet 
may be regarded as an extension of the latter series provided that alternate 
members are supposed to be missing. This suggestion is admittedly without 
theoretical support, but the alternative difficulty of accounting for the wide 
spacing of the bands 340 cm. -1 ) is almost equally serious. It is concluded 
that the emission of the diffuse bands cannot immediately follow the absorption 
of the exciting radiation, but that a second transition intervenes. 

New data denved from microphotometer records of the diffuse emission 
bands are presented. These do not provide any support for the attempt made 
by Bhatnagar, Shrivastava, Mathur, and Sharraa to fit the bands into an 
ordinary vV' scheme. 
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Experiments on Molecular Scattering in Gases . I - The Method of 
Crossed Molecular Beams . 

By Ronald G. J. Fraser, Imperial Chemical Industries, Limited, and 
L F. Broadway, Clare College, Cambridge. 

(Communicated by T. M. Lowry, F.R.S —Received March 28, 1933 ) 

The development of the technique of molecular rays has made possible a 
direct experimental study of collision phenomena in gases. Hitherto our 
knowledge of molecular fields has been derived indirectly ; mamly from experi¬ 
ments on gaseous viscosity and diffusion, which demand inevitably a statistical 
interpretation. On the other hand, direct measurement of the angular dis¬ 
tribution of the molecules scattered from a beam in traversing a gas at low 
pressure is now practicable ; and it seemed worth while to develop a method 
of investigating intermolecular collisions which should make use of the new 
technique. 

The experiments described in this paper are a first step in this direction. 
Ideally one would wish to study the mutual scattering of two similar or dis¬ 
similar beams of nearly homogeneous velocity ; but it was considered advisable, 
in orienting experiments such as the present, to aim at a compromise. In 
the first place, therefore, attention has been confined to the scattering of one 
beam only, which we may call the primary beam. In the second place, the 
choice of substances for the other beam, the scatterer, has been confined to 
those of which the molecules are very heavy and sluggish compared with the 
molecules of the primary beam ; in such case, the scattering of the primary 
beam is sensibly symmetrical about its own direction. As constituents of the 
primary beam we are using in the first instance the alkali metals, mainly 
because there already exists for them in the surface ionization gauge an 
extremely sensitive detector.* 


Outline of Method . 

The experimental arrangement is shown schematically in fig. 1. A beam 
of alkali metal atoms of circular cross-section is directed to pass across and 

* The surface ionization gauge was discovered by Langmuir and Kingdon (‘ Proc. Roy. 
Soc.,' A, vol. 107, p. 61 (1926)), and adapted to the measurement of the intensity of alkali 
metal beams by Taylor (' Z. Physik,’ vol. 57, p. 242 (1929)). It is described in some detail 
in Fraser, “ Molecular Rays,” Cambridge (1931), p. 43 ff. 
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immediately above the circular orifice of an oven, from which a heavy vapour 
is effusing molecularly to be condensed on a cooled hood above the oven. 
The density of the vapour stream is adjusted so that the alkali metal atoms 
suffer single collisions in passing through the apex of the stream. The scattered 
atoms are received on a circular ring of tungsten wire, which forms the positive 
electrode of a surface ionization gauge. The gauge is movable along the axis 
of the primary beam ; m this way the angle of collection of the scattered atoms 
can be varied at will over a prescribed range. For a given angle of scattering 
the number of atoms falling on unit area of the detector per second is inversely 
as the square of its distance from the centre of scattering ; hence a compara¬ 
tively large number of scattered atoms is received at the larger angles. This 
enables measurements to be made with 
approximately equal accuracy over the 
whole range of a steeply falling angular 
distribution curve. This advantageous 
arrangement is, of course, only possible 
if the scatterer is a heavy, low velocity 
molecule ; otherwise the circularly sym¬ 
metric distribution of the scattered atoms 
about the axis of the primary beam is 
lost. 

The Apparatus. 

The apparatus is illustrated in fig 2. 

It consists essentially of a brass tube, 
divided into two chambers, the oven 
chamber and the observation chamber, 
by the liner (L), which carries the beam system of oven (Oj) (on a dovetailed 
slide (Di)) and image aperture (I), and which can be removed after each experi¬ 
ment for cleaning. Each chamber communicates via a mercury trap with a 
Leybold steel diffusion pump type B ; pressures were read on a McLeod gauge. 
The oven (O a ) containing the scatterer is hung on two constantan girders from 
the Dewar vessel (D 3 ) containing liquid air, which is provided with a copper 
hood (H) to condense the molecules effusing from O a The detecting system, 
consisting of the tungsten filament (F) and surrounding cylinder (C), is carried 
on the nut (N) of a lead-screw (L$), and can be traversed along the axis of the 
primary beam by means of the screw driver (Sc); two spiral springs (8p) 
of phosphor bronze ribbon form extensible leads to the detector. The 



Fig. 1. 
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filament (F) is protected from grease vapour by the large copper shield (C$), 
which is attached to the Dewar vessel (D 4 ) containing liquid air* It may be 
mentioned here that the lead screw is lubricated with low pressure apiezon 
grease. 

The dimensions are as follows: oven aperture and image aperture, each 
0-5 mm. diameter; distance apart, 5*7 cm. Distance of orifice of O a from 
image aperture, 1*2 cm. ; diameter v of orifice, 2 mm. Distance of ring from 
scattering centre at forward extreme of traverse, 3’2 cm. ; distance at back¬ 
ward extreme of traverse, 13 ■ 6 cm. Diameter of ring, 1 • 0 cm. Range of angle 
covered, 2° to 9*3°. 

Di Oa Ojj D* 



TO PUMP T0 PUMP 

Fio. 2. 


Adjustment ,—The adjustments necessary are three in number : (1) the beam 
is adjusted parallel to the direction of motion of the detector system along its 
ways; (2) the circular filament is adjusted symmetrically about the beam; 
(3) the oven (O a ) is adjusted so that the primary beam passes about 1 mm. 
above the orifice under the temperature conditions obtaining during an experi¬ 
ment. These adjustments were carried out optically. 

The Primary Beam .—Direct comparison of the scattered intensity at a 
given angle with that of the primary beam would have introduced serious 
additional complication into the design of the detecting system. Since a 
knowledge of the relative amounts of scattering at different angles is sufficient 
for our present purpose, attention was rather directed to maintaining the 
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primary beam as steady as possible over periods of several hours. To this 
end particular attention was paid to the design of the oven O x , and to the 
control of its temperature during an experiment; to the provision of a large 
clean surface of molten alkali metal m the oven , and to the vacuum conditions 
in the oven chamber. 

The oven was of high-speed tool steel, copper plated and gilded to ensure 
small radiation loss and a uniform temperature distribution. It was heated 
by radiation from two tungsten spirals carried each in a vertical hole bored 
in the body of the oven. The temperature of the oven was measured by means 
of an iron-constantan thermocouple and nulhvolfcmeter. When the desired 
temperature was reached, the e.m.f. of the thermocouple was balanced out on 
a potentiometer used in conjunction with a sensitive galvanometer; 1 cm. 
deflection corresponded to a temperature variation of 0*25 u . The oven 
temperature could readily be maintained constant to well within this limit 
by a hand-controlled resistance in the oven heating circuit. 

The internal diameter of the oven (10 mm.) was largo compared with that 
of the oven orifice (0*5 mm.); the metal was degassed and filtered m vacuo 
before introduction into the oven, which could then be rapidly inserted on its 
dovetailed slide into position in the apparatus. Thus a clean molten surface 
of area large compared with that of the orifice was ensured. 

A large liquid air cooled surface was provided in the oven chamber by the 
shield (Sh) attached to the Dewar (D a ) in order to ensure the efficient con¬ 
densation of the alien atoms of the alkali metals. 

As a result of these precautions, it was possible to maintain the intensity of 
the primary beam constant to within i% for several hours. 

The beam could be admitted to the observation chamber at will by means of 
the magnetically operated shutter (S). 

The Scattering Oven .—The oven 0 2 was of copper-cadmium alloy, the heating 
system being similar to that of the oven O x ; witli liquid air in the Dewar D 3 , 
a temperature range of from — 100° C. to + 100° C is easily covered, and any 
chosen temperature within this range could be maintained extremely constant 
for hours. 

The orifice was given the form of a short circular canal, 4 mm. long, diameter 
2 min., in order to concentrate the effusing molecules about a vertical direction.* 

The Detector System .—The circular filament was of spectroscopically pure 
tungsten wire, 0-1 mm. in diameter, for which we have to thank the General 


* Of. Clausing, ‘ Z. Physik,’ vot, W. p. 471 (1930). 
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Electric Company. It was run at a temperature of 1400° K.; one end was 
connected to a phosphor bronze spring, the other was earthed to the brass 
casing of the apparatus. To secure approximately uniform temperature 
throughout the ring, the free ends were bent at right angles to the plane of 
the ring, and were carried back a distance of about 15 mm. before being 
attached to the spring lead and carriage respectively. A light mask (M) was 
carried on the front of the detector carnage to prevent scattered atoms striking 
these horizontal portions of the filament wire, which would otherwise present 
greater effective areas of collection at forward positions of the detector. 

Before each experiment, the filament was flashed for one minute at 2700° K.; 
in order to avoid damage to the spring leads through overheating, the insulated 
end of the filament was brought into contact with a heavy lead while flashing. 
With sodium, the filament was oxygenated, after first flashing, by admitting 
air from the fore-vacuum, with the filament at a temperature of 1900° K. ; 
the filament temperature was reduced to 1400° K. before re-establishing high 
vacuum.* 

The cylinder, at a potential of about — 20 volts, was connected to earth 
via the second phosphor bronze spring and a Leeds and Northrup moving coil 
galvanometer, having a current sensitivity of 2 X 10~ u amps./mm. at 1 metre. 

With this arrangement, an intensity of only 3 X 10 10 atoms/cm. 2 sec., that 
is about a ten-thousandth of the intensity of the primary beam, could be 
measured correct to 2%. 

In order to make possible a rapid traverse of the detector system, the lead 
screw is furnished with a three start thread of 4*5 mm. pitch. The thread 
having been calibrated, the position of the ring is determined by counting 
the number of complete turns of the screw driver from the zero position by 
means of a cyclometer ; fractions of a turn are read off on a graduated drum, 
Dr, fig, 2. Positions of the detector can then at once be translated into terms 
of the angle of collection knowing the diameter of the ring and its distance 
from the scattering centre at the zero position. 

Experimental Resvlls. 

For the present orienting experiments, fra^s-di-iodoethylene, IHC = CHI, 
was chosen as scattered (1) The molecular weight is 280 as against 23 and 39 
for sodium and potassium respectively, (2) the mean molecular velocity is 
1*6 X 10 4 cm./sec., as against 8*6 X 10 4 cm./sec. for sodium and 6*2 XlO 4 

* The filament temperatures were obtained directly from the heatmg currents with the 
help of Langmuir's tables, ‘ Gen. Elect. Rev.,* rol. 30, p. 310 (1927). 
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cm./sec. for potassium, under the conditions of the experiments; (3) the 
asymmetric structure of the molecule, and its slow rate of temperature rotation, 
are favourable to the observation of intramolecular diffraction effects : assum¬ 
ing always the possibility that the Maxwell distribution of velocities in the 
primary beam, and the background of incoherent scattering, do not together 
mask the diffraction pattern. 

Preliminary experiments were carried out in order to determine the correct 
temperature of the scattering oven 0 a to give single scattering of the alkali 
metal atoms in the fraws-C a H a I a stream. 

The primary beam was maintained steady, and the scattered intensity at 
a fixed angle was measured at a scries of temperatures of the scattering oven. 

CM 



Fig. 3. — x sodium , O — potassium. 


In fig. 3, the scattered intensity, expressed as galvanometer deflections, is 
plotted against the pressure of C 2 H a I 8 .* It can readily be shown that the 
departure of the curve from the initial exponential form, which extends from 
p = 0 to p~ 14 x 10 3 mm., indicates the onset of multiple scattering ; the 
pressure in the scattering oven O a was held well below this point, namely, at 
p = 7 X 10“* mm. 

The distribution of scattering with angle was determined by traversing 
the detector system once in each direction. The scattered intensity was 
observed at each complete turn of the screwdriver. The measured intensity 

* The vapour pressure curve of <roiw-C 1 H l I 1 has been determined by the effusion method 
(Broadway and Fraser, * J. Chem. Soc.,’ p. 429 (1933) ). 
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at a given position of the ring did not vary on the average by more than 2% 
for the forward and baokward journey. Thereafter the oven O a was 
frozen out and the unavoidable background scattering was determined from 
point to point, and subtracted from the corresponding values of the total 
scattering. The background scattering, whicli we could show arose from stray 
atoms reflected from metal parts of the apparatus at room temperature, 
amounted on the average to 25% of the total scattering with potassium, 
and 15% Vith sodium. It was, however, always steady during a run to within 
1% and hence does not affect the accuracy of the results. 

Fig. 4 shows the angular distribution curves for the scattering of sodium 
and potassium beams, of the same original intensity, in tram- C 2 H a I a vapour. 



ANCLt or SCAT rERtNC 

Fio. 4.— x - sodium, T 673° K,; O — potassium, T = 600° K. 

In the figure, the scattering per unit solid angle, in arbitrary units, is plotted 
against the angle of scattering; each point represents the average of four 
observations. 

The origin of the maximum at 4*25° on the potassium curve is obscure; 
it can, however, be stated definitely that it does not arise in the geometry of 
the apparatus. It might be interpreted as a second order diffraction maximum, 
but, if so, it is not clear why the corresponding sodium curve should show a 
monotonic fall. Knauer,* however, has recently reported somewhat analogous 
effects in the scattering of helium in helium, and hydrogen in hydrogen. 

The most striking general feature of the curves is the fact that they cross 
between 4° and 5°; moreover, extrapolation of the curves to small angles 
suggests that they will cross again between 0° and 2°. A satisfying qualitative 
explanation of this general behaviour appeared to follow from the quantum 


* 1 Z. Physik,* vol. 80, p. 93 (1933). 
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theory of collisions of Massey and Mohr, p. 434, who generously gave us the 
results of their calculations considerably prior to publication. If one assumes as a 
first crude approximation that the alkali metal atoms and the C 2 H a l 2 molecule 
behave in collision as rigid spheres, and further that the radius of the sodium 
atom is less than that of the potassium, then the theory does, in fact, reproduce 
in rough outline the course of the experimental curves. 

It was decided therefore to test the theory as directly as possible, and the 
investigation described in the following paper, p. 634, was undertaken with 
this aim. The present scattering curves can best be discussed in conjunction 
with the additional experimental material presented there. 

The present work on molecular scattering in gases is being financed by 
Imperial Chemical Industries, Limited ; thanks are due to Professor Lowry 
for giving it the ready hospitality of his laboratory. We are glad to record 
here our appreciation of Mr. S. A. McKay's skill in constructing apparatus to 
the rather exacting requirements demanded by the technique. One of us 
(L. F. B.) is indebted to the Department of Scientific and Industrial Research 
for a Senior Research Grant, during the tenure of which these experiments 
were carried out. 

Summary, 

A direct method of studying collision phenomena in gases, usmg crossed 
molecular beams, is described. 

As a first application of the method, the angular distribution of the scattering 
of molecular beams of sodium and potassium in a stream of £rans-di-iodo- 
ethylene vapour has been determined over a range of angle of 2°-10°. The 
results are in qualitative agreement with those predicted by the collision 
theory of Massey and Mohr. 



634 


Experiments on Molecular Scattering in Gases. II .—The Collision 
of Sodium and Potassium Atoms with Mercury. 

By L. F. Broadway, Clare College, Cambridge. 

(Communicated by T. M. Lowry, F R S.—-Received March 28, 1933.) 

An important parameter in the quantum theory of molecular scattering aa 
developed by Massey and Mohr* is a quantity Q which corresponds roughly 
to a collision cross-section in classical theory. Of the quantities related to Q, 
that which is most directly accessible to observation is the decay constant of 
the intensity of a molecular beam traversing a scattering medium ; the reciprocal 
of this constant corresponds to the mean free path of classical theory. Thus 
if I is the intensity of a beam which has passed through a distance d of a scatter¬ 
ing medium, and I 0 is the original intensity, measured at the same distance 
from the source as is I, theu 

T = V rf/ \ (D 

where 1/X is the decay constant; and we define Q by the relation 



where m v ra a are the masses of the scattered and scattering molecules respec¬ 
tively, and v a is the molecular concentration of the scattering medium. 

The intensity I in equation (1) refers to those molecules which have suffered 
no deviation whatsoever in traversing the scattering medium. It is justifiable 
to assign this meaning to I, since quantum theory shows that if the interaction 
energy vanishes at infinity faster than 1/(distance)*, the ratio I/I 0 , and hence 
Q, is finite. Direct observation of the value of I/I 0 is, however, impossible, 
since it presumes an apparatus of i nfini te resolving power. Nevertheless, by 
using long narrow slits to define the beam, it is quite feasible to obtain angular 
apertures of only some 10“ 4 radians without serious loss of intensityf ; and it 
is therefore pertinent to enquire how far the theory allows the deduction of the 
desired value of I/I 0 at zero angle from measurements made with beams of 
ribbon cross-section possessing small but finite apertures. 

* Massey and Mohr, p. 434. 
t Of. Stem, 1 Z. Physik,’ vol. 39, p. 751 (1926). 
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Fig. 1, which is adapted from a diagram of Massey and Mohr (loc. cit.) t illustrates 
the approximate form of the angular distribution curves to be expected on 
quantum theory from the collision of hard spheres, the sum of whose radii 
is r 0 = -j- r a , and whose relative velocity is v. The constant k is given by 

k — 2ttMv/A, where M = + m a is the “ reduced mass/’ Curve I 

is the plot of the scattered intensity 1(6) per unit solid angle against the angle 
of scattering 6 in relative co-ordinates. Curve II is derived from it by multi¬ 
plying each ordinate by the appropriate value of sin 6, and represents therefore 
the scattered intensity per unit angle as a function of the angle of scattering ; 
in other words, it corresponds directly to the lateral scattering of a beam of 
ribbon cross-section. 


i (e) 1 0 



If now one attempts to measure I with a beam and detector system of finite 
aperture (say 0J, one measures not only I, but also a proportion of the scattered 
molecules represented by the shaded area of curve II; that is, one measures a 

p»i 

quantity l'(0i) = 1+1 1(6) am 0 Thus a reliable evaluation of I 


demands the determination of I'(Q)for a series of values of the total aperture 0, 
ranging downwards from 0 % 0 m « to 0 ^ 0 m(iX . The angle 0 ma * depends 
on M, r 0> and v ; a rough estimate of its value is therefore a necessary pre¬ 
liminary to the design of apparatus which shall be suitable for the determination 
of Q in any particular case. 
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The Decay of Alkali Metal Beams in Mercury Vapour. 

The present experiments are concerned with measurements of the decay 
constants of beams of sodium and potassium in mercury vapour. 

Mercury is a particularly suitable substance to use as scatterer m experiments 
designed primarily to test the applicability of a theory of the collision of hard 
spheres. Thus the vapour is monatomic, and the atoms can to a close approxi¬ 
mation be regarded as spherical. The atoms arc heavy compared with those 
of the alkali metal beam, which allows the angular distribution relative to the 
direction of the alkali metal beam to be compared directly with a theoretical 
distribution which is expressed in relative co-ordinates. The mercury atom 
is unlikely to possess a large attractive field towards the alkali metals, such as 
would invalidate the conclusions of the simple theory. Finally, the classical 
collision radius of the mercury atom is well known from viscosity measure¬ 
ments ; hence its contribution to the measured interaction radius can be 
derived with some confidence from the theory. 

In estimating 0 lmtx , r 0 for the pair (K, Hg), which one could safely assume 
to be greater than r 0 (Na, Hg), was taken to be 5 A. ; v was taken to be 
5 x 10 4 cm./sec. , giving 0 max = 0-43°. Therefore a minimum total aperture 
of 0-2°, and a possible range of angular apertures of from 0*2° to 1°, were to 
be aimed at. 

Apparatus .—It was evident that a very slight modification of the apparatus 
used in former experiments* would suffice to realize these requirements. The 
circular apertures defining the primary beam (q.o. I, fig. 1) were replaced by 
slits, 2 mm. high by 0-03 rum. wide. The canal forming the exit of the 
scattering oven (I, p. 629) was made 1 mm. in diameter and 1 mm. long, a 
form which allows direct use to be made of the angular distribution of the 
effusing atoms as calculated by Clausing! , its exit was situated 3 mm. below 
the centre of the primary beam. The positive electrode of the detector system 
(I, p. 627) now took the form of a vertical tungsten spiral, about 2 min. 
diameter, masked by a slit, 2 mm. by 0*6 mm., placed some 15 nun. in front 
of it. The necessary variation of angular aperture could be effected with 
great ease in a single run by traversing the detector system as in previous 
experiments (I, p. 627). 

A general view of the beam system is given in fig. 2. 

* Fraser and Broadway, p. 626. Cited hereafter as I. 
t * Z. Phyeik,* vol. 66, p. 471 (1930). 
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Experimental Procedure .—1 0 was determined at a series of positions of the 
detector, with the mercury oven frozen out. Next I'(0) was determined at 
the same series of positions, with a known pressure of mercury in the scattering 
oven. Finally, as a check on the constancy of the primary beam, the measure¬ 
ments of I 0 were repeated. In the best experiments with potassium, the 
values of I 0 repeated to within \%; owing to the slow evaporation of the 
oxygen film from the filament (I, p. 630), the measurements for sodium were 
not so accurately repeatable. 

Results .—In fig. 3 I'(0)/I o is plotted against the maximum horizontal 
deviation corresponding to a given aperture. Actually the detector slit, 
fig. 2, receives, in addition to all atoms scattered within this angle, an increas¬ 



ingly small percentage of atoms scattered at larger angles. Nevertheless, 

we may as a first approximation take I'(0) = I + 2 1(0) sin 0 dQ ; when 

differentiation of the curves of fig. 3 yields the corresponding angular distribution 
curves of 1(0) sin G against 0, which are illustrated in fig. 4. They should be 
compared with the theoretical curve II of fig. 1. 

The curves of fig. 4 reproduce the general character of the theoretical curve 
so faithfully that we are justified in extrapolating them to zero angle. A 
criterion is thus at once provided for the extrapolation of the curves of fig. 3 to 
zero angle, so as to have a tangent parallel to the 0 axis at 0 = 0. The value 
of r(0)/I o for 0 = 0 so obtained is probably correct to 1%. This value 
is, however, simply the I/I 0 of equation (1), which is the starting-point in 
evaluating the quantum collision area Q. 
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Evaluation of Q. —The molecular concentration in the stream of mercury 
atoms effusing from the orifice of the scattering oven, fig. 2, is not constant 
along the path of the primary beam; hence equations (1) and (2) require 
modification. It can readily be shown, from the calculations of Clausing ( loc . 
cit.) that they are to be replaced by the equations 

v R» f^ 2 

I = I 0 exp. - . T cos e<*0. (3) 

2iKfl J 0 

K = 

q v /7+^ (4) 

V m 2 

where v 0 is the concentration of mercury atoms in the oven ; R is the radius 
of the orifice; h is the distance, assumed to be large compared with R, of a 
beam of infinitesimal cross-section above the exit of the oven; and T is a 
function of the radius R and length L of the exit canal, and of the direction 
of effusion 0. T has been tabulated by Clausing for 2R = L, which corre¬ 
sponds to the form of the exit canal used here ; and the integral can be evaluated 

pr/2 

graphically from his data : I T cos 0 =0*641 if 2R = L. 

In an actual beam of small width and a height of a few millimetres, such as 
was used in the present experiments, it can be shown that equation (3) is 
applicable, with an error of considerably less than 1%, if A is taken to 
be the height of the centre of the beam above the exit. A practical limit is 
placed on the condition h R by the necessity of obtaining a measurable 
decay of the primary beam m passing through a vapour stream of small cross- 
section which shall still maintain the essential condition of molecular effusion. 
The largest value of h allowed by these limitations was about 3 mm., corre¬ 
sponding to h/R — 6 ; the error so introduced into the evaluation of Q was 
estimated from Clausing’s calculated data to lie between 5 and 10%. 

The values of Q for sodium and potassium in collision with mercury were 
found to be 3*9 X 10“ 14 cm. 2 and 4*7 X 10“ 14 cm. 2 respectively; the corre¬ 
sponding interaction radii are thus r(Na, Hg) = 11*1 A., r(K, Hg) = 12*2 A. 

Conclusions .—These values are considerably larger than the classical collision 
radii r 0 estimated from the sum of the individual “ viscosity ” radii r x and 
r 8 . Thus, for example, the values of r x ( K) and r a (Hg) from estimations of 
electronic diameters and from viscosity measurements are 3*0 A. and 1*8 A. 
respectively, giving r 0 (K, Hg) = 4*8 A., as compared with r(K, Hg) = 12*2 A- 
found above. This disparity in the values of the interaction radii determined 
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by scattering and viscosity measurements respectively is in line with the 
predictions of quantum theory. Thus Massey and Mohr find that r = V2r 0 
for zero attractive field; a weak attractive field would have the effect of 
increasing the ratio r/r Q still further. 

The results of the present experiments are qualitatively in harmony with 
the observations on the scattering of sodium and potassium in Jrans-di-iodo- 
ethylene vapour reported in I. Thus since r(Na, Hg) < r(K, Hg), it is fair to 
assume that r 0 (Na, C a HjI 2 ) < r o(&> C 2 H 2 I a ); moreover < *k under the 
conditions of the experiments ; hence it is clear from the form of the approxi¬ 
mate 1(0): 0 curve of fig. 1 that the angular distribution curves for sodium 
and potassium scattered in £rans-C a H 2 I 2 vapour should cross twice. The 
experimental curves are illustrated in fig. 4 of I ; they do, in fact, cross once, 
in the sense predicted, within the observed range of angle ; and extrapolation 
to smaller angles suggests that they will cross a second time. 

Discussion. 

Evaluation of I/I 0 at zero angle allows the determination of decay constants 
(or mean free paths) to be made independent of the geometry of the apparatus, 
and makes it possible to ascribe to them a definite meaning. The determination 
of I/I 0 requires a knowledge of the variation of I'(0)/I o with angle, and this 
in turn demands a restricted scattering volume in order that the angle of 
deviation may be rendered definite. Thus the method of measuring mean 
free paths, using the molecular rays technique, which has hitherto been used,* 
whereby a beam is scattered through a distance of several centimetres and the 
intensity diminution measured with a fixed aperture, is undoubtedly less well 
adapted to obtaining significant data than the method of crossed beams 
adopted here. 

An extension of the measurements already made by this method is planned 
to include conditions where strong attractive fields may be expected to influence 
the collision process. A study of such cases cannot fail to give new information 
for theory to work on, and will probably lead to a better understanding from 
the experimental side of the primary processes of chemical reaction. 

I am indebted to the Department of Scientific and Industrial Research for 
a Senior Research Grant, during the tenure of which these experiments were 
carried out; also to Professor Lowry for his sympathetic interest in the progress 
of the work. 

* C/. Kn&uer, 4 Z. Physik/ voL 80, p. 80 (1033). 
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Summary . 

The decay of the intensity of molecular beams of sodium and potassium in a 
stream of mercury vapour has been measured as a function of the angular 
aperture of the beam system. It is shown that the experimental decay curves 
may be extrapolated unambiguously to zero angle, if use is made of the collision 
theory of Massey and Mohr. A determination of a decay constant (or mean 
free path) which is independent of the geometry of the apparatus is in this 
way rendered possible. 


The Emission of Electrons from Tungsten and Molybdenum under 
the Action of Soft X-Rays from Copper. 

By J. Bell, B.Sc.* 

(Communicated by R. H. Fowler, F li S.—Received April 13, 1933), 

1. Introduction . 

The efficiency of many elements as emitters of soft X-rays has been investi¬ 
gated by Richardson and Robertsonf and others, using a photoelectric method. 
The X-ray exciting voltages used ranged up to 6000 volts and several metals 
were used as photoelectric detectors. Some phenomena observed in large 
thermionic valves mdicated a need for information about the photoelectric 
emission from tungsten and molybdenum in particular, under the action of 
X-rays from copper at rather higher exciting voltages than those previously 
studied, and for this investigation it was decided to follow the technique 
developed by Professor Richardson and Mr. Robertson to whom I am 
indebted for helpful discussion of the subject and guidance in the design of 
the apparatus. 

The present results, therefore, form a continuation of the earlier work and 
extend it in several directions, principally the following : (1) the voltage range 
goes up to 20,000 volts; (2) tungsten and molybdenum were used as photo¬ 
electric detectors for X-rays from copper; and (3) an absorption screen, 
included in our apparatus, gave some indication of the quality of the radiation 
most effective in producing the emission. The effect of heat treatment of the 

* Research Staff of the M.O. Valve Company, Ltd. 
t ‘ Proe. Roy. Soc./ A, vol. 115, p. 280 (1927); vol. 124, p. 188 (1929). 
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photoelectric plates was also investigated and showed that the photoelectric 
emission is sensitive to the surface condition, but whether heat treatment 
produces an increase or a decrease in the emission depends on the previous 
treatment of the metal. 



2. Apparatus . 

The apparatus, which is shown diagrammatically in fig. la was in general 
design very similar to that of Richardson and Robertson (loc. cit 1927). A 
hard glass envelope with molybdenum seals was used thus eliminating all waxed 
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joints. The X-ray tube filament (F) consisted of a narrow spiral of 4 ampere 
tungsten wire enclosed in a molybdenum focussing shield, and the anticathode 
(A), which was water-cooled, was made of well polished copper and sealed 
directly to the glass. The X-ray tube had a line focus, the lino being in the 
plane of the slot between the condenser plates. The electron bombardment 
and the beam of X-rays selected were coplanar and were each at an angle of 
11° on either side of the normal to the anticathode. The condenser plates (C), 
which were 3 cm. long by 2*9 cm. broad separated by a gap of 0-5 cm., were 
made of nickel and the ends were bent round to fit the glass tube closely, thus 
ensuring that the only passage down the tube was through the gap between the 



plates. Between anticathode and condenser plates was a side tube containing 
an alu minium window (S) 0*02 mm. thick mounted on an iron base, so that by 
means of a magnet it could be raised into the X-ray beam to study absorption 
effects. The anode for the photoelectric detector (P) consisted of a nickel 
cylinder, the front of which was closed except for a slot slightly wider than the 
gap between the condenser plates. The photoelectric plates themselves, one 
of tungsten and one of molybdenum were 2 cm. long and 0*5 cm. wide, they 
were mounted on a short length of glass tubing closed at one end, which was 
pivoted on a glass rod. This system, then, could be rotated by the action of 
magnets on soft iron pieces fixed to the photoelectric plate supports, and either 
plate placed and located in a definite position inside the anode. In this 
position the photoelectric plate was at a distance of 10 cm. from the anti- 





644 


J. Bell. 


cathode. With one plate inside the anode, the other was in position for 
heating by electronic bombardment from a small filament (B). The bombard¬ 
ment was confined to the inside of the plate, hence the face which was later to 
be exposed to the X-rays did not become contaminated with tungsten evapor¬ 
ated from the filament. 

The design of the tube was such that the whole focal line was visible from 
every point on the photoelectric plate, this facilitated calculation of the solid 
angle subtended by the plate at the anticathode. The tube was connected to 
a 3-stage mercury diffusion pump through a liquid air trap and mercury cut-off, 
and before taking any readings of photoelectric emission was baked out in an 
electric oven at 500° C. for 1 hour. 

Fig. lb shows the electrical connections. The high tension supply for the 
X-ray tube was obtained from a transformer whose output was rectified and 
smoothed. The transformer primary was fed from a 300-cycle alternator and 
continuous voltage variation obtained by potentiometer control of the 
alternator excitation. The antieathode D.C. voltage was measured by a 
milliampere meter in series with an accurately known high resistance. The 
condenser plate potential, which was obtained from a single phase rectified 
and smoothed supply, was measured with an electrostatic voltmeter. Through¬ 
out the experiments, the anode of the photoelectric detector was maintained 
at about +100 volts with respect to the photoelectric plate whose emission 
was being studied. In general the X-ray tube current was adjusted to about 
10 milliampercs, this value was chosen as it gave a photoelectric current from 
the plate of magnitude suitable for measuring with a sensitive galvanometer. 
The lead from photoelectric plate to galvanometer was screened electrically, 
and was also screened from X-rays in the vicinity of the tube by means of 
lead sheet. 


3. Experimental Results . 

The ultimate object of the experiments was to investigate the photoelectric 
emission from heat treated tungsten and molybdenum at X-ray exciting 
voltages in the range 1 to 20 kv., but it was also desired to study the 
variation in emission after the photoelectric plates had been heated at various 
temperatures. 

Before assembly in the apparatus the tungsten and molybdenum photo¬ 
electric plates were not heat treated, the only cleaning being chemical. It is 
important to keep this in mind as it has a bearing on the emission in the early 
stages of heating. It was necessary first to determine the voltage required 
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on the condenser plates to filter out all charged particles from the X-ray beam. 
Fig, 2 shows the variation of current from the photoelectric plate with condenser 
plate potential difference, for X-ray exciting voltage = 12 kv. It will be 
seen that below about 1000 volts the photoelectric plate current is dependent 
on the particular value of condenser plate potential, which indicates that 
oharged particles are affecting the photoelectric response. Beyond 1000 volts, 
however, the photoelectric plate current is steady, implying that no charged 
particles are reaching the plate and that the steady current is due solely to 
X-rays. In the subsequent experiments the condenser plate voltage was 
fixed at one-sixth of the X-ray tube voltage and this was found to give an ample 
margin of safety. 

xw s 



O 500 iOOO 1SOO 2000 2500 5000 

Voltage between condenser plates Volts 


Fio. 2.—Voltage between condenser plates required to remove charged particles from the 
X-ray beam. Exciting voltage 12 kv. 

„ r Photoelectric current (I J • . v . u ** 

Curves of —- : -—^ against X-ray exciting voltage, for 

X-ray excitmg current (I t ) 

molybdenum and tungsten, before any heating other than the 500° C, bake, 
are shown dotted in fig. 3. It was confirmed that 1,/It was independent of 
It over the range of I* used. These curves were not taken beyond 13 kv. for 
tungsten and 14 kv. for molybdenum, but throughout this range of voltage the 
photoelectric emission increases gradually as the X-ray exciting voltage iB 
increased. The hump on each curve between 5 and 8 kv. was found subse¬ 
quently to be caused in part by gas contamination arising from the X-ray 
tube end of the apparatus, this is discussed in more detail below. The heat 
treatment of the photoelectric plates was carried out in stages, the photoelectric 
current being measured immediately after the metal had been heated at each 
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temperature. It was found that 45 minutes was sufficient heating time, that 
is, further heating at the same temperature produced no change in the photo-* 
electric emission. In the first experiments it was found that after heating the 
plates the photoelectric current was rather unsteady, tending to decrease 
with time especially in the voltage range 5 to 8 kv. This effect was traced 
partly to the X-ray tube end of the apparatus and seemed to be caused by 
adsorption of gas on the anticathode. However, it was not determined 
whether the increased photoelectric emission was caused by an enhancement 
of the soft radiation or by slight gas contamination of the photoelectric plate 

xio-v 
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0 4 0 12 16 

x-ray exciting voltage Kilovolts 

Fig. 3.—Dotted curves taken after baking at 500° C ; full line curves taken after beating 
plates to about 1000° C. 

when gas was bombarded off the anticathode. The evidence pointed to a 
combination of the two effects. In order to minimize the effect as far as 
possible, the X-ray tube was operated during the time the photoelectric plates 
were bombarded as this helped to prevent adsorption of gas on the anticathode. 
The effect of heat treatment of the photoelectric plates at this stage can be 
seen from the full line curves in fig. 3, and was to cause an increase in the 
photoelectric emission from both metals. The full line curves in fig. 3 were 
taken after each plate had been heated at about 1000° C. (The design of the 
apparatus did not permit of accurate measurement of the temperatures and 
the values given are estimated.) Further heating at higher temperatures 
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produced only slight change in the emission, the highest temperatures reached 
were about 1650° C. for molybdenum and 1800° C. for tungsten. 

The final curves obtained after heating the photoelectric plates at high 
temperatures are shown in fig. 4 ; these curves represent the true X-ray photo¬ 
electric effect for well degassed tungsten and molybdenum. The complete 
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Fig. 4.—Final curves after plates had been heated to very high temperatures. 

effect of heat treatment and degassing can be seen from fig. 5, this is for a 
tungsten photoelectric plate at X-ray exciting voltage 10 kv. It will be seen 
that the photoelectric current can vary by a factor of about 2 depending on the 
surface condition of the metal. 

The increase of photoelectric current on heating the photoelectric plates 
seen in fig. 3 is contrary to the result recorded by Nakayaf who found a decrease 
of the emission after heat treatment. It was thought that this difference 
might be accounted for by some effect of the chemical cleaning in the present 
case, and that the increase of photoelectric current after heat treatment corre¬ 
sponded with the removal of a chemical residue. In order to confirm this 
point the tube was opened to air for about 20 hours after thorough heat treat¬ 
ment of both plates, and, after a further bake at 500° C., it was found that the 
photoelectric emission was higher than at any time during the previous experi¬ 
ments. In addition, heating now produced a decrease in the emission, in 

t ‘ Proc. Roy. Soc.,’ A, vol. 124. p. 616 (1929). 
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agreement with Nakaya’s results (see fig. 5). Both photoelectric plates were 
again heated at high temperatures and the curves extended to 20 kv. These 
are the curves of fig. 4. The photoelectric emission from both metals is still 
increasing at 20 kv. and there is no indication of any inherent change of slope 
at immediately higher voltages. Assuming a uniform distribution of the 
radiation, we may obtain the photoelectric currents which would have been 
obtained if the total radiation generated at the anticathode had been effective 
at the photoelectric plate by multiplying the observed values by 628. 

X10'8 



Fig. 5.—Tungsten photodectrio plate. X-ray exciting voltage 10 kv. Complete effect 
of heftt treatment and degassing. ^Remarks on treatment:—(1) Three days after 
bake at 500° C.; (2) seven days after bake at 600° C.; (3) eight days after bake at 
600° C.; (4) after very slight heat treatment; (5) after bombardment at 10 watts ; 
(6) after bombardment at 28 watts ; (7) after bombardment at 38 watts ; (8) after 
bombardment at 45 watts ; (9) after bombardment at 67 watts ; (10) after bombard¬ 
ment at 80 watts; (11) tube opened to air -f bake at 500° C. + two days; (12) 
after bombardment at 10 watts; (13) after bombardment at 30 watte; (14) after 
bombardment at 60 watts ; (15) after bombardment at 80 watts. 

An interesting point arises from the curves taken at various stages of 
heat treatment; this is that heating does not affect relative values of photo¬ 
electric emission from tungsten and molybdenum. In the completely un¬ 
bombarded condition the emission from molybdenum was about 70% 
that from tungsten at the same X-ray exciting voltage, also this ratio was 
maintained after both metals had been heated at the same temperature. 
Further, after the tube had been opened to air, producing a large 
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increase in the emission, the current from molybdenum was still some 70% 
that from tungsten. This result would tend to show that even when 
the surface of the photoelectric plate is contaminated, either by gas or 
chemical residue, the photoelectrons come from the metal itself and not 
from the surface film. The question whether the addition of a surface film 
to an already clean metal surface will enhance or suppress the emission 
should depend on the nature of the film and this seems to be sup¬ 
ported by experimental evidence. (1) Removal of chemical residue + gas 
film increased the emission, (2) gas contamination of the already clean surface 
increased the emission, (3) removal of this gas contamination reduced the 
the emission, fig. 5. 

Experiments with an absorption screen of 0 02 mm. aluminium in the 
X-ray beam, fig. 4, gave some idea of the quality of the radiation which is most 
effective in producing photoelectrons. Below an X-ray exciting voltage of 
10 kv. no photoelectric current could be detected with the galvanometer used 
(1 mm. =2*83 X 10“ 10 amperes). The effective absorption of the X-rays is 
thus very heavy implying that the photoelectric emission is due amost entirely 
to the very soft components of the radiation. This is to be expected owing to 
the greater penetrating power of the harder rays which produce photoelectrons 
deeper in the metal. At 20 kv. the absorption from the photoelectric point 
of view is about 80% and 20 kv. radiation with 0-02 mm. absorption 
screen is equivalent to about 4 kv. radiation without screen, hence for experi¬ 
ments of this kind it is not practicable to use an X-ray tube with a window. 
The above explains why the incidence of characteristic CuK radiation at about 
8800 volts is not detectable on the photoelectric curves. To obtain further 
information about the precise radiation which is most effective from the photo¬ 
electric view point, additional thin absorption screens, which unfortunately 
were not included in the present apparatus, would have to be used. It is 
interesting to note that in an earlier experiment where several absorption 
screens of different thicknesses were used (the thinnest was 0-038 mm.) we 
found that the radiation, in the range 10 to 16 kv., appeared surprisingly 
homogeneous from the photoelectric point of view. This, of course, is neglect¬ 
ing the radiation absorbed by the 0*038 mm. window which was the window 
of the tube itself. A value for the apparent quality of the radiation could be 
deduced from knowledge of the thickness of absorber required to reduce the 
photoelectric intensity to half value, which was obtained from plots of the 
logarithm of the intensity against added thickness of absorber. This apparent 
quality was found to vary only slightly with exciting voltage between 10 and 
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16 kv. The radiation for 10 kv. exciting voltage corresponded to about 4 * 5 kv. 
quality and for 16 kv. exciting voltage to about 6*3 kv. quality. 

Bandopadhyaya* concluded that the softer radiations in the beam of 
soft X-rays were most effective in producing photoelectrons and this is sup¬ 
ported by our results with the absorption screen, Bandopadhyaya also 
studied the effect of degassing on many metals used as photoelectric detectors. 
He found that in general the photoelectric current was much higher with the 
photoelectric plate entirely undegassed but that degassing affected relative 
values. As mentioned previously, we found that heat treatment did not affect 
relative values for tungsten and molybdenum. It therefore appears that our 
result may be a coincidence and that it does not hold in general for other metals, 
but at the same time great care must be taken when comparing figures for 
degassed and undegassed metals to ensure that the imdegassed states of the 
different metals are similar. 

As far as can be ascertained, the qualitative agreement between our results 
and those of Richardson and Robertson is good. Taking figures from Richard¬ 
son and Robertson’s fig. 2 (loc. cit., 1929), the rate of increase of photoelectric 
emission with X-ray exciting voltage can be found. For a copper anticathode 
and nickel photoelectric detector they find the emission at 6 kv. to be 2*2 times 
that at 2 kv. We find for a copper anticathode and molybdenum detector an 
increase of 2*6 times in the same range and for tungsten an increase of 3*1 
times. 

In conclusion, the author desires to tender his acknowledgment to The General 
Electric Company and the Marconi Company on whose behalf much of the 
work was done which has led to this publication. 

He also wishes to thank Professor 0. W. Richardson, F.R.S., and Mr. 
Robertson for a discussion of the subject before these experiments were com¬ 
menced, and Professor R. H. Fowler, F.R.S., for his helpful interest in the 
work. 

4. Summary . 

The photoelectric emission from molybdenum and tungsten under the action 
of soft X-rays from copper in the voltage range 1 to 20 kv. is investigated. 

The final curves for the clean metals after heating at high temperatures are 
given; the photoelectric emission increases regularly with increase of X-ray 
exciting voltage throughout the range studied. The effect of heat treatment 
is also dealt with; heating may produce either an increase or a decrease in the 

* 1 Proo. Hoy. Soc./ A, vol. 120, p. 46 (1928). 
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photoelectric emission depending on the previous treatment of the metal, but 
relative values for molybdenum and tungsten are not much affected by heat 
treatment. The emission from molybdenum is about 70% that from 
tungsten. 

Experiments with an absorption screen of aluminium, 0-02 mm. thick, show 
that the photoelectric emission is produced mainly by the very soft components 
of the radiation. 


The Flow Past Circular Cylinders at Low Speeds . 

By A. Thom, D.Sc., Ph.D., Carnegie Teaching Fellow, University 

of Glasgow. 

(Communicated by G. I. Taylor, F R S —Received April 24, 1933.) 

[Plates 10 - 13 .] 

/ 

Introduction . 

This paper deals chiefly with calculations and experiments on the flow past 
circular cylinders, but the arithmetical methods of solution of the equations of 
steady viscous flow proposed and used in Section I, are applicable to other 
equations and may be of interest. 

Section I.— Arithmetical Methods of Solving the Equations of Viscous 

Steady Flow . 

The equations to be solved are 

Sx dy 3 ydx )> . (1) 

V 2 + = 

The method of solution used* is one of repeated interpolation in a field of 
initially assumed values. As the formulae of interpolation used involve the 
equations to be solved the values tend to settle to a solution provided certain 
precautions are taken. In practice the field is divided into squares and 
initially assumed values of and C are written at each comer. In general 
the values at the centre of a square of side 2n are given by 

Co = Sm - (2) 

* Thom and Orr, * Proo. Roy. Soo.,* A, vol. 131, p. 30 (1931); Thom, * Aer. Rea. Ctee.,* 
R. k M., No. 1194 (1929). 
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vrliofA 

* M = (A + B + C + I>)-i-4 
— ( a H~ & + c + d) t 4, 


A, B, C and D are the comer values of and o, 6, c and d are the corresponding 
values of 

These expressions, which are easily obtained by applications of Taylor’s 
Theorem, are correct up to and including d 3 terms. In the particular case 
under consideration, namely, the solution of equations (1) above we obtain :— 



(3) 


Writing approximate values for dtyjdx, d^/dy, etc., the final working form of 
these become :— 


Sc = Cm - jjr {(« - c)(B -D) + (6- d)( C - A)} 
+C — <Ki - « 2 Cc 


(4) 


Having used these to find the values at the centres of all squares they are 
used again to find new values at the original comers. The process is repeated 
over and over again till the values all over the field have settled. At solid 
boundaries the values of £ on the surface are obtained from the approximate 
expression 

C = (+o - +s) -5- (5) 


where = value of ^ on the surface, and “ value of at a point G 
distant m from the surface. This expression (or an equivalent) has to be used 
each time the squares are gone over. 

If the squares used are too large the process may not be convergent, and 
even if convergent distorted results may be obtained. 

As an example of the process consider the flow past a circular cylinder at 
Reynolds’ Number (Vd/v) = 10. Part of the solution is shown in fig. 1. 
The particulars are : undisturbed velocity = 6*25, cylinder diameter = 10, 
coefficient of kinematic viscosity v = 6-25. It will be seen that throughout 
the greater part of the field the ^ and £ values are repeating to a reasonable 
accuracy, indicating that an approximate solution has been obtained. The 
streamlines thus obtained are shown in fig. 2. When the approximation is 
carried further there is an indication of negative values of and £ just behind 
the cylinder showing the presence of a small weak eddy. Further work on 
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this field has, however, not been carried out as a different method of procedure 
presented itself. 

It will be realized that considerable difficulty arises at a curved boundary 
because it is impossible to arrange matters so that the boundary passes through 




Km. 2. 


the corners of all the squares it cuts. Accordingly some method of inter¬ 
polation has to be used to obtain the values of vj/ and £ for the successive 
approximations on the corners of those boundary squares whose outer corners 

2 x 
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fail to fall exactly on the boundary. With fields of this type (and naturally 
they are in a majority) there is also more difficulty in calculating the C values 
on the solid boundaries. 

These difficulties are both overcome by the following method. 

Graphically or otherwise solve the equation V 2 ^ — 0 for the given boundaries 
and so obtain the network of streamlines and equipotential lines dividing 
the field into “ squares ” of any desired size. These u squares ” can now be 
used to obtain numerical solutions for the steady flow of a viscous fluid (and a 
variety of other problems also) in a similar manner to that already developed 
for the true squares of the xy network in the z plane. 

There is now no trouble at the boundaries (apart from those inherent in the 
particular problem under solution) since the sides of the squares of the new grid 
lie everywhere on the boundaries. The proof of the validity of the process 
is as follows .— 

Let the grid co-ordinates be J; and tj, the lines forming the network have 
the equations in the xy field i; = constant, and 7) — constant. 

Put 

z = x -f- %y 


and write 


i = 5 + «], 


v • “ a£a T 


(hf ’ 


so that the subscript after V indicates the co-ordinates with respect to which 
the differentiations are carried out. 

Let the transformation required to produce the grid be 


t =f(z). 


The equations (1) may now be transformed from the z to the t field when they 
become 


vV 


These equations only differ from those for the z field by the q 2 in the second 
member, and hence the method of treatment already described applies to their 
solution, q is the velocity of transformation. 
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The working formulae are 

Co - Cm - ± {(« ~ o)(B - D) + (6 - d)( C - A)} 

+C = 'I'M “ » a Cc If 

where the subscript M indicates the mean of the comer values, small letters 
are comer values of £ and capitals comer values of The Bide of the square 
in the t plane is 2 n. The true length of the side of the square in the z plane 
is 2 njq so that actually there is no difference whatever between these formul® 
and those previously given. In working, however, it is inconvenient to use 
the original z plane with the grid drawn on. Instead the sheets are prepared 
for the t plane so that ordinary squared paper can be used ( e.g see fig. 3). 

When new corner values have been obtained, the values of £ on the solid 
boundaries are revised from the formulae 

C - (<h> - W (8) 

where * 8 the value of the stream function at a point G, distant m from the 
boundary in the t plane, that is at a distance m/q in the z plane, and is the 
value on the boundary. In (8) the value of q to be used is the mean of the 
surface value and the value at G. To test that G is sufficiently near the surface 
for the process to be valid, apply (8) to two points on the same normal, one 
being twice as far from the surface as the other. If there is a serious dis¬ 
crepancy, then the distance even of the inner is presumably too large. For the 
first few rounds, however, until the values have begun to settle, it is better 
not to use t-oo small a square as the work is thereby rendered very laborious, 
and in any case, the discrepancies may be due to the field not being settled. 

The example chosen to illustrate the method is that of the flow past a circular 
cylinder in an infinite field at R = 20. For this, two transformations were 
available, namely, t — log z and t — z 4- I/z. The first, giving as it does a 
system of radiating lines and concentric circles, has the advantage of having 
smaller squares near the cylinder and larger ones further out. The second 
was, however, chosen because of its similarity to the actual flow. 

The “ grid ” having been plotted to a large scale and the values of q obtained 
the calculation of the viscous flow was commenced using the following values :— 



d — cylinder diameter = 2 
V = undisturbed velocity = 1 
v = 0*1 


2x2 
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giving 

R = Vrf/v = 20. 

To start the solution values of the vorticity and stream-function ^ were 
roughly estimated from the approximate solution for R = 10 already obtained. 
These having been written on the comers of squares in the t field, the work 
commenced. Formulae (7) and (8) were applied until the field had settled.* 
In choosing the initial values no attempt was made to assume an eddy con¬ 
dition by writing negative values behind the cylinder. All the initially 
assumed values were positive. The negative values developed during the 
work, indicating a pair of symmetrical eddies in this region. 

A portion of the work is shown m fig. 3. The sheet shown includes the eddy 
region. If a sample calculation is made it will be seen that no addition to the 
standard formulae is required to deal with the eddy, in fact here the work is 
lightened as the second term in the formula) (7) is so small in the eddy region 
as to be almost negligible, and — 0 almost applies here. Fig. 3 also indi¬ 
cates how the size of square used varied, being generally larger the greater the 
distance from the cylinder. The criterion for the size of square is to try smaller 
squares and if serious differences are obtained, all the squares in the neighbour¬ 
hood must be reduced in size. 

It was found necessary to use very small squares in the region adjacent to 
the front generator—possibly because this is a singular point in the grid. The 
method of treating this region was substantially the same as that indicated 
elsewhere for the sharp intruding comer in the problem of the sudden expansion 
in a pipe.f 

The whole process is long and no claim is made that the values obtained are 
perfect. The use of smaller squares everywhere would probably caifee slight 
changes. It is, however, considered that the solution is better than that 
obtained previously for R — 10. The values of ^ and £ obtained are shown 
plotted as contours in the ( field in fig. 4. By means of the “ grid ” and some 
cross-plotting it is easy to obtain the actual streamlines. These are shown in 
fig. 5. The eddy is clearly shown in both figs. 4 and 5 It will be seen to 
correspond closely with the actual photographs of the eddy shown in Section 3. 
In size, it is nearest to the photograph at R = 29 (see fig. 12 ( d ), Plate 13). 

* With regard to the number of repetitions required at a point, it is impossible to give 
a definite figure. It would depend on the boundaries, size of square, acouracy of the 
assumed solution, the accuracy of the required solution, and the position of the point in 
the field. Usually the number lies between 5 and 50. 

t ‘ Aero. Res. Ctee.,’ R. & M„ No. 1475 (1932). 
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these the sloping figures were calculated. Values of q 1 are enclosed in rectangles. Values of £ are written above the rectangle and 
values of ^ below. 



A. Thom. 



5 -4 .5-2-1012 


Fig. 4 . —Streamfunction and vorticity oontoure in the t plane. 
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Fig. 5 can also be compared with the photograph obtained at E = 23 (see 
fig. 9, Plate 10). A further comparison with experiment is shown in fig. 13 
where the maximum separation of the streamlines which were originally at a 
distance apart equal to the cylinder diameter is plotted on Reynolds’ number. 
These were obtained from a number of photographs similar to fig, 9, Plate 10. 
It is seen that the value obtained from the theoretical streamlines is in good 
agreement. The distance behind the cylinder at which this maximum occurs 
is also shown in fig. 13 and the agreement is here again satisfactory. 

To determine the pressure at any point Ain the field it is necessary to integrate 
along a line from some point B where the pressure is already known to A.* 
In the present example B is conveniently a point at such a distance from the 
cylinder that the flow there is undisturbed by the cylinder. In deducing the 
necessary expressions for use in the t plane the factor q cancels out. For example 
Bernoulli’s equation for use along a line parallel to the ttj axis is 

Pa + = Pb + ip?B 2 - 2pv j |j<fr) + 2pj ^ Aq 

The pressure on the front generator was obtained by integrating along vj = 0, 
and also by integrating along J; = 2 in the t field. The results are 1 *31 (£pV 2 ) 
and 1*35 (£pV 2 ) respectively. The mean value 1 *33 is in good agreement 
with the value (1*335) obtained elsewhere theoretically by a totally different 
process, f 

Pressures at other points on the cylinder surface were obtained by integrating 
along lines parallel to the tj axis in the t field. The results are as follows :— 


(■ 

i 

B. 

(P - pJlipV*. 

2*0 

0 

0 

1 - 1*33 

H 

1 *75 

29 0 

+ 0*67 

n 

2 1 

40*3 

-f 0*12 

i 

2-0 

60-0 

- 0*52 

0 

118 

90 0 

- 1*10 

-14 

0-03 

139*7 

-0 87 

-2 

0 

180*0 

| — 0*73 


These values will be found plotted in fig. 6 among the experimental curves. 
The pressure drag is easily found. Expressed as a coefficient it is K D = 0 * 624. 

♦ See R. & M., No. 1194 (1929). 
t 4 Aero Rea. Ctee.,’ R. & M„ No. 1389, Table 5 (1931). 
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It has been shown elsewhere that the tangential force at a point is 2pCo>* 
where C<> is the value of the vorticity on the surface. The values of Co are 
given in the above table. Integrating the drag component of the tangential 
force and expressing the result as a coefficient gives K D = 0*433. Thus the 



Flo. 6.—Pressure distribution round circular cylinders, experiments in oil and water. 
Ordinates are (p — p 0 ) 4- ipV 2 . The short thick blaok lines show zero (*.e M static 
pressure for the curves which they cut). 

total drag coefficient is 1-057 at R = 20, a result lying between the experi¬ 
mental values of Relf and those of Wieselberger. These results are shown on 
fig. 8 plotted along with experimentally determined values. 


* hoc . ctttf R. ft M., No. 1194 ; 1 Aero. Res. Ctee.,’ R. ft M.. No. 1389. 
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Section 2 .—Experimental Determination of the Pressure Distribution Round 
Circular Cylinders at Low Reynolds* Numbers in Oil and Water . 

The apparatus used was substantially that described in ft. & M , No, 1389, 
and consists of a tank or channel having a working section 5 inches by 5 inches, 
and a form of Chattock gauge. At low speeds with small cylinders oil is more 
troublesome than water. This is partly on account of the greater coefficient 
of expansion of oil at the temperatures used. All leads have to be protected 
from temperature variation as pressure variations are produced by the slightest 
change in temperature such as that caused by a hand held near a part of 
the system. The reason is that the expanding oil is throttled by the very small 
hole or holes in the cylinder. To appreciate this it should be realized that the 
pressures to be measured are sometimes only a few thousandths of an inch of 
water. As the response of the gauge is very slow it takes a considerable time 
(up to an hour in some eases) to take a single reading of pressure. 

The velocity was obtained from the measurements themselves by using 
the relation given in R. & M., No. 1389 between velocity and front generator 
pressure. Particulars of the oil used will also be found m that paper. 

The static hole was on the channel wall opposite the cylinder, but even so a 
correction for wall eflect is required. The exact amount of tins connection is 
uncertain and the value used was, in the absence of better information, that 
given in the Appendix to R. & M., No. 1194. This uncertainty makes the 
measurements made with the smaller cylinders more reliable (other things 
being equal). 

The final results are given in Table I which also contains an explanation 
giving the method of correction. The procedure of correcting the angles by 
\hjd to allow for the size of the hole is fully justified at higher speeds but not 
yet at these low values of R (h = hole diameter) The results are plotted 
in fig. 6. 

The values of the coefficient of pressure drag deduced from the values in 
Table I, are given in Table II, and will be found plotted in fig. 8 along with 
those from experiments in air (R. & M., No. 1194) and recent results by Linke* 
who having measured the total drag of cylinders under conditions identical 
to those obtaining when he measured the pressures, obtains reliable values for 
the part of the drag due to skin friction. His results bear out the expression given 
by the writer for the skin friction drag of a cylinder, namely, K D = 2 -r VRf. 

♦ 4 Phya. Z.,’ vol. 32, p. 900 (1931). 
t 4 Aero. Res. Ctee.,’ R. & M. f No. 1176 (1928). 
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Table I. 

Oil. R=10-5. 


Oil. R = 3-5. 


1-18 0° i--0-400 

(2-0-318 h — 0-045 

* - 0 005 V - 4-4 


6. 

8 - d*. 

P'- 

0 

0 

2-3 

40 

36 

1-05 

80 

76 

-0 88 

120 

116 

— 1*72 

160 

156 

-1-52 


l 


1=15 0° v = 0-406 

d = 0-96 * = 0-11 

,=0-022 V = 4 4 


9. 

8 - J0. 

p'- 

0 

0 

1-56 

40 

37 

0-49 

80 

77 

-1-07 

120 

117 

-1-29 

160 

157 

-1*10 


Oil. R-Il-2. 


1=15-7° 0-396 

(2 = 0-318 h = 0-045 

,==0-006 V = 13-8 


$ 

i 

0 - d*. 


1 

0 

0 

1-54 

40 

36 

0-48 

80 ! 

76 1 

-0*91 

120 

116 

-113 

160 

1 

156 

i 

-0-79 


Oil. R - 36. 


Water. R = 46. 


Water. R » 07. 


t = 16° 

d»> 0*96 
€ = 0-022 


0-410 
4 = 0-11 
V a 14 6 


t = 14° 
d =« 0 142 
€=0 001 


=0-0118 
4 =0-04 
V « 3*75 


t= 14° 
d = 0142 
< = 0-001 


r =0-0116 
4 = 0-04 
V = 6-6 


9. 

8 - A8. 

P'- 

1-19 

0 21 
-1*00 
-0-90 
-0-65 


0. 

9 - A8. 

P- 

0 

40 

80 

120 

160 

0 

37 

77 

117 

157 

O 

20 

40 

60 

80 

100 

120 

140 

160 

180 

0 

12 

32 

52 

72 

92 

112 

132 

152 

180 

1-16 

0-93 

0-35 

0 42 
-0-87 
-0-96 
—0*81 
-0-73 
-0 61 
-0-62 

Water. R = 

73. 


Water. R j= 

174. 

2=13-6- » = 

= 00119 


2=14-4° v = 

= 0-0117 

(2 = 0- 

142 4 = 0-04 


d = 0-318 4 = 0 045 

€ = 0-001 V 

- 0-1 


e = 0-005 V = 6-4 

8 . 

8 - A8. 

?'■ 


9. 

0 - 40. 

P' 

0 

0 

1-10 


0 

0 

1-043 

20 

12 

0-87 


20 

16 

0-780 

40 

32 

0-28 


40 

36 

0-057 

60 

52 

—0*43 


60 

56 

-0-713 

80 

72 

-0-86 


80 

76 

-1-085 

100 

92 

-0-92 


100 

96 

-1002 

120 

112 

-0-73 


120 

116 

-0-840 

140 

132 

-0-71 


140 

136 

-0-769 

160 

152 

-0*63 


100 

156 

-0-761 

180 

180 

-0*64 


180 

180 

-0-739 


8. 

0-^0.| 

i>'- 

O 

0 

Ml 

20 

12 

0-88 

40 

32 

0-29 

60 

52 

! -0 48 

80 

72 

-0-89 

100 

92 

-1 04 

120 

112 

-0-82 

140 

132 

-0-70 

160 

152 

-0-73 

180 

180 

-0-64 


R = Vd/v. 
t = temperature °C. 
v -- kinematic viscosity 
cm.*/»ec. 

d = cylinder diameter cm. 

4 = hole diameter, cm. 
r — (channel width) + d. 
c = 13 -r (30r + r»). 

V = fluid velocity, cm./sec. 

P' " P.U - 2,) + *pV*. 

Pj a observed pressure dif¬ 
ference. 



P' 


P - 
ipV* 
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Table II. 


Cylinder 

diameter 

(om.). 

Fluid. 

Fluid 
Velocity 
(cra./scc ). 

Reynolds’ 

number. 

! 

n “ 

Coefficient 
of pressure 
drag. 

0-318 

Oil 

4-4 

! 3 

I 325 

0*96 


4-4 

1 10-5 

0-90 

0-318 


13-9 

11 2 

| 0-71 

0-96 

9 f 

14*5 

36 0 

1 0-49 

0 142 

AVater 

3-75 

| 45 0 

I 0-46 

0*142 


5 6 

67 0 

| 0-46 

0 142 

f| 

6-1 

73-0 

j 0 45 

0-318 

” 

! 6-4 

| 174-0 

1 0 45 

1 


The present experiments deal, however, with a different range of Reynolds’ 
numbers (R = 3*5 to R = 240). The determinations of drag by Relf and 
Wieselberger* from force measurements and the difference between the mean 
of these and the writers’ determination of pressure drag, this difference being 
the skin friction drag, are also shown in fig. 8. 


1-05 



0 l t 3 4 0> 234 

La 3c R 

Fig, 7. —Pressure distribution round circular cylinders. theory ; Q, oil, □ , water ; 
•, air ; a , air (Linke). Note .—Short dotted curves to right are plotted from Lamb’s 
theory for very low Reynolds’ numbers. 

Fig. 7 shows the pressures, from the present experiments, from those of R. & 
M., No. 1194, and from the experiments of Linke. They are plotted for con¬ 
stant values of 0, namely, 0 = 40°, 80°, 120° and 160°. 


* • Phyg, Z./ vol. 22, p. 321 (1921). 
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The points shown in triangles are from the arithmetical solutions, and the 
dotted lines show values obtained from Lamb’s analytical solution.* Actually 
Lamb’s solution only applies to values of R less than those shown, in fact to 
values much less than unity, but evidently in most cases the experimental 
results are converging with them. 



Fig. 8 —Drag coefficients for circular cylinders. ©, pressure drag present experiments, 
oil and water; * , pressure drag, previous experiments, air; •, pressure drag, 

Linke’a experiments, air ; 0, arithmetical solutions. 


Section 3 .—Photographic Study of the Streamlines at Low Speeds . 

The photographs shown in figs. 9 to 12, Plates 10 to 13, are examples selected 
from a large number which were obtained by photographing the filament lines 
produced by introducing streams of coloured water into the flow in the 5 inches 
by 5 inches tank already illustrated in R. & M., No. 1389. 

The best lines were obtained by using fine glass tubes drawn almost to a 
point but uniform spacing is difficult to obtain in this manner. Accordingly 
a small brass tube was placed across the channel 2J inches from the bottom. 
On the front or upstream side of this tube were nine holes 1/64-inch diameter at 
1/8-inch spacing from which the ink issued. 

The study of the flow by filament lines is limited to low Reynolds’ numbers, 
since it can only be used below the critical speed of the channel. Thus if R c 

* Lamb’s ‘ Hydrodynaraios,’ 4 ed., pp. 581-583. 
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is the critical Reynolds’ number for the channel, and djl is the ratio of cylinder 
diameter to channel width, the method is only available up to R = R c djl . 
Ro was found to be about 2000. Hence if the maximum value of djl is taken 
as 0-1, the limiting Reynolds’ number for the cylinder is 200. This con¬ 
clusion is quite independent of the size of channel used. 

At very low speeds one of the difficulties met with is the tendency of the 
ink solution to sink. If the ink density is greater than that of water there is 
plenty of time for this to occur. For example the speed of the flow for fig. 11a, 
Plate 12, was 0*064 cm /sec. Convection ■currents are also troublesome. 

A curious feature noticeable in figs. 10a and 11a, Plates 11 and 12, is the 
tendency of the nine streamlines to close up some distance behind the cylinder 
to a narrower width than they occupied in the undisturbed stream before they 
came to the cylinder. This is evidently a three dimensional effect produced by 
the interference of the walls and bottom. It can hardly indicate an increase 
in speed but rather a withdrawing of liquid from the plane of the streamlines. 

The channel walls have evidently another effect, namely, to delay the pro¬ 
duction of eddies to a higher speed. An inspection of the two senes of photo¬ 
graphs, one taken with a J-inch cylinder, fig. 10, and one with a J-inch cylinder, 
fig. 11, shows this. In the former series the eddies begin about R = 46 
and in the latter at R = 62. An J-mch cylinder was also examined and 
found to produce eddies when R was but little over 30. The walls evidently 
prevent the proper formation of the Kirmdn street with the £-inch cylinder. 

When matters are adjusted so that an ink 14 streamline ” strikes the front 
of the cylinder and splits, there is still a region close behind the cylinder where 
the ink does not enter, or at least only a trace enters by sinking slowly along the 
surface of separation and penetrating at a lower level. As it is difficult or 
impossible to arrange for such a splitting of a line to take place for any length of 
time a cylinder was fitted up so that ink could be extruded from a hole in the 
front generator. The photographs obtained with tins arrangement are shown 
in fig. 12, Plate 13. The supply pipe for the ink is right at the bottom of the 
channel and the hole on the front generator inches higher up. The gradual 
growth of the “ kidney ” eddy as the speed increases is clearly shown. That 
this region contains two closed eddies is shown by the difficulty of introducing 
ink mto it and by the ink leaving the surface at right angles. This is further 
brought out in fig. 12/ for which photograph the cylinder was turned through 
180° so that the ink is emerging from the downstream generator. It travels 
forward to the “ Ablosungspunkt ” before it leaves the surface. This photo¬ 
graph has been taken at a higher value of R to show that this phenomenon 
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goes on when the periodic eddies are forming as well as at the lower speeds, 
showing that the stationary eddies, or at least kindred phenomena, are present 
along with the periodic eddies. 

The frequency of the eddies (/) was obtained by counting the number formed 
per second. The values of the ratio/d/V so found when plotted on R shows 
nothing new, the points agreeing well with the values already found by oscil¬ 
lation experiments.*}* 

The tendency for the ratio K/aV to fall with falling Reynolds’ number is 
shown in Table III which contains particulars of the photographs in figs. 10 
and 11. The strength of the eddies K must be zero for the Reynolds’number 
at which the periodic eddies cease to be formed. As already mentioned the 
periodic eddymg behind the J-inch cylinder shows itself occasionally down to 
R — 30 but it is not very certain below about 36 unless the cylinder is released 
to oscillate with the appropriate period. 


Table III.—Particulars of photographs shown in figs. 10 and 11, Plates 

12 and 13. 


Photograph. 

Cylinder 

diameter 

d 

(om.). 

Velocity 

V 

(cm. /sec.). 

Eddy 

frequency 

Eddy 

separation 

a 

(cm.) 

R - Ydl* 

i 

i 

fd/V. 

K/aV.* 

| 

f a \ 

0*035 

0 007 



3*8 




b 

0*035 

0*21 

— 

- 

11*0 

— 

— 


c 

0*635 

0 82 

— 

— 

43*0 

— 

— 

fig- IU < 

\ d 

0*035 

0*93 

0*20 

4*3 

49*0 

0*14 

0*22 


t 

0*635 

1*02 

0*21 

4*35 

54*0 

0*13 

0*2« 

i 

L/ 

0 035 

1 97 

0*41 

3 8 

103*0 

0*13 

0*59 


1 

a | 

1*27 

0 064 

_ 

_ 

7*2 

_ 

_ _ 


b \ 

1*27 

0*22 

_ 

— 

23*0 

— 

— 


c 

1*27 

0*474 

— 

— 

50*0 

— 

—. 

frig. 11 * 

d 

1*27 

0*034 

0 077 

— 

71*0 

0*15 

— 


e 

1*27 

0*85 

0*11 

—. 

88*0 

0*17 

—. 


1/ 

1*27 

2*0 

0*27 

—. 

208*0 

0*17 

—. 


* K laV ~ (1 - a//V)V8. 


In the previous experiments on oscillating cylinders only very small cylinders 
were used for the lowest values of R. Repeat experiments using the |-inoh 
diameter cylinder gave the same results, namely, at R = 33 oscillation would 
take place if the natural frequency was adjusted to give fd/V anything between 


t R. & M., No, 1373, fig. 7, or 4 Phil. Mag.,* fig. 3, vol. 12, p. 403 (1931). 
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0*097 and 0*15, and at R = 28 no oscillation could be obtained at any period. 
From R = 29 to about R = 35 it seems better to say that the oscillation causes 
the eddying rather than the eddying the oscillation. 

The author previously assumed* that the eddies produced a circulation which 
produced the side force necessary to maintain the oscillation. An examination 
through a low power microscope of the ink filament lines in front of the fixed 
cylinder while eddies were being given off, showed no periodic wavering such 
as would be expected with a periodic circulation.! It follows either that 
the eddies produce no circulation or that the circulation is only present 
when the cylinder is oscillating. 

There would seem to be a possible alternative explanation of the phenomenon 
of oscillation other than that it is produced entirely by the periodic eddies. 



Is it not possible that the kidney eddies play a part in the following manner ? 
These are, as it were, attached to the cylinder and hence when it is oscillating 
and approaches the end of its swing they continue, in the same direction long 
enough to set up a circulation by dragging the liquid round the cylinder with 
them. The circulation so produced would be of the correct sign to apply the 
force to drive the cylinder back towards the centre. 

To test this hypothesis an |-inch diameter cylinder was fitted with a vane 
along its entire length, fig. 14. This vane was free to rotate about the cylinder 

* R. & M., No. 1373, loc, at. 

t Other experimenters olaim to have observed this wavering, but probably the Reynolds’ 
number was different. 
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axis being carried on two needles. The arrangement* was found to oscillate 
at channel speeds above 2*2 cm./sec. (R = B8). For each water speed there 
was a band of frequencies which gave the maximum amplitude generally 
corresponding roughly to fd/Y — 0*03 to 0*06. The most interesting point is, 
however, that the oscillation is very much more vigorous if the cylinder is 
inclined so that the top is further upstream than the bottom. This was 
discovered by accident although it might have been expected in view of the 
explanation given above. Towards the end of the swing the weight of the 
vane (once it has passed a certain position) is rotating it in the direction neces¬ 
sary for the required circulation. Obviously, how¬ 
ever, with the inclined cylinder low water speeds 
are impossible as the vane falls right over on one 
side or the other. 

The analogy between the vane and the kidney 
eddies is obviously not perfect, but it is possible that 
the phenomena are related. 

Summary . 

In the first part of the paper an arithmetical 
method of solving the equations of viscous flow is 
developed. The method is one of successive approxi¬ 
mations, whereby the new values are interpolated in 
such a manner as to involve the fundamental equa¬ 
tions being solved. A development of the method 
involves the use of an auxiliary solution to obtain first a conformal network 
for the given boundaries. The solution is then carried out on this network. 
This procedure avoids certain boundary difficulties. 

The method is applied to obtain the flow past a circular cylinder at 
Reynolds’ number 20. Two weak symmetrical eddies are obtained behind 
the cylinder. Values for the drag and pressure distribution are also given. 

In the second part of the paper measurements of the pressure round cylinders 
at very low Reynolds’ numbers are given. These are shown to agree with the 
theoretical values of the first part. A comparison with the measured total 
drag obtained by other experimenters enables the skin friction drag to be 

determined. 

* The whole unit was free to oscillate across the channel, as in the experiments 
described in It. & M. No. 1373, loc . cit. 



Fig. 14. 
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Ionization of Light Oases by X-Rays. 

In the last part a set of photographs of the streamlines past a oylinder is 
given. A comparison of the theoretical solution with these shows a good 
agreement. The photographs also show the gradual development and growth 
of the symmetrical stationary eddies behind the cylinder as the speed increases, 
followed by the development of the Kdrm&n street. The exact Reynolds’ 
number at which the latter first develops is shown to be affected by the presence 
of the channel walls. 


On the Ionization of Light Gases by X-Rays. I.— Technique . 

By W. R. Harper, Wills Physics Laboratory, University of Bristol, 

(Communicated by Lord Rutherford, O M. } F.R.S —Received April 26, 1933 ) 

Introduction . 

The measurement of the intensity of an X-ray beam in absolute units is 
in theory most satisfactorily accomplished by a determination of its heating 
effect. The method, however, is attended by considerable experimental 
difficulties, so that its application is very limited, and in practice it is usual to 
replace it by a determination of the ionization produced when the beam is 
passed through a gas. To correlate the ionization with an absolute intensity 
requires a quantitative knowledge of the details of the interaction between the 
X-rays and the molecules concerned and of the ionization of the gas by the 
ejected electrons. It sometimes happens that the processes involved about 
which we know least are relatively unimportant, so that a fairly reliable 
correlation can be made ; and much work has been done on the application of 
the ionization method to X-ray dosimetry. But in general a quantitative 
correlation between ionization and intensity iB not possible. A further study 
of the ionization of gases by X-rays is therefore desirable; moreover it 
may be made to yield important information concerning the processes involved. 
The early development of the physics of X-rays contains many examples of 
this, and more recently an important contribution has been made by Stock- 
meyer.* 

The events leading to the ionization of a heavy gas are exceedingly com¬ 
plicated, whereas in the light gases (hydrogen and helium) some of these events 
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* 1 Ann. Physik,* vol, 12, p. 71 (1932). 
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are absent or else occur to a negligible extent, so that the interpretation of 
experiments with the latter becomes simpler and more reliable. These gases 
are therefore specially worthy of study. Moreover, for them the application 
of quantum mechanics leads to the most definite results for comparison with 
experiment, and in particular permits of a direct test of some aspects of Dirac’s 
theory of recoil scattering. The ionization due to the gas itself is, however, 
very small, and may even be less than the secondary ionization due to electrons 
liberated from the chamber walls. The technique used in ionization measure¬ 
ments with heavy gases is therefore unsuitable. Hitherto the only attempt 
made to extend such measurements to light gases is an experiment carried out 
in 1915 on hydrogen by Shearer* who, however, obtained very variable results 
and an ionization markedly smaller than that to be expected from recoil 
electrons alone. Moreover his experimental method is now open to criticism 
in view of our greater knowledge of X-rays, and in particular the fluorescent 
radiation used was of doubtful homogeneity. The present paper will describe 
a new technique suitable for quantitative measurements of the ionization 
produced by X-rays in light gases, and in another paper it will be applied to a 
re-investigation of hydrogen. 

The Pressure Variation Method. 

The method adopted by Shearer in correcting for the effect of the electrons 
liberated from the walls of the ionization chamber is due to Beatty, f It con¬ 
sists in plotting the variation of ionization with pressure up to pressures at 
which the variation has become linear, when it is assumed that the effect of 
the walls has saturated, so that the increase of ionization is entirely due to 
absorption of X-rays by the gas. This assumption may, however, be incorrect 
as is shown by the following experiment carried out by the author, The 
ionization in a sample of impure hydrogen due to a heterogeneous X-ray beam 
taken from a glass walled Coolidge tube excited at about 45 kv. was plotted 
as a function of the pressure. The ionization chamber was cylindrical and of 
glass, 16 cm. long and 4 cm. in diameter. It was lined throughout with paper 
macfe conducting with indian ink, the collecting electrode being an aluminium 
wire placed to one side of the X-ray beam which passed axially through the 
chamber. The experimental points are given in fig. 1. Under these con¬ 
ditions there is no possibility of the effect of the walls being saturated as the 

* < Phil. Mag.,’ vol, 80, p. 644 (1915). 

t 1 Phil Mag./ vol. 20, p. 320 (1910). 
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range* of a 20 kv. electron in hydrogen at N.T.P. is about 7 cm. Nevertheless 
the ionization pressure curve is a straight line down to a pressure of 160 mm. 
of Hg, and, moreover, when produced passes very nearly through the origin. 
There was no difficulty in confirming the result. 

A theoretical explanation m general terms can easily be given. The part 
of the ionization due to the hydrogen and the impurity contained in it would 
not be proportional to the pressure at low pressures since many of the liberated 



Fig. 1.-Experimental curve ;-theoretical ourven ;-extrapolations of 

linear part of ourves. 

photoelectrons would be able to reach the walls. It would therefore have a 
pressure ionization curve of the form of the lower dotted curvom fig. 1, which, 
however, is not drawn to scale. If the ionization due to the electrons liberated 
from the end walls by the primary beam were less than that due to those from 
the corresponding mass of gas, then adding on the ionization they produce 
would still leave the form of the ionization pressure curve more or less un- 
changed.f If, on the other hand, the ionization due to the electrons from the 
end walls were greater than that due to those from the corresponding mass of 
gas, the ionization pressure curve would have the form shown in the upper 
dotted curve, provided that the electrons from the gas were unable to reach the 
side walls. In the general case the curve will be intermediate between the 
two, and could very well be the straight line found in the experiment. 

If all the ionization corresponding to the linear part of the curve is attributed 
to the gas, a comparison with the ionization ratio found for pure hydrogen to 
air in II (p. 694) makes it necessary to explain the value here found by assuming 

* Nuttall and Williams, 1 Phil. Mag./ vol. 2, p. 1109 (1926). 
t W. H. Bragg, Studies in Radioactivity/' chap. XV. 
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the presence of far more impurity in the gas than was actually present. The 
pressure variation method of correcting for the effect of the walls will therefore 
be rejected, although by going to sufficiently high pressures it would undoubtedly 
be possible to ensure its reliability. 


General Considerations . 

In Shearer’s ionization chamber the wall through which the radiation entered 
was of mica, and the effect of secondary electrons liberated there was greater 
than the effect of those liberated in the gas. A simple calculation shows that 
even with the lightest substance it is feasible to use (namely, celluloid) the 
effect would certainly not be negligible, The following is the principle of the 
method used for its elimination in the present work. The rays pass first 
through a celluloid window into an antechamber in which the secondary 
electrons from the window are absorbed and the resulting ionization collected ; 
they then pass through a clearance aperture into the mam chamber in which 
the ionization due to the gas is measured, and out of it by a second clearance 
aperture. Finally they are suitably absorbed at the far end of a second 
subsidiary chamber similar to the first. In the first form of the apparatus 
a broad beam of X-radiation was used in order to increase the intensity, and 
in consequence the clearance apertures subtended a considerable solid angle 
at the window and at the absorption block. Magnetic fields were therefore 
applied to coil up the tracks of the unwanted electrons and confine them to the 
two subsidiary chambers. It was found, however, that the electrostatic 
fields of the electrodes in the subsidiary chambers penetrated into the main 
chamber to an extent which enabled them to rob the electrode in the main 
chamber of a large fraction of the ionization which it should have collected. 
It was therefore decided not only to use guard electrodes, but also to reduce 
considerably the size of the clearance apertures. This had the advantage of 
making it possible to dispense with the magnetic fields. The alternative of 
making the chamber very large has the inconvenience of involving the prepara¬ 
tion of large quantities of pure gas, and moreover loses much of its effectiveness 
owing to the divergence of the X-ray beam necessitating an increase in the 
size of the exit clearance aperture. The details of construction of the ioniza¬ 
tion chamber will be deferred until later when a general consideration of all 
the processes responsible for ionization in an ionization chamber will be given, 
and it will be shown that the actual design of the chamber used fulfils the require¬ 
ment that it must measure the ionization arising from the direct action of the 
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primary beam on the gas, but no secondary ionization such as that from the 
walls. 

Radiation of wave-length about ^ A. is most suitable for the measurement 
of the ionization from recoil electrons in hydrogen described in II (loc. cit.) 9 
and the most convenient measure of its intensity is the corresponding ioniza¬ 
tion in air. The measurement then reduces to a comparison of the ionization 
in the two gases due to the same X-ray beam, which must clearly be carefully 
monochromatized. Attempts to use crystal reflection for the purpose led 
to such small intensities that they were abandoned in favour of a modification 
of the method due to Ross,* in spite of an inherent defect in the method that 
a difference effect must be measured and the consequent requirement of 
increased steadiness of the X-ray beam. 

The purity of the gas is of paramount importance. One part of mercury 
vapour in a million of hydrogen has an effect which can easily be measured. 
The difficulty of ensuring the requisite degree of purity makes it advisable to 
have some method of estimating its magnitude. In the measurement of the 
recoil ionization this can be done by carrying out an additional determination 
of the ionization ratio on the same sample of gas but for a much longer wave¬ 
length, as will be explained in II. The method not only enables one to correct 
for the effect of impurity but also to correct the observed ionization (due 
recoil electrons) for any photoelectric effect in the light gas itself. 

TJw Source of Radiation . 

Several different X-ray tubes were used in the preliminary investigations 
dealt with in this paper, but need not be described in detail. They were 
connected directly across the high tension transformer which was fed from a 
motor-alternator run off batteries when the inconstancy of the supply mains 
proved troublesome. In this way it was possible to obtain a beam whose 
intensity only suffered slow changes with time, so that by sandwiching each 
reading between two control readings the variations in intensity could be 
corrected for when necessary. 

In the final determinations of the ionization ratios for \ A, however, no 
variation of intensity greater than 1% could be tolerated even in the 
course of several hours. The conditions necessary for ensuring thisf I have 

* 4 J. Opt. Soc.,’ vol. 16, p. 433 (1928). 

t Harper, * Proc. Camb. Phil. Soc.,’ vol. 28, p. 497 (1932); 4 J. Soi. Inst.,* vol. 10, p. 10 
(1933). 
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discussed elsewhere. The X-ray tube used was that described in the first 
paper referred to in the footnote and illustrated in fig. 2 therein. It had, 
however, only one filament instead of two as shown. The input to the tube 
was controlled by method I described in the second paper referred to in the 
footnote, the high tension voltmeter required being one specially designed for 
the purpose.* In determining the ionization ratio there is an optimum 
X-ray intensity which gives sufficient ionization in the light gas to be accurately 
measurable and an ionization m air (the order of 200 times as great) which is not 
too large to be convemently measurable by the method described later, f 
A current of 20 milliamps at a voltage of 45 kv. D.C. (from a valve rectifier) 
was found to give a suitable intensity from the copper anticathodc. The ripple 
on the D.C. at this load was about 10%. 

The determinations of the ionization ratios for the longer wave-length were 
earned out less accurately. For this purpose the tube was excited at 8 kv. peak, 
and a tube current of 25 milliamps obtained by making the filament sheath 
360 volts positive with respect to the filament. Since the same smoothing 
condensers were used on the valve rectifier their effect under these conditions 
would be to give only a slight smootliing. Moreover, the high tension voltage 
was controlled by means of a spark gap, so that the intensity of the X-ray 
beam could only be guaranteed to within 20%, which, however, is sufficient 
not to impair the accuracy of the measurement described in II. The 
short wave-length limit of the radiation excited under these conditions ifl 
1-5 A. 

The Method of Monochromatization. 

Ross (loc. cit .) has devised a method of spectral analysis which may equally 
well be used for monochromatization, Briefly it consists in preparing two 
filters whose absorption is the same for all wave-lengths except for those in a 
narrow band between the K edges of the two filters. If then the effect of any 
heterogeneous X-ray beam is measured first with one filter in the beam, and 
then with the other, the difference between the two effects is entirely due to 
radiation in the narrow band of wave-length. It is clear from fig. 2 in Ross’s 
paper that the balancing of the two filters for the wave-lengths outside the 
narrow band can be carried out exceedingly accurately. The only objection 
to the method as described by Ross is that it is necessary to work with a differ- 

* Harper, ‘ J. Soi. Inst.,' vol. 10, p. 13 (1933). 

t The use of a gas heavier than air would have been very inconvenient because of the 
excessive ionization. 
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ence effect of only a few per cent, of the total effect which is actually measured, 
whereby the accuracy of the measurement is enormously reduced. However, 
by the additional use of selective filters I have found it possible to reduce the 
relative intensity of the wave-lengths outside the useful band and thereby 
increase the difference effect to greater than a quarter of the effect with the 
element of lower atomic number in the beam The loss of accuracy in taking 
the difference is then not nearly so serious. The loss of intensity due to the 
selective filters is considerable, but the available intensity is in any case so 
large that it was still found possible to obtain the intensity required. 

The balanced filters used were of silver and cadmium which give a wave¬ 
length band from 0*485 A. to 0*463 A., these being also the filters that were 
specially tested by Ross. The metals used were of the highest purity obtain¬ 
able, and were rolled* to thicknesses of 0*045 mm. (Ag), and 0*047 mm. (CM). 
They were mounted in the manner described by Ross, the final adjustment for 
thickneas being carried out by altering the tilt. The uniformity of absorption 
over the working area is of great importance and was therefore tested, using 
a narrow X-ray beam, and shown to be better than 1%. The foils were 
balanced on a spectrometer with wide slits using the MoK lines (0*67 A.). 
Care was taken that the slit width was sufficiently small to exclude radiation 
in the range of wave-lengths between the K edges of the filters, and that no 
appreciable radiation from the unreflected beam could enter the ionization 
chamber either directly or by scattering. It was unnecessary to exclude 
second order reflection. After balancing, the mean of seven ionization readings 
for silver differed from the mean of seven for cadmium by only one part in 600. 

When using the balanced filters the maximum difference effect is obtained 
when the maximum of the continuous spectrum from the tube lies between the 
K edges of the filters, which for the pair used occurs for about 50 kv. on the 
tube. The voltage actually used was 45 kv. and was therefore not far from 
the optimum. This has the additional advantage of giving a nearly uniform 
wave-length distribution between the K edges. The selective filters used to 
increase the difference effect were of tin and strontium bromide. Their 
uniformity is of no great importance. They resulted in a reduction of 
intensity of the order of 50 times but increased the difference effect from 4% 
to 27% (referred to the effect with silver in the beam), i.e., by a factor of 
about 7. 

As a check on the working of the method it was used to determine the half 

* I am indebted to Messrs. Johnson, Matthey for carrying out the difficult operation of 
rolling these foils. 
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value thickness for the absorption in aluminium. In fig. 2 is plotted the log 
of the ionization against the number of foils of aluminium. The upper curve 
is for Cd in the beam, the middle one for Ag in the beam, and the lower one 
for the difference effect, i,e. t for a wave-length band between 0-486 A. and 
0-463 A. The two upper curves both show a marked systematic deviation 
from linearity showing that the radiation was not homogeneous, but the points 
for the difference effect lie on a straight line within the limits of experimental 
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error which, however, are greater for the difference curve. The half value 
thickness calculated from the curve is 1*6(7) mm. The mean half value thick¬ 
ness for the above band of wave-lengths* is 1*6(0) mm. The agreement is 
therefore very satisfactory. 

The Ionization Chamber . 

A diagram of the ionization chamber and its connections is given in fig. 3. 
The main chamber A is a hollow cylinder of cast gunmetal, one end being part 
of the casting, the other being screwed directly on to a flange and the join 
made tight by painting the edge with cellulose enamel. The cylindrical brass 
* From Kirohner, “ Allgemeine Physlk dor RGntgenstrahlen.” 
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antechamber B and the similar end chamber C are soldered to the ends of the 
main chamber eccentrically as shown. D and D' are the two circular apertures 
(in lead screens) which limit the X-ray beam, D being placed close to the window 
of the X-ray tube. Between D and D' there is a clearance aperture E in a 
lead screen which prevents stray radiation from reaching the second limiting 
aperture. The celluloid window at F is rather larger than the aperture D\ 
G and G' are clearance apertures. The apertures external to the chamber 
are carried by a brass tube and arm H bolted to the end plate, and J is an 
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ebonite disc serving to insulate D from the chamber. The balanced foils are 
situated at K and the selective filters at E. The whole of the main chamber 
and the end of the chamber C are lined with thick aluminium which in turn is 
lined with Indian inked paper L. M and M' are electrodes of aluminium wire 
which collect the ionization from the two subsidiary chambers, N and N' are 
the guard electrodes, and P the collecting electrode. The electrodes in the 
main chamber are of indian inked paper, rectangular, and 3*4 cm. broad. 
The collecting electrode is insulated by pyrex glass protected by an earthed 
guard ring Q. The ionization chamber is connected to the gas apparatus at R. 

The Domain from which the Ionization is Collected . 

When a narrow beam of X-rays passes through a gas of small absorption 
coefficient* and indefinite extent the ionization produced occupies a cylindrical 

* A small correction may be required for the absorption of the beam in the gas before 
it reaches the collecting domain if this is different for the two gases compared, and for the 
change of intensity of the beam during its passage through the collecting domain. 
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columu with the beam as axis, and the ionization is uniform along the column. 
What is required to be measured in comparing two gases is the ratio of the 
ionization between two parallel mathematical planes perpendicular to the 
axis for one gas and the ionization between the same two planes for the other 
gas. Firstly, therefore, it is necessary that the side walls of the chamber and 
the collecting electrode shall be outside the cylindrical column of ionization. 
At atmospheric pressure in air the range* of a photoelectron liberated by a 
quant of the harder radiation used is about cm., the maximum range m 
hydrogen of a recoil electron from such a quant is less than one-tenth of this, 
and the range in hydrogen of a photoelectron liberated by a quant of the 
softer radiation used is about 1 cm. Referring to fig. 3 it is seen that the 
clearances in question are more than twice the requisite amount. Photo¬ 
electrons liberated in hydrogen by the harder rays, however, will be able to 
reach the walls, but although in air the majority of the ionization is caused 
by photoelectrons, in hydrogen recoil electrons are of primary importance, and 
a correction can be applied for the incomplete absorption of such photo- 
electrons as are present in hydrogen. Secondly, since some of the ionization 
in the domain from which it is collected is due to electrons starting outside 
that domain, the end walls must not interfere with such electrons. They must 
therefore be distant from the domain by an amount greater than the range of 
an electron. This is ensured by the guard electrodes. Thirdly, since the 
ionization in hydrogen is confined to a much narrower column than in air, it 
is necessary for the collecting domain to have plane ends, though since the 
ionization is symmetrically distributed about the axis these planes need not 
be accurately perpendicular to the axis. Some method is, however, required 
for mapping the lines of force in the chamber, since even in the presence of 
the guard electrodes they may be appreciably curved. 

If a two-dimensional scale model of the chamber is constructed this can 
be done either by the use of gypsum crystals to show up the direction of the 
finest or by adapting the model as an electrolytic cell on A.C. and exploring 
the fines of force with probe electrodes and a pair of phones.J Neither method 
is, however, capable of giving quantitative results since both simplify the 
three-dimensional problem to a two-dimensional one. The following method 
was therefore adopted. A suitably constructed a-particle gun was fitted into 
the antechamber B and a narrow beam of a-particles was fired through the 

* Nutt&ll and Williams, loc . cit, 

f Stockmeyer, loc. cti, 

$ Lnhr and Bradbury, 1 Phya. Rev.,* vol. 37, p. 998 (1931). 
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aperture G into the main chamber. A polonium source was used and to prevent 
contamination of the apparatus it was totally enclosed in the gun and the 
a-particles allowed to escape through a very thin cellophane window. The 
residual range* of the particle was measured, and after correcting for the 
stopping in the cellophane agreed to within \ mm. with the range as measured 
by G. I. Harper and Salaman.f When the ionization chamber was filled 
with air at atmospheric pressure the a-particle beam did not reach the domain 
of the collecting electrode 1\ The pressure was then reduced until a sudden 
commencement of the ionization current to P denoted the arrival of the 
a-particles in the collecting domain. Then, knowing the pressure at which this 
occurred and the direction of the beam, a point on the end surface of the 
collecting domain could be calculated, and by varying the direction of the 
beam the end surface could be mapped out. 

The main chamber being symmetrical it was only necessary to carry out 
the measurements for one end. Five points on the end surface of the collecting 
domain were determined, one on the axis of the X-ray beam, and ^our more 
2 cm. from it and equally spaced round it. They were all coplanar within the 
limit of experimental error which was about 1 nun Their plane was, however, 
inclined at about 8° to the end wall of the chamber. 


The Bobbing Effect . 

In an ionisation chamber constructed for preliminary tests having no guard 
electrodes and the clearance apertures G and G' relatively much larger, g it 
was found that about 20% of the iomzation formed in the main chamber 
was collected by the electrodes in the subsidiary chambers. The extent of 
this robbing effect made it advisable to verify experimentally that in the 
chamber of fig. 3 only the domain from which the guard electrodes would 
otherwise collect was robbed.{ The lines of force were investigated by the 
electrolytic cell method, and it was found that for the larger aperture the 
domain of the subsidiary chamber electrode extended $ cm. mto the main 
chamber. This gives a factor of safety of at least 6, sufficient to cover the error 
introduced by working with a two-dimensional model. It should, perhaps, be 
mentioned that both in an electrolytic cell on A.C. and in an ionization chamber 

* Extrapolated ranges were used throughout. 

t 4 Proc. Roy. Soc.,* A, vol. 127, p. 175 (1930). 

% The test described in the last section did not make this unnecessary, as it was earned 
out with the subsidiary ohamber electrode removed. 
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which all but the largest currents are being measured, space charges are 
negligible so that the lines of force are as in vacuo. 

The ionization in air due to secondary electrons from a paper window is very 
small compared with the direct ionization of the gas by the rays. If then a 
beam of X-rays is passed through the chamber and the ionization collected by 
P measured, this will be uninfluenced by the insertion of a thin conducting 
paper window at G, unless the field of M penetrates sufficiently far into the 
main chamber to affect the domain of P. The experiment was performed 
using an arrangement whereby the window could be moved into and out of 
the beam from the outside of the chamber, and the change did not amount 
to 1%. 


Processes responsible for Ionization m an Ionization Chamber . 

When a beam of X-radiation passes through an ionization chamber all 
processes resulting in the formation of secondary electrons which can be 
absorbed by the gas contribute to the ionization in the chamber. The following 
is a complete list of all the theoretically possible processes :— 

(1) The action of the primary beam on the gas-givmg photoelectrons, recoil 

electrons, and electrons due to the Auger effect. 

(2) The action of the primary beam liberating secondary electrons from the 

windows.* 

,(3) The absorption by the gas of radiation from the gas— 

(а) Scattered. 

(б) Fluorescent. 

(4) The absorption by the gas of radiation from the windows— 

(а) Scattered. 

(б) Fluorescent. 

(5) The liberation of secondary electrons from the walls due to the absorption 

of— 

(а) Scattered radiation from the gas. 

(б) Fluorescent radiation from the gas. 

(c) Scattered radiation from the windows. 

(g?) Fluorescent radiation from the windows. 

* The term “ window ** refers to any part of the wall through which the primary X-ray 
beam passes, and the term “ walls ” is to be taken as including windows. 
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(6) The absorption by the gas of radiation from the walls— 

(а) Scattered. 

(б) Fluorescent. 

(7) The liberation of secondary electrons from the walls by radiation from 

other parts of the walls— 

(а) Scattered. 

(б) Fluorescent 

In general it is required to measure (1) + (36), the ionization arising from 
the secondary emission from the gas due to the action of the primary beam. 
The necessary conditions for measuring (1) have already been discussed. The 
fluorescent radiation from air is extremely soft and will be completely absorbed 
in a chamber of the dimensions of the one shown in fig. 3, but hydrogen and 
helium are peculiar, and will be considered in II. 

It is required not to measure anything but (1) + (36). (3a) is a second-order 

effect for a chamber like the one in fig. 3, and is therefore negligible. (5) (5a) 
(56) (6) and (7) will collectively be termed the “ wall effect/* and (2) (4) (5c) and 
(5d) the “ window effect.” The method used for eliminating the window effect 
has already been indicated, and full details will shortly be given. 


The Wall Effect* 

(56) is small because (36) is nearly complete. (7c/) and (76) are second-order 
effects relative to (5a) which will be shown to be negligible. (6a) is a second- 
order effect relative to (3a) which is negligible. It remains to consider (5a) 
and (66). 

The thick aluminium lining of the gunmetal chamber reduces any fluorescent 
radiation from the gunmetal to a negligible amount, and any fluorescent radia¬ 
tion from the al umin ium is reduced to a negligible amount by the paper, the 
fluorescent radiation from which can be neglected. This disposes of (66). 
The relative magnitude of (1) and (5a) depends on the details of the absorption 
and scattering of the radiation by the gas, and will therefore be considered in 
II where (5a) will be shown to be negligible even for hydrogen. 

* In c ons tructin g the chamber it is convenient to leave small screws, etc., exposed, and 
it is important that these should not appreciably increase the wall effect. This was verified 
to be so by an approximate direct experimental determination of the effect of completely 
lining the inside of the chamber with a heavy metal (tin). 
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The Window Effect . 

The details of the arrangement for eliminating this are shown in fig. 3, and in 
fig. 4 which shows the aperture system to scale (different in the two directions). 
The solid angle subtended by the aperture G at F is less than 0-005 X 2n t and 
the solid angle subtended by G' at the far end of C is also less than 0-005 X 2tt. 
As there is no reason to expect any great preponderance of emission of window 
electrons in the forward direction, and as they will be partially absorbed in 
the subsidiary chambers, the ionization they produce in the mam chamber 

will be cut down by the aperture system 
to less than one hundredth of its full 
value, and this will be greatest in 
hydrogen. In the chamber of fig. 3 the 
effect on the ionization in hydrogen of 
inserting a thin conducting paper win¬ 
dow at G was determined. The experi¬ 
ment measured directly that part of the 
window effect which reaches the domain 
from which P collects. It was one- 
tenth of the ionization due to (1) -f (36) 
-f (5a). The aperture system therefore 
reduces the window effect to less than a 
thousandth of the main effect. 

The Aperture System. 

The ionization chamber and aperture 
system could be bolted together to 
ensure the correct alignment of the apertures, and the whole was very rigidly 
constructed. It could be taken to pieces and put together again without 
disturbing the alignment. The two limiting apertures D and D' and the clear¬ 
ance aperture G could he taken off as a rigid whole, and the fact that no rays 
could fall on the edge of G verified by eye. G' was tested in the same way 
before the end chamber was soldered on. With the chamber completed, 
however, it was again tested photographically for clearance and alignment. 

The Measurement of the Saturation Currents . 

To minimize any ionization due to stray radiation the lead from the ioniza¬ 
tion chamber was only 15 cm. long, and the Compton electrometer was shielded 
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by a lead housing. The earthing key was attached to the ionization chamber 
so that only two insulators were required in the electrometer lead, the one in 
the ionization chamber and the one in the electrometer itself. 

The only satisfactory way of comparing two ionization currents which 
differ greatly in magnitude is to neutralize them by means of a charge induced 
on the collecting system through a condenser, using the electrometer as a null 
instrument. The ratio of the currents is then given in terms of the condenser 
voltages and the times if the capacity is the same for both. The condenser 
was incorporated in the electrometer itself. The necessary voltage was obtained 
from a high tension accumulator battery of about 60 volts when carrying out 
measurements on air, and connected direct across a high resistance potentio¬ 
meter. For hydrogen the high-resistance potentiometer was connected across 
a low-resistance potentiometer which was connected across a 2-volt accumu¬ 
lator. in this way a fraction of a volt could be obtained. In all cases the full 
drop across the high-resistance potentiometer was used. The reduction of 
voltage in the low-resistance potentiometer was calculated from the resistances 
which were checked against a standard box. The voltages of the two batteries 
were read on a calibrated voltmeter. 

When measuring the ionization current in hydrogen a sensitivity of about 
3000 mm. per volt at 1 metre was used, and the rate of drift was about 5 mm. 
in 8 seconds. (With soft rays and the samples of hydrogen on which the 
measurements described in II were carried out there was a drift of about 2 mm. 
in 7 seconds.) The method of taking the readings was to start the needle from 
well to one side of the zero by applying a suitable potential to one of the pairs 
of quadrants via the earthing key, and start the stop-watch when the spot of 
light passed the zero. Half way through the observation the full charge was 
induced on the collecting system, and subsequently the time of repassmg the 
zero taken. In this way the effect of a small leak is eliminated, though the 
leak was quite negligible. The method ensures that the rate of drift has 
become steady at both instants when the time is taken. 

When measuring the ionization current in air the sensitivity was reduced 
by earthing the needle. Under these conditions the deflection is proportional 
to the square of the voltage on the quadrants. It was about 40 mm. for 1 volt. 
A rather different procedure was adopted in taking the readings as owing to 
the rapidly changing sensitivity the drift is never steady. The needle was 
started from its zero and timed on passing a given deflection. It was then 
immediately brought back to the zero by the potentiometer, and kept there 
until the full charge had been induced on the collecting system. This could 
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be done very easily and accurately as the needle is very insensitive to changes 
of quadrant voltage at the zero. The needle was then allowed to drift and 
timed on passing the same deflection as before. Now before both the beginning 
and end times the needle drifted in exactly the same way so that the lag in 
its drift was automatically allowed for. The spot of light passed the position 
of timing at 3 to 4 mm. per second. (This method does not eliminate the 
effect of a leak, but it reduces it.) 

All “ natural effects,” apart from the residual ionization in the chamber, 
were less than 1% of the effect measured. The electrometer system was 
tested with a y-ray source and found to give readings consistent to within 
±1%. The residual ionization in the chamber due to radioactive con¬ 
tamination and cosmic rays was of course quite negligible compared with 
the ionization m air, but was sufficient to cause irregularities in the readings 
for hydrogen. It was verified that the irregularities in the readings with the 
X-rays on could be quantitatively accounted for by the occasional bursts of 
ionization that occurred with the rays off, and that the effect disappeared when 
the chamber was evacuated. The bursts of ionization were undoubtedly 
due to a-particle contamination. The total residual ionization in hydrogen 
was about 2| pairs of ions per cubic centimetre per second at atmospheric 
pressure. (In air it was about 16.) This residual effect is no larger than is to 
be expected from unavoidable contamination, and any attempt to eliminate 
the a-particles would have led to awkward complications. Since, however, 
the irregularities in readings of 2 to 3 minutes were almost always less than 
± 3%, and were undoubtedly subject to a Gaussian distribution law, a mean 
of 10 readings should be correct to within ± 1%. A set of 10 readings was 
therefore taken for each measurement of all ionization currents.* 


The Test of Saturation . 

The lack of saturation in an ionization chamber in which the ionization is 
due to X-rays and of the order of magnitude here measured has been dis¬ 
cussed by Webster and Yeatmaruf and shown to be due almost entirely to 
initial recombination when a moderate voltage is applied to the electrodes. 
The precise shape of the saturation curve therefore depends on the precise 

* With hard rays in hydrogen the residual ionization is eliminated when measuring the 
difference effect, but with soft rays it has to be measured and allowed for. 

t 1 J. Opt. Soo./ vol. 17, p. 254 (1928). 
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initial distribution of the ions, so that it may be different for different gases 
and for different radiations. For a gas ionized by X-rays there is no theory 
which enables this shape to be calculated, so that one cannot say on theoretical 
grounds what the lack of saturation will be under given conditions. An 
accurate experimental determination of the shape of the saturation curve is 
attended by considerable difficulties and leads to a curve the slow rise of which 
makes it very difficult to determine accurately the asymptote, particularly as 
there is no definite theoretical indication as to the shape of the extrapolated 
part of the curve, and as the lack of saturation that is required to be estimated 
comes entirely from this extrapolated part. At the best, then, estimating the 
lack of saturation is a very uncertain procedure. In the present work it was 
verified that halving the working voltage on the chamber did not decrease 
the ionization current by as much as 1%, 240 volts being required for 
hydrogen and 360 volts for air. Any lack of saturation should therefore have 
been very small, and since the minimum voltage consistent with the above 
condition was used for both gases the lack of saturation should have been 
about the same for both gases so that its effect on the ionization ratio must 
have been quite negligible. 

Acknowledgment . 

Originally the work was undertaken at the Cavendish Laboratory at the 
suggestion of Professor Lord Rutherford, to whom I am indebted for his interest 
and encouragement. I also wish to thank Dr. J. Chadwick for much valuable 
advice, and to acknowledge a grant from the Department of Scientific and 
Industrial Research which enabled me to commence the research. It has 
been completed at the Wills Laboratory at Bristol and I am greatly indebted 
to Professor A. M. Tyndall for his interest m the work during its continuation 
here. 


Summary . 

A technique is described for investigating the ionization produced in 
hydrogen and in helium by X-rays uniformly distributed in the wave-length 
band 0*485 A. to 0*463 A., and by softer rays of wave-length about l£A. 
The processes responsibe for ionization in an ionization chamber are analysed 
in detail and it is shown that the method described measures in general • (I) the 
ionization due to the secondary electrons ejected by the primary beam from 
the gas ; (II) the ionization due to reabsorption by the gas of the fluorescent 
radiation excited by the primary beam in the gas; (III) the ionization due 
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to the liberation of secondary electrons from the walls of the chamber by the 
radiation scattered by the gas; but that it eliminates all ionization due to 
other causes- In II ( loc . cit.) (Ill) will be shown to be negligible. The 
standard of X-ray intensity adopted is the corresponding ionization in air, 
so that the measurement reduces to a determination of the ionization ratio 
for two gases and the same X-ray beam. 


On the Ionization of Light Gases by X-Rays . II .—The Ionization of 
Hydrogen by Recoil Electrons . 

By W. R. Harper, Wills Physics Laboratory, University of Bristol. 

(Communicated by Lord Rutherford, O.M., F.R.S.—Received April 26, 1933.) 

Introduction. 

In Part I, p. 669, a technique has been described for determining the ratio 
of the ionization in a light gas (hydrogen or helium) to that m air when ionized 
by the same X-ray beam, homogeneous rays of medium wave-length and soft 
heterogeneous rays being available for the measurement. The ionization 
ratio can be converted into the ratio of the energies absorbed by the two gases 
by making use of the known value of the ratio of the energies required to form 
a pair of ions m the two gases ; and since the iomzation in air is due almost 
entirely to photoelectrons and the absorption coefficient is known, the energy 
in the incident beam can be obtained from the energy absorbed by air; 
thus the energy absorbed by the light gas can be correlated with the 
energy in the incident beam. The radiation of medium wave-length (about 
£A.) ionizes the light gas chiefly through the agency of recoil electrons, 
so that after applying a correction (obtained from the soft ray ratio) for the 
ionization due to photoelectrons, the fraction of the energy in the incident 
beam converted into recoil electron energy by the gas may be obtained, and 
compared with the predictions of the quantum theory of recoil scattering. 
In tliis paper the comparison is carried out with measurements on hydrogen, 
and for convenience it will be made between the experimental and calculated 
values of the iomzation ratios. 

Excluding the early work of Shearer already mentioned in I no experi¬ 
mental determination of the total energy associated with recoil electrons has 
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hitherto been made by any method as direct as the present one, though less 
direct methods have been employed.* * * § In general, however, the experimental 
technique was open to criticism, and the interpretation of the measurements 
uncertain, so that it is not surprising that the results were inconsistent either 
with one another or with theory. It is also possible to calculate the total 
energy associated with recoil electrons from other experimental facts con¬ 
cerning recoil scattering, but the experimental errors involved combine to make 
the final result very unreliable. The energy associated with recoil electrons is, 
however, not only of theoretical interest but also of great practical importance, 
since all effects arising from scattering, in the scattering substance itself, are 
due to recoil electron emission. 


Calculation of the Ionization Ratio. 

The theory of the recoil scattering of X-rays by an atomic system has not 
yet been rigidly developed on the basis of quantum mechanics, but a simplified 
treatment has led to some fairly certain results. Wentzetf has shown that the 
distribution of recoil electrons from a hydrogen atom, and presumably there¬ 
fore from a hydrogen molecule, is the same as from free electrons if the binding 
energy is small compared with the recoil energy, and if a = hv/mc 8 is small, 
where the symbols have their usual significance. These two conditions are 
fulfilled for the vast majority of the recoil electrons from hydrogen for a wave¬ 
length of £ A. Moreover, Wentzel concludes that in all probability when the 
theory is properly applied the conclusion will be that the total intensity of 
modified scattering will be the same as for free electrons. I shall therefore 
assume that the hydrogen gas may be taken as equivalent to a distribution 
of two free electrons per molecule when calculating the recoil scattering, so 
that unmodified scattering is negligible. There is abundant experimental 
evidence}: that unmodified scattering may be neglected for light elements and 
radiation of A A. 

The theory of the scattering of X-radiation by free electrons has been fully 
developed.§ Formulae are given for the fraction of the incident energy removed 

* Fricke u. Glaseer, 4 Z. Physik/ vol. 29, p. 374 (1924); Fncke, ‘Nature/ vol. 116, 
p. 430 (1025); Sohocken, 4 Z. Physik/ vol. 64, p. 458 (1930). 

t * Z. Physik,’ vol. 58, p. 348 (1929). 

% Kirchner, “ Allgemeine Physik der ROntgenstrahlen,” p. 453. 

§ Dirac, * Proc. Roy. 8oc./ A, vol. Ill, p. 405 (1926); ‘ Proc. Camb, Phil. Soc,/ vol. 23, 
p. 500 (1926); Gordon, 4 Z. Physik/ vol. 40, p. 117 (1927); Klein and Nishma, 4 Z. Physik/ 
vol. 52, p. 853 (1920). 
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from the primary beam by the scattering process, for the distribution of the 
intensity of the scattered radiation with scattering angle, and for the ratio 
of the energy of a recoil electron to that of the scattered quant as a function 
of scattering angle. From this may be calculated the fraction of the energy 
of the primary beam that is converted into recoil electron energy. 

Assuming a uniform distribution of energy in the wave-length band from 
0*463 A. to 0*485 A., the mean value of a = hvjmc 2 is found to be 0*0511 
using the values of k y m and c given by Birge.* a 2 is therefore negligible with 
respect to unity. If 0 is the angle through which a quant is scattered, then 
the ratio f(Q) of the energy of the recoil electron to the energy of the scattered 
quant is a(l — cos 0). Let 1(0) be the dependence of the intensity of the 
scattered radiation on scattering angle, and F the ratio of the total energy 
associated with recoil electrons to the total energy of the scattered radiation. 
Then 


jl(0)/(0)d<o 
j I (0) dto 


where do is an element of solid angle, and the integration extends over the 
whole range of in. 

Nowf I (0) = (1 + cos 2 0) {1 + a (1 — cos 0)}“ 3 , 

whence a f' (1 + cos 2 0) (1 _ COfJ Q) {l + a (1 - cos 0)}~» sin 0'<Z0 

. 

(1 + cos 2 0) {1 + a (1 — cos 0)} a sin 0 dd 

Jo 

Substituting 1 — cos 0 = y we have 


a [ (2 — 2 y + y 2 ) (1 + ay) 3 y dy 

T* JO _ _ 

^ f 2 

j o (2 ~2y + y 2 )(l+*y)~ 3 dy 


Expanding by the binomial theorem with neglect of a remainder that may 
easily be calculated to be less than 1%, 


a f (2 — 2 y + y 2 ) (1 — 3ay + 6aY) y\dy 

Jo ____ 

f (2 — 2 y + y 2 ) (1 — 3ay + 6a 8 y 2 ) dy 
Jo 

* * Phys. Rev. Supplement ’ (1929). 
f Dirac, he. c%t. t equation (40). 
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Evaluating the integrals and rejecting all terms contributing less than 1% 
this becomes 

F = a (^ ~ ^la + 66a 2 ) 

5 - 15a + 42a 2 ‘ 

Hence the ratio of the energy associated with recoil electrons to the energy 
removed from the primary beam = F/(l + F) = 0-0461, using the calculated 
value of a. 

Now the energy removed from the primary beam per second is’ 1 ' 


T 27tNc 4 1 +« {2(1 +a) 1, M A 

li+2r-; l 08 ( 1 + 2 * , j’ 


where I 0 is the intensity of the primary beam in ergs cm.” 2 sec. -1 , N is the total 
number of electrons and where the other symbols have their usual significance. 
Evaluating this to 1% with the aid of seven figure logarithms it becomes 


1-212 I 0 27rNe 4 /m 2 c 4 . 

It follows that the energy given per second to recoil electrons is 

0-0559 I 0 27iNc 4 /m 2 c 4 
= 0*0559 I 0 47re 4 /m 2 c 4 per molecule 
= 5*52.10“ 2a I 0 cm. 2 /molecule 
= 1*49.10“ 6 I 0 cm. 2 /c,c. of gas at N.T.P. 

Consider now the ionization in air. If t is the true absorption coefficient, 
and a the scattering absorption coefficient, the energy given per second to 
photoelectrons and recoil electrons is 

(t + cr')I 0 cm 3 /c.c. of gas. 

The total absorption coefficient (j, is equal to t + a -|- a', where a is the true 
scattering coefficient. The above expression may therefore be written as 

(|*/p ~ cr/p) pl 0 cm. 3 /c.c. of gas, 

where p is the density. There has been no direct determination of \i/p for 
the requisite wave-length of 0*474 A., but Schockenf has measured it m the 
range 0*12 A. to 0*42 A. The value of p/p obtained by extrapolating his 
results to 0*474 A. using formula (5) of his paper is 0*436 cm. 2 . gm.” 1 . There 
is no entirely satisfactory experimental determination of <r/p, but there is 

* Dirac, loc. cut., p. 423. 
t ‘ Z. Phyaik,’ vol. 68, p. 39 (1929). 



690 


W. R. Harper. 


abundant experimental evidence that for radiation of wave-length 0-474 A, 
in air the scattering will be chiefly modified,* so that the formul® already 
applied to hydrogen will also apply approximately to air. The equations are 
in this case only required to determine a small part of the ionization, since the 
recoil ionization in air is very much smaller than the photo-ionization, and to 
determine the magnitude of <r/p which is here not very different on the quantum 
theory assuming all the scattering to be modified and on the classical theory 
assuming it all to be unmodified. Furthermore, the theoretical values of 
c/p agree very well with the experimental result of Barkla and Sadler.f No 
great error will therefore be incurred by assuming that all the scattered radia¬ 
tion is modified, so that the value of a/p deduced from the quantum theory 
may be used. 

We have, therefore, 


q + a' . Co 3 1 + « / 2 (1 + oc ) 

p p oc 2 l 1 4- 2a 

— 0-909 c 0 /p, 


- log (1 + 2a) 1 
a J 


where a 0 is the classical value. 

Since a/a — F = 0*0483, we have c/p = 0-867 c 0 /p = 0-173 gm." 1 cm. 2 , 
p for dry air at N.T.P. is 1 -29.10“ 3 gm./c.c. Using these figures the energy 
given per second to photoelectrons and recoil electrons is found to be 


3*41 X 10 4 1 0 cm. a /c.c. of gas at N.T.P. 


Referring back to the hydrogen calculations we have for the ratio of the 
energy given to recoil electrons in hydrogen to the energy given to both recoil 
and photoelectrons in air the value 0-00437, whence the ratio of the ionization 
due to recoil electrons in hydrogen to the ionization due to recoil and photo¬ 
electrons in air is 0-00437 times the ratio of the volts per ion pair for air to the 
volts per ion pair for hydrogen. 

The only published value of this ratio is that of Lehmann ,X who found a 
constant value of 1 • 22 for electrons of energies in the range 200-600 electron 
volts. Now the ratio is required for electrons of energy about 1 electron 
kilovolt in hydrogen, and about 25 electron kilovolts in air. Lehmann, 
however, concludes that the volts per ion pair for air is constant up to 1 electron 

* Woo, 4 Phys. Rev,,’ vol. 28, p. 426 (1920). 
t 4 Phil. Mag.,' vol. 17, p. 739 (1909). 
t 1 Proo, Roy. Soo.,* A, vol. 115, p. 624 (1927). 
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kilovolt, and Buchmann* and Eislf reach the same conclusion working in the 
ranges 4-13 and 10-60 electron kilovolts respectively, though it must be 
admitted that the values obtained by Lehmann and by Buchmann and Eial 
disagree by a factor of 1-4. Nevertheless, in the present unsatisfactory state 
of the subject it seems reasonable to suppose that the ratio is constant so that 
Lehmann’s value may be used. In using it we assume that the ionization 
collected in the experiment is caused by the ejected electrons but includes 
neither the ejected electron itself nor its parent positive ion, since this is what 
corresponds to Lehmann’s conditions of measurement. For air the correction 
is quite negligible, but for hydrogen and helium it would be worth applying 
(being about 3%) were it not for the uncertainty already attaching to 
the value. Moreover, about half the error is compensated for by the fact that 
the fluorescent radiation from the gas is not reabsorbed and its energy must be 
added to the energy of the recoiling electron to obtain the energy lost by the 
X-ray quant. 

We therefore have finally for the calculated ratio of the ionization in hydrogen 
due to recail electrons to the ionization in air , for an X-ray beam of wave-length 
uniformly distributed in the band 0-485 A. to 0-463 A., the value 0-0053. The 
uncertainty in this value arises chiefly from that attaching to the volts per 
ion pair ratio. For softer rays it follows from the formulae that the ratio is 
roughly inversely proportional to the fourth power of the wave-length. 

The calculated ionization ratio differs from the ratio that is measured by the 
apparatus described in I in that it does not include either ionization due to 
photoelectric effect in the light gas, or ionization due to secondary electrons 
liberated from the walls of the chamber by radiation scattered by the gas. 
The experimental ratio will be corrected for the former, and the latter will now 
be shown to be negligible. 

The Wall Effect . 

An upper limit for the ionization due to this cause ((5a) in the notation of I) 
may easily be obtained by comparing that part of the scattered energy which 
is reabsorbed in a surface layer of the walls of thickness equal to the range of 
a secondary electron, with the energy absorbed by the gas. The change of 
wave-length on scattering may be neglected in an approximate calculation. 
For a wave-length of about $ A. in hydrogen it was found in the last section 
that 20 times as much energy is scattered as is absorbed. The range of the 

* 4 Ann. Physik,’ vol. 87, p. 509 (1928). 
t ‘ Ann. Phymk,’ vol. 3, p. 277 (1929). 
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corresponding secondary electrons in carbon* is about 10“ 3 cm. A layer of 
carbon of this thickness absorbs a fraction of the incident X-ray energy equal 
to 7.10” 4 . The ratio of the energy absorbed in this layer to the energy absorbed 
by the gas is therefore 1-4.10"®. The actual magnitude of (5a) must be 
several times smaller than this upper limit, so that (5a) is negligible for £ A. 
radiation in hydrogen (and similarly for helium). For longer wave-lengths 
the thickness of the surface layer from which the secondary electrons can 
escape is inversely proportional to the square of the wave-length, so that 
assuming the absorption coefficient to be proportional to the cube of the wave¬ 
length the fraction of the incident energy absorbed by the layer is proportional 
to the wave-length. The ratio of the energy scattered to the energy absorbed 
(by scattering) by the gas is also roughly proportional to the wave-length, so 
that the upper limit for (5a) varies as the square of the wave-length. At 
l£A. therefore (5a) is less than 0*13 of the ionization from recoil electrons. 
Reference to the final results shows that this latter ionization was only a 
small part of the measured total ionization, which again makes (5a) negligible 
in view of the smaller accuracy of the soft ray determination.f 

Purification of the Oases . 

The air used was purified from C0 2 by means of caustic potash, and dried 
over P 2 0 6 . 

The hydrogen was obtained from a cylinder and contained only about 

0*1% impurity, this being chiefly oyxgen. It was admitted via a small 

storage bulb through a glass enclosed needle valve into the apparatus, and then 
passed over spongy copper gauze heated to 420° C. to convert the oxygen into 
water, and subsequently over P 2 O s f° remove the water. The gas was then 
passed through activated charcoal immersed in liquid air to remove other 
impurities, and a liquid air trap placed next to the ionization chamber served 
to eliminate mercury vapour. Before the purification the whole apparatus was 
pumped out with a Hyvac and tested for leaks, and it was verified that any 
impurity from residual gas or leaks could not have affected the hard ray 

measurements by as much as 1% The quantity of gas to be purified 

was about 1 \ litres, and the purification generally took about hours. Alter¬ 
ing the time to 1 hour or 3 hours did not, however, affect the results. 

* Nuttall and Williams, 1 Phil. Mag./ vol. 2, p. 1109 (1926). 

t 1J A. is the lower limit of wave-length of the heterogeneous beam used, so that the 
upper limit for (5a) is underestimated; but this may be overlooked since the upper 
limit must be a considerable overestimate of the true value. 
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The pressure of the gas was measured by means of a mercury manometer, 
and its temperature by a thermometer placed outside the chamber. The 
ionization measurements were reduced to N.T.P. on the assumption that 
the ionization was proportional to the density of the gas. 

Variation of the Ionization with Pressure . 

The correction mentioned in the footnote on p. 677 of I arising from the 
absorption of the beam in the gas in the ionization chamber is easily seen to be 
negligible except when using the soft rays in air. It was eliminated here also 
by working at a pressure of about 200 ram. which has the additional advantage 
of reducing the ionization current to a manageable amount. The ionization 
was found to be proportional to the pressure at about this pressure, but at 
higher pressures fell off owing to the absorption correction, fig. 1. The ioniza¬ 
tion due to the soft rays in hydrogen was too small to permit of a satisfactory 
investigation of the ionization pressure curve. The ionization due to the hard 


a 



Fig, 1.-hard rays ;-soft rays. 


rays in air was proportional to the pressure down to \ atmosphere, fig. 1. With 
hard rays in hydrogen, however, the arrangement for eliminating the window 
electrons cannot be expected to work efficiently at pressures much below 1 
atmosphere. Apart from this the ionization should be proportional to the 
pressure even with heterogeneous rays (which permit measurements of much 



694 


W. R. Harper, 

greater accuracy). On reducing the pressure from atmospheric to 453 mm, 
of mercury the ionization (with either filter in the beam) was 3% greater 
than it would have been if the pressure ionization curve had been linear. The 
discrepancy is to be attributed to window electrons, but arises entirely from 
the measurement at the lower pressure, and therefore throws no doubt on the 
validity of the measurements taken at the higher pressure. 

Experimental Procedure and Results. 

The procedure in carrying out a determination of the ionization ratios was 
as follows. A sample of hydrogen was purified* (the final pressure being about 
1 atmosphere), and a measurement made of the ionization due to the soft 
radiation. The conditions of working the X-ray tube were then altered and 
a measurement made with the hard radiation. The hydrogen was then 
replaced by air at atmospheric pressure, and a measurement of the ionization 
in this gas made with the hard radiation. The pressure was then reduced, 
the X-ray tube altered to give the soft radiation as before, and a soft radiation 
measurement made on air. After the hydrogen had been purified the measure¬ 
ments took about 6 hours, but as already mentioned the constancy of the 
X-ray beam could be guaranteed for even longer periods. Determinations 
were carried out on four different samples of gas, and the results are given in 
the following table. 


Sample. 

Soft ray ratio. 

Hard ray ratio. 

I 

0-00032 

0-0068 

n 

0-00020 

0-0053 

in 

0 00020 

0-0063 

IV 

0-00023 

0-0062 

Mean 

0-00023 

0-0053(4) 


The results obtained with sample I are weighted £ in taking the mean because 
the individual observations were rather less consistent than stated in I, owing 
to difficulty being experienced in keeping the tube current and voltage 
sufficiently steady. Remembering that the determination of the hard ray 
ionization currents in hydrogen is subject to an experimental error of about 
1% in the mean, the error being considerably less for air, discrepancies 
of up to about 10% are to be expected in the hard ray ratio which 
depends on a 20% difference between two measured currents. The 
consistency of the four results is therefore satisfactory. Since by far the 
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largest error in the whole measurement comes from the necessity of taking a 
difference, the final result should be correct to about 5%, it being a mean 
of four determinations. 

The Soft Ray Ratio . 

Since the ratio of the ionization in hydrogen due to recoil electrons to the 
ionization in air varies roughly inversely as the fourth power of the wave 
length, this ratio for the soft rays should be at most about 0-00005, and is 
therefore only able to account for about a fifth of the observed soft ray effect. 
The rest must be due either to photoelectric effect from the hydrogen or from 
impurity. Without further experiment it is not possible to decide which, but 
the fact that (with the exception of sample I) the soft ray ratios are consistent 
to within the rather large experimental error of about 20% suggests 
that the photoelectric effect in hydrogen itself may account for a large part 
of the remaining ionization. The soft ray ionization ratio does, however, 
give an upper limit for the atomic absorption coefficient of hydrogen in terms 
of that of air. If again Lehmann's value of the volts per ion pair ratio be 
assumed we have: 

Ratio of the atomic absorption coefficient of hydrogen to the atomic absorption 
coefficient of air < 0-0002 for heterogeneous rays of wave-length rather greater 
than 

It is of interest to note that the rough empirical law that the atomic absorp¬ 
tion coefficient is proportional to the fourth power of the atomic number leads 
to a value of 0-0004. The law therefore breaks down for hydrogen. 

The Hard Ray Ratio. 

The hard ray ratio as experimentally determined has to be corrected so as 
to exclude any photoelectric effect. Now whether the observed photoelectric 
effect with soft rays is due to hydrogen itself or to impurity, that part of the 
ionization ratio which is due to photoelectrons will not differ very much with 
soft and hard rays unless an absorption edge intervenes, i.e ., unless the impurity 
has a high atomic number, and any such impurity even if present would 
certainly have been removed by the liquid air and charcoal.* Neglecting 

* The possibility that mercury vapour had not been completely removed was ruled out 
by oarrying out a set of four determinations on hydrogen purified m the usual way but 
saturated with mercury vapour. Making reasonable assumptions it is possible to ealeu* 
late approximately how much the ratios should have been affected by the presence of the 
mercury, and the calculated differences agreed with the observed to within the limits of 
experimental error. 
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the contribution of the recoil electrons to the soft ray ionization, the 
required correction could therefore be made by merely subtracting the soft 
ray ratio from the hard, were it not for the fact that the photoelectrons from 
the hard rays in hydrogen are not completely absorbed in the chamber. A 
fraction only of the soft ray ratio has therefore to be subtracted. This fraction 
was determined by introducing a considerable impurity (about 1% of 
air) into a sample of hydrogen, and measuring both soft and hard ray ratios. 
Subtracting the values found with pure hydrogen gave the effect of the 
impurity alone, from which it was found that the fraction in question was 0-8. 
Applying the correction to the hard ray ratio we obtain : 

Experimental ratio of the ionization in hydrogen due to recoil electrons to the 
ionization in air , for an X-ray beam of mi re-length uniformly distributed in the 
band 0*485.4. to 0*463 .4.-0 *0052. The result should be correct to 
about 5%. 

The calculated ratio was 0 0053, subject to an error of uncertain amount. 


Summary . 

The technique described in I (p. 669) is applied to a determination of the 
magnitude of the ionization in hydrogen produced by rocoil electrons liberated 
by homogeneous X-rays. Agreement is obtained with, the value calculated 
using Dirac’s theory of recoil scattering as a basis. An upper limit is also 
obtained for the photoelectric absorption by hydrogen which is considerably 
lower than the value obtained from the empirical law that the atomic absorp¬ 
tion coefficient is proportional to the fourth power of the atomic number. 
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(June 22, 1933 ) 

Professor E. V. Appleton, F.R.S.: In opening this meeting it is of interest 
to recall that a discussion on the same subject was opened by Sir Ernest, 
now Lord, Rutherford, before the Society about seven years ago. I, for one, 
have found it very interesting and instructive to read again the account of 
that meeting in the Proceedings. I noticed, for example, that we are now 
able to report substantial progress during the intervening seven years, so that 
it is now possible to answer in greater detail and with more certainty some of 
the questions which were raised at that discussion. It is also gratifying to 
note that various suggestions were then made which have turned out to be 
very fruitful and particularly helpful to the experimental workers m this field. 

In the first place, it is worth noting that our subject has acquired a name. 
The last discussion was on “ The Electrification of the Upper Atmosphere,” 
whereas our present discussion is on “ The Ionosphere,” a term first suggested 
by Mr. Watson Watt. In opening the discussion I feel that, perhaps, it ought 
to be my task to report progress on the various lines mentioned by Sir Ernest 
Rutherford and, in doing so, to go very generally over the whole field, leaving 
the detail to be filled in by later speakers. I propose also to deal chiefly with 
information which has been obtained by the methods in which I have been 
specially interested, namely, those of radio exploration. 

In the absence of data derived from measurements in situ , such as are 
possible for the lower strata of the atmosphere, information concerning the 
nature of the ionosphere is derived from ground observations on (1) terrestrial 
magnetism ; (2) luminous manifestations such as the auroral electric discharges, 
meteorites, etc.; and (3) wireless wave exploration. Although the first 
indication of pronounced upper-atmospheric electrification came from (1), 
the prosecution of (3) has proved, on the whole, the most fruitful. Wireless 
methods possess a marked advantage in that an exploration can be made at 
any time and it is not necessary to wait for natural sequences or irregularities. 

Wireless exploration consists in projecting waves (usually) vertically upwards 
and noting the characteristics of the waves reflected from the ionosphere. 
The quantities measurable are (a) the group-time of flight on the up and down 
journey, (6) the polarization, and (c) the intensity of the returned waves. By 
multiplying the group-time by the velocity of light we obtain the equivalent 
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path P' which is greater than the actual path traversed by the waves. On 
the other hand, the optical path P is less than the actual path, so that where P 
can be estimated (as is possible, by an extrapolation, in some cases) upper and 
lower limits for the actual height of reflection can be given. To measure (a), 
some distinguishing characteristic must be impressed on the up-going wave 
such as a change of frequency or a change of amplitude. Both methods have 
been used but the amplitude-modulation method gives the more easily inter¬ 
pretable data. The actual magnitudes involved in the group-time measure¬ 
ments are of the order of a millisecond, and so do not present great instrumental 
difficulties. Measurements of polarization and intensity become, for the wave¬ 
lengths used (< e.g 20 to 2000 metres) merely alternating electric force measure¬ 
ments within an area small compared with the wave-length. 

From measurements of (a), (b) and (c) information concerning the nature of 
the ionosphere has been derived which may be summarized under the following 
heads:— 

(A) Structure .—The most direct index of ionospheric conditions is obtained 
by measuring the equivalent path P' for a range of frequencies/. For certain 
values of / there are found discontinuous increases of P' which are interpreted 
as indicating the existence of maxima of ionization. Usually there is one 
break m the (P', /) curve, indicating the penetration of the lower (Region E) 
of the two main regions into which the ionosphere is divided. An 
example of a (P', /) curve for an undisturbed day is shown in fig. 1, 
where the discontinuity in the ordinary ray curve at 3-1 megacycles/sec. 
is clearly seen. At this frequency reflection from the lower Region E 
ceases to be marked and reflection from ^Region F begins. The noon 
ionization in the upper Region F is usually 3£ to 4 times that in Region E, 
average (equinox) values being 6*1 X 10 5 and 1*8 X 10* electrons per cubic 
centimetre respectively.* Neither the diurnal nor seasonal variation of Region 
F is as marked as that of Region E, a difference probably accounted for by 
the difference in the pressures at the two atmospheric levels in question. 
There can be little doubt that the maximum of Region E ionization is reached 
at a height of about 100 km. above the ground. The height of the correspond¬ 
ing Region F maximum is much more difficult to estimate, buta figure of 180km 
is probably not greatly in error. 

* These values have been calculated from an applio&tion of the theory of dispersion 
with the inclusion of the Lorentz-Hartree 14 polarization ” term. If this term is 
neglected, since its inclusion is still a very debatable matter, the values given should 
be multiplied by f. 



099 


Discussion on the Ionosphere . 

Experiments earned out within the last twelve months at Slough, England, 
have brought to light further details concerning what may be called the fine- 
structure of the ionosphere. The intermediate region between Regions E and 
F has been shown not to be devoid of ionization, and, on relatively infrequent 
occasions, evidence has been found of another maximum of ionization there. 
But it is not usual in England at noon for this intermediate region to be as 
strongly ionized as Region E. 



Frequency /, Mc,/«ec 

Fig. 1 . —(F,/) curve at 1200 G.M.T., Slough, April 10, 1933. 

O Ordinary ray; X extraordinary ray. 

Evidence has also been found of the existence of a protuberance or ledge on 
the underside of Region F, the maximum ionization of which increases with 
solar altitude. It may not be superfluous to point out that any region higher 
than Region F, but of lower ionization, would not be detected by the usual 
wireless methods of exploration. 

(B) Diurnal , Seasonal and other Regular Variations .—All regions of the 
ionosphere show a pronounced diurnal variation showing that they are normally 
influenced by a solar radiation which travels in straight lines. The ionization 
is replenished daily at a rate dependent on solar altitude and, during the night, 
it decreases steadily due to the processes mentioned in (F) below. The 
maximum ionization in Region E is found at local noon while that in Region 
F occurs most probably one or two hours later (though evidence is conflicting 
on this latter point). The simple diurnal variation curves on undisturbed 
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days bear a strong resemblance to the theoretical relations worked out by 
Chapman for the ionizing influence of a monochromatic radiation on a rotating 
atmosphere. The experimental ratio of summer noon to winter noon ionization 
is about 2*2 for Region E and, with less certainty, 1 *5 to 1 *8 for Region F. 

Weekly measurements of the maximum noon ionization in Region E made 
from 1931 onwards, together with other observations, less direct but extending 
over a longer period, suggest that there is a direct connection between the 
undisturbed value of noon ionization and the sunspot cycle. Ionization at 
sunspot maximum appears to be 50% to 60% greater than at sunspot minimum. 
An important matter yet to be settled is whether this variation is to be attributed 
to an 11-year cycle in the intensity of ultra-violet light from the sun. 

(C) Recurrence Tendencies and Irregularities .—Measurements of ionization 
densities have demonstrated conclusively that the ionization of both Regions 
E and F can increase at times during the night when it is impossible for solar 
radiation, travelling rectilinearly, to be eflective. Abnormal values for Region 
E ionization have also been noted, particularly in summer, which are greatly 



Via* 2.—(P',/) curve at 1200 Slough, June 16,1933. 

in excess of those expected from the seasonal variation. A (P', /) curve for 
such an abnormal summer day is shown in fig. 2, which should be compared 
with fig. 1. In fig. 2, it will be seen that the ionization in Region E is so intense 
that waves of a frequency as high as 7*0 megacycles/sec. did not penetrate it. 
Moreover, the very small variations of P' with / indicates an exceedingly 
sharp gradient of ionization with height. That such conditions were not 
entirely local is shown by the fact that similar data were obtained on the 
same day, both at Slough and at the Halley Stewart Laboratory at Hampstead. 
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A 0 possible causes of this abnormally high Region E, ionization thunderstorms 
and high-speed charged particles from the sun have been suggested. Thunder¬ 
storms, as C. T. R. Wilson pointed out nearly 10 years ago, might be expected 
to influence upper-atmospheric ionization, either by “ runaway ” electrons 
or by ionization by collision produced at high levels owing to the intense 
electric fields involved. 

Certain types of abnormal nocturnal increases of ionization become more 
marked the higher the latitude indicating the influence of the earth’s magnetic 
field on the tracks of the charged ionizing particles. Moreover, the correlation 
of wireless data with sunspots and magnetic storms, and the existence of a 
27-day recurrence tendency, further strengthen the well-established view of a 
pronounced solar control. The usual explanation that the charged particles 
come from the sun has much in its favour, but there is need for a fuller explora¬ 
tion of the possible influences of thunderstorms in geophysical phenomena. 
It is not yet certain that the world’s thunderstorms do not act, to some extent, 
as an intermediary mechanism m providing the charged particles which cause 
phenomena exhibiting the 27-day recurrence tendency and it would be a 
matter of great interest to examine the thunderstorm data for such a tendency 
and also for an 11-year period. A first hint in this connection was noted in the 
measurements of Mr. Naismith and myself on the seasonal variation of 
Region E ionization at noon. These data which, with Mr. Lutkin’s assistance, 
were found to indicate the correlation of abnormally high summer ionization 
with thunderstorm activity, also suggested a 26- or 27-day period. In 
pursuing the matter further, I am much indebted to Dr 0. E. P. Brooks of 
the Meteorological Office who very kindly supplied me with details of the 
available literature on the subject. The closest relation hitherto found between 
the frequency of thunderstorms and solar activity is that of Septer,* who 
examined the data obtained from 229 Siberian stations over the period from 
1888 to 1924. The three sunspot maxima and the four minima are faithfully 
reproduced in the curve of sunspot activity, except that the double spot 
maximum of 1905 and 1907 is represented by a single thunderstorm maximum 
in 1906. Dr. Brooks found the correlation coefficient for these data to be 
+ 0*88 and the regression equation :— 

Number of thunderstorms — 10*4 + 0*11 (Spot number). 

Concerning the 27-day period Septer writes:—“ Es smd achon Perioden 
25 bis 27 Tage von D. 0. Swiastskij wie auch die Periode 25*8 von V. Bezold 

♦ 1 Met vol. 43, p. 229 (1926). 
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und 27*5 von Ridder entdeckt worden, die sich sehr der synodischen Um- 
laufzeit der Sonne von 27 Tagen nahern ; man kann sagen, dass die Maxima 
der Gewitter auf der Erdkugel, die nach 27 Tagen folgen, durch irgend welche 
der Innem der Sonne gelegene Wirkungszentren hervorgerufen werden.” 
There have been many investigations into the relationship between sunspots 
and rainfall, most of which have been inconclusive, but Clayton* summarizes 
them as showing that precipitation is greatest at or just after sunspot maxima 
at most tropical stations, in the North Atlantic and North Pacific, Southern 
Chile, the south coasts of Africa and Australia and at continental stations 
where summer rains predominate. 

(D) Nature of Ionization .—In interpreting the wireless evidence it is well 
to remember that the effect of ionization in producing reflection, refraction, and 
absorption of the waves is measured, not by N the ionization content, but by 
N fm where m is the mass of one of the charged particles. We really therefore 

/N N \ 

estimate (—* H--), where the e subscripts refer to electrons and the i sub- 

\n% 0 mj 

scripts refer to ions. That N Jm 0 is greater than N,/*», has been demonstrated 
by measuring the polarization of the reflected waves. The influence of the 
earth’s magnetic field is such as to make the ionosphere an aeolotropic medium 
and, owing to the difference in the group velocities of the two components, a 
single wireless pulse may be split into a doublet. Such an effect, which occurs 
both for Regions E and F, is only to be expected if the refractive process is 
cffeoted mainly by electrons. The relation between the observed polarization 
and the direction of propagation relative to the earth’s magnetic field demon¬ 
strate that the effective electrical charges are of negative sign. 

(E) Ionizing Agencies .—Experiments on the occasion of the eclipse last 
year, in Canada, showed that the normal cause of ionospheric ionization is 
ultra-violet light from the sun. Now our picture of the structure of the 
ionosphere is that there are two main regions each of which is probably made 
up of two elements during the daytime. Probably the four components are 
associated with ionization potentials of different atmospheric constituents, 
atomic and molecular. 

Possible abnormal ionizing agencies have been mentioned in (C). These are 
charged particles and their incidence, according to the measurements of 
Mr, Naismith and myself, is correlated with magnetic storms and with thunder¬ 
storms. They usually cause ionization in or just below the normal E Region, 


* ‘ World Weather,* New York (1923). 



Discussion on the Ionosphere . 


703 


but the ionization gradient they produce is steeper than that produced about 
the same level by ultra-violet light. 

(F) Processes of Electron-Capture .—During the night there is a steady decay 
of ionospheric electron content which, in the absence of abnormal influences, 
can be used to study the process of electron-capture. It is easier to make 
precise measurements for the upper region than for the lower region, but even 
for the former the evidence is conflicting. Eckersley, from a study of Marconi 
facsimile transmission, concluded that the usual recombination law for electrons 
and positive ions described the process, whereas t have recently found that 
such a law would not fit some of my measurements and that the law which 
describes the attachment of electrons to uncharged atoms gave a better agree¬ 
ment with experiment. Further work on this subject is necessary before a 
definite conclusion can be drawn. 

Professor S. Chapman, F.R.S. : I should like to express my admiration for 
the very clear exposition of the subject given by Professor Appleton I look 
upon the ozone and the ionization of the upper atmosphere as representing in 
a way an absorption spectrum of the suu’s radiation. The sun’s radiation 
clearly has different components which arc absorbed at different levels, and 
forms a kind of spectrum in which the absorbing atmosphere is itself the 
spectroscope. Our problem is to interpret both what is the radiation of which 
that spectrum is formed, and what is the nature of the instrument which gives 
us the spectrum. The absorbing medium, the air, may for this purpose 
probably be regarded as composed solely of oxygen and nitrogen, but the 
various states of these two substances which are important in absorption 
may be somewhat numerous. Both gases doubtless occur in the atomic 
as well as the molecular state, and some of these four forms—atomic and 
molecular oxygen, and atomic and molecular nitrogen —probably have further 
varieties, with different and significant absorption. That is because the atoms 
and molecules have excited states, some of them being metasfcable ; the 
sun's radiation must continually produce excitation. Though the duration 
of the excited state for each individual particle may be brief, there will at 
any time be a certain number in each excited state. As far as conoerns 
ionization, each of these different varieties is an independent constituent of 
the atmosphere, with its own absorption coefficient, and its own ionization 
potential, less than that for the normal particle of the same kind. 

While the solar radiation of frequency high enough to ionize a normal atom 
or molecule is probably absorbed high in the atmosphere, there is a band of 
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solar radiation of longer wave-length which can either excite the atoms and 
molecules, or can ionize those that are already excited. This second band 
has, in the aggregate, much more energy than the first, though the individual 
photons have less. The lower part of the ionized region may be ionized by 
this double process, though the actual absorption coefficients involved, which 
determine the level of each kind of absorption, are not yet known, either from 
theory or from laboratory experiments. 

One point of interest may be mentioned, namely, that the ion content due 
to single-process ionization—that is, by the very short wave-lengths—must be 
in proportion to I, the intensity of the ionizing radiation, while if there 
is double-process ionization its intensity must be proportional to the product 
of the two ionizing radiations concerned, I x and I 2 . If, therefore, the sun’s 
radiation varies in the course of the sunspot cycle, as it is clearly shown to 
do by the magnetic evidence, and as Professor Appleton has shown to be 
probable from the radio evidence as well, it is not yet possible to infer from the 
variation of the ion content what is the variation of the solar radiation unless 
we know whether the ionization involved in the layer concerned is a single¬ 
process or a double-process ionization. 

Among the particles which can be ionized more easily than the atoms and 
molecules in the normal states, 1 might also mention the negative oxygen 
ions formed by attachment of electrons to oxygen particles. The ionization 
potential of these negative ions is probably five or six volts, and so they can 
be ionized fairly readily, and form an additional source of free electrons. 
Negative-oxygen ionization may occur either by absorption of solar radiation or 
by an indirect supply of energy from the same source by collision with excited 
particles. The light of the night sky shows, that excited particles exist through¬ 
out the mght and are probably continuously formed, and there is a possibility 
that these may retard the decay m the electron content during the night. 

The nature of this decay of electron content is a question of great interest. 
Do the electrons mainly recombme with positive ions, or do they attach them¬ 
selves mainly to neutral particles ? A question closely allied to that is the 
ratio of the number of electrons present to the number of ions; if electron 
attachment is important, then there must be many more ions than electrons. 
Our information on these points will, I think, come partly from the curves 
of daily variation of ion content at the various levels, and partly from the 
seasonal variations. I am making a detailed theoretical study of these points, 
and find that the situation as regards the daily variation is rather complex; 
but the seasonal variation of ions gives a clearer indication. If recombination 
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is paramount, then the electron content in summer (n a ) as compared with that 
in winter (n w ) is given by the formula 

^ = A /li- = A / T u>sifl(9 + §) 

n„ V I w v T # sin (0 — 8) 

where 0 denotes the colatitude, 8 the sun’s maximum declination (23°), and 
T Jf T w are the summer and winter values of the absolute temperatures of the 
atmosphere in the ionized layer. In our latitude this gives 



The corresponding ratio when attachment is paramount is 

n, ^ T w sin (6 + 8) 
n w T, sin (0 — 8) 

or 3*4 (T^/T,) in our latitude.* 

Professor Appleton has pointed out that difference in a previous paper, 
and his values, as indicated in his introduction, are about 2*2 for the E layer 
and 1 *5 to 1 *8, with less certainty, for the F layer. In both cases these values 
seem to indicate that recombination is more important than attachment. 
It may be added that if attachment is comparable in importance with 
recombination in the F layer, it should be paramount in the E layer, because 
of the greater density of oxygen particles to which the electrons could become 
attached. It may therefore prove that, when Professor Appleton's daily 
observations of ionization are continued, and when the average of a number 
of curves is taken, that he will find that this is the law of recombination in 
the F layer also. 

Finally, I may remark upon thecal uable eclipse observations obtained by 
Dr. Hendersonf during the Canadian eclipse of August 31, 1932. These showed 
that n fell by approximately 60% during the optical totality, thus 
giving support to Appleton’s view that this layer is ionized mainly by ultra¬ 
violet light and not, as I had suggested, by corpuscles. The possible existence 
of a corpuscular eclipse in some other layer is still, I think, worth further 
investigation. But with the assistance of Mr. J. C. P. Miller I have determined 
what the expected variation of n should have been, during the Canadian eclipse, 
assuming ultra-violet light as the sole ionizing agent, and assuming the degree 
of recombination (only) compatible with Appleton’s daily-variation curves for 

* The value of T w /T s is unknown, but soenw unhkelv to difier much (either way) from 
unity. 

t ‘ Canadian J. Rrf-s., 1 vol. 8, p. 1 (1933). 
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the E layer.* The result agrees closely with Henderson’s eclipse graph of n, 
and shows that there is no need to attribute any part of the residual 40% 
electron content at totality to another ionizing source. Similar calcu¬ 
lations for the F layerf indicate that a much smaller eclipse effect was to 
be expected thereJ ; this was not examined during that eclipse, and remains 
to be tested by observations during later eclipses. 

Professor C. T. R. Wilson, F.R.S.: I propose to say something about the 
possible connection between the ionosphere atnd thunderstorms. It is not 
perhaps generally realized how very great is the supply of energy from thunder¬ 
clouds. The energy which is continually being spent in lightning flashes 
amounts, per square centimetre of the earth’s surface, to two or three ergs per 
second. This is a thousand times as much as the energy required to produce 
all the cosmic radiation that enters the atmosphere, and would probably be 
sufficient to produce all the ionization of which we have evidence in the 
ionosphere. 

I am going to assume that a thundercloud is of positive polarity. Such a 
cloud will pull electrons down from the upper atmosphere and, what is really 
of more importance, it may cause the field at lower levels to exceed the critical 
value required to make it effective m itself causing ionization. Professor 
Appleton has alluded to this effect in a recent paper. But in moderately high 
latitudes, where the effect of the magnetic field on vertically moving particles 
is negligible, the important critical field is not that corresponding to ordinary 
ionization by collision, but is only about one tenth as great. It is the smallest 
field that would be required to balance the energy loss of a beta-particle that 
is moving in the right direction and has the energy corresponding to the 
minimum rate of loss per cm. When this critical field is exceeded—it is a 
field corresponding at atmospheric pressure to 2000 or 3000 volts per cm.— 
corpuscular cosmic rays and their secondaries of limited range will have their 
range extended downwards, and increased ionization will result. If the 
potential of the upper part of the thundercloud exceeds about 10® volts, the 
critioal condition for the acceleration of beta-particles will extend right down 
to the thundercloud. If the potential is increased beyond this point, a very 
large increase of current will correspond to a comparatively small increase of 

* That is to say, the parameter o 8 on which the daily variation depends (c/. * Proc. 
Phys. Soc.,* vol, 43, p. 30, 1930), was taken as 

f Taking o 0 to be 1 or 

X Slides were shown to illustrate eclipse effects on the E and F layers. The diagram* 
will be included in a future paper on the subject, now in preparation. 
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potential. The potential of the upper part of the thundercloud—the positive 
potential of the thundercloud—is thus not likely greatly to exceed 10* volte, 
and the conditions beyond this point approach instability; tend, that is, to 
give sudden equalization of potential between the upper atmosphere and the 
cloud. 

In equatorial regions the nearly horizontal magnetic field will prevent the 
initial acceleration of the secondary beta-particles by the electric field unless 
this electric field exceeds a certain limit—that required to balance the tendency 
of the magnetic field to turn the beta-particle laterally; this is a field of 
the order of 100 volts per centimetre. In consequence of this action of the 
magnetic field the effect of acceleration of electrons in helping ionization is 
in low latitudes confined to comparatively low levels, and the absence of this 
ionization in the upper levels adds something like a hundred million volts to 
the critical value of the potential at the top of the cloud. 

The lower part of the cloud will only acquire big negative potentials when 
the positive potential of the upper part of the cloud has exceeded the critical 
value of the order of 10 9 volts ; the lower part of the cloud may acquire a very 
big negative potential suddenly if the field above the cloud is suddenly 
destroyed. 

Two important results would follow from such a destruction of the high 
positive potential at the top of the cloud. One would be a sudden raising 
of the negative potential at the bottom of the cloud, which might result in 
a discharge to earth. In addition, the sudden raising of potential at the 
bottom of the cloud enables runaway electrons, which have been produced 
within the cloud itself and have now no longer to traverse a retarding field 
above the cloud, to reach the upper atmosphere or to be bent round by the 
magnetic field and get to earth. 

One point of interest to notice is that the additional hundred million volts 
or so, required where the magnetic field is mainly horizontal, may be one of 
the reasons why in equatorial and tropical thunderstorms lightning flashes 
axe much less common between the bottom of the cloud and the ground, but 
are generally in the cloud. Again, the only evidence that exists so far that 
there is really penetrating radiation getting from the thundercloud to the 
ground has been furnished by Schonland’s experiments in which he observes 
the coincidence between the kicks of a Geiger counter and atmospherics. 
Hi« results suggest the production of fast beta-particles which are able to 
reach the earth under the action of the magnetic field, mainly at the moment 
of the sudden destruction of the electric field above the thundercloud. 
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The main production of what Eddington has called the runaway electrons 
must, of course, be within the thundercloud itself. There, as I have pointed 
out before, the beta-particles in the field, if this is at all strong, multiply 
enormously. Even taking what seems to be a minimum estimate, a single 
beta-particle starting upwards in the field within the cloud (which I am supposing 
to drive negative electrons upwards) would produce a thousand runaway 
electrons in passing through a distance corresponding to a potential fall of 
a hundred million volts. If the particle continued to move in the field through 
10 9 volts, it would produce a quite impossible number—about 10 30 —fast 
electrons, which would take more than the whole energy of the thundercloud. 

It is quite possible that, within the thundercloud, as above it, the production 
of these fast electrons is the controlling agency which determines the limits 
of the potential difference attainable. It is worth noticing that in a very 
strong field the group of electrons produced from the single primary electron -an 
enormous number of electrons—would stick together as a localized group. 

If the electrons are shot up from the thundercloud in large enough numbers, 
with the opposing field above the cloud removed, then we get the possibility 
of very important effects in the upper atmosphere. But what I have said 
about the very big effects produced by even a single original electron particle 
m the thundercloud suggests that we never can get a potential difference of 
even as much as 10 9 volts in a thundercloud. That limitation would prevent 
the runaway electrons from reaching to any great distance in the ionosphere, 
or after being bent by the magnetic field coming down as penetrating radiation. 
It is, however, conceivable that an electron produced within a thundercloud 
may acquire a bigger energy than corresponds to the electro-motive force 
of the thundercloud. For example, the particles at the tip of a progressing 
linear discharge—a discharge started by one of these groups of electrons— 
may be exposed to a force that is many times the primary electric field of the 
thundercloud. This force, if the electrons form the front of the advancing 
discharge, may continue to act on the leading electrons while they move through 
a distance comparable with the thickness of the thundercloud. In that way 
it is just conceivable that electrons may acquire energies very much greater 
than 10 9 volts, and that they may therefore give rise to very important 
ionizing effects in the ionosphere and also contribute to the penetrating 
radiation 

Mr. T. L. Eckersley : Professor Appleton has clearly stated the three ways m 
which measurements can be made of the pulses reflected from the ionosphere. 
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I propose to discuss the latter two, that is, the measurements of the polarization 
characteristics and the intensity of the reflected pulses. 

The apparatus used is shown on the slide. The principle employed is the 
following. The signals are received on two frame aerials at right angles to 
each other and are transferred by a rotating search coil (as with Bellini-Tosi 
direction-finding aerial) to the receiver and thence to the plates of a cathode 
ray oscillograph. 

A circularly polarized incoming ray will induce equal e.m.i. in each of the 
two frames but these e.m.fs. will be 90° out of phase. If the two aerials 
are accurately tuned to the incoming wave, a rotating field will be produced in 
the goniometer. If, however, the aerials are mistuned, one, so that the current 
is 45° in advance of the e.m.f. and the other 45° m retard of the e.m.f., then 
when the e.m.fs. in the aerials are 90° out of phase, the currents in the two 
aerials will be m phase. 

It follows that, for a circularly polarized wave, the search coil of the 
goniometer can be oriented until there is no e.m.f. induced. The zero position 
can be arranged so that it is — 45 u for right-hand polarization and 4- 45° for 
left-hand polarization. 

The plane polarized direct signal is of uniform strength when the direct ray 
angle bisects the planes of the two aerials. 

By this method we have a means of distinguishing the polarization of the 
down-coming waves. 

An auxiliary source of high frequency oscillation is used m conjunction 
with the receiver in order to facilitate the correct adjustment of the two 
aerials, and for the further purpose of measuring the intensity of the reflected 
pulses. 

Observations—wholly visual—have been made on wave-lengths between 
45 and 90 in. mainly in the daytime. The transmitter of 200 watts power was 
situated at Chelmsford and the receiver at Broomfield, 1 *5 km. away. 

One of the most striking features of the results is the extraordinary varia¬ 
bility of what may be called the ionospheric weather. Each day brings a 
different set of conditions and a large number of systematic measurements are 
required to disentangle the main features. 

On a great many occasions split pairs have been observed. Tins is in 
accordance with the magneto-iomc theory which predicts the splitting of 
a plane polarized emitted wave into two components of opposite circular 
polarizations if the electrical carriers are mainly electrons. The normal split 
pairs are definitely oppositely polarized. In general, the right-hand one is 
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least delayed and the left-hand most delayed although occasions have been 
observed when the opposite occurs. 

On rare occasions there are very definite triplets, with one right-hand and 
two left-hand following, all sufficiently close to ensure that they belong to the 
same system. 

Triplets have been observed on five occasions durmg the last five months on 
wave-lengths between 55 and 60 metres. 

A point worth mentioning is the frequency with which E and F reflections 
are recorded simultaneously. 

This definitely suggests partial penetration and partial reflection, since, on 
some occasions, both right- and left-hand E reflections occur simultaneously 
with F reflections, so that this fact is definitely in contradiction with the ray 
theory which requires that a ray shall either completely penetrate or be 
completely reflected. 

Another characteristic which may be stressed is the occasional spreading 
of the echoes, usually just before the echo in question is lost by penetration 
of the layer. This multiple splitting has been observed on many occasions 
and is all of one polarization ; it is, in general, not split and split again into 
alternate left and right components. 

This effect of spreading is, I think, mainly due to dispersion as suggested by 
Pendl* and occurs when there is a rapid change of group and phase velooity 
with frequency. 

This rapid change is specially great for frequencies close to the penetration 
frequency, which accounts for the fact that spreading is generally observed 
just before the ray in question penetrates the ionosphere. 

Polarization characteristics vary very considerably from day to day. 

The results of a large number of observations indicate, however, a certain 
regularity in their incidences. 

Thus on 60 m, left- and right-hand polarizations are nearly equally prevalent, 
as the following figure of a series of observations during December and January 
and part of February this year, shows. On shorter wave-lengths the right-hand 
polarizations are predominant and on longer the left-hand ones. 

Relative Attenuation of Left- and Right-hand Polarized Waves . 

This is illustrated in the attenuation curves, whioh indicate that:— 

(1) On 60 m. in daytime the E and L rays are nearly equally attenuated. 

* Elect. Nachr. Tech., vol. 10, 1983, pp. 75-94. 
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(2) There is a progressive decrease in attenuation as we approach sunset 
where the reflection coefficient approaches 0 • 5. 

(3) An almost stationary value of attenuation coefficient of right-hand 
component over a range of about 4 to 6 megacycles. 

( 4 ) The absence of left-hand components on frequencies over 5 megacycles, 

either on account of electron limitation or excessive attenuation of 
the left-hand ray. 

From these results, we can obtain a measure of the daytime reflection 
coefficient on these waves. Thus, from the known characteristics of the 
transmitting aerial and the transmitting current, the emitted wave, if it spreads 
out uniformly and is reflected at 290 km. height without loss should give a field 
intensity of about 360 jxv/m. It will be observed that the measured fields 
converge to the neighbourhood of about half this value after sunset when the 
reflection coefficient should be nearly 1/2. The reflection coefficient is of the 
order of 1/60 for mid-day, winter reception on 60 m. 

The loss of energy on reflection is largely, if not completely, determined by 
the collisions of the electrons or positive ions set in motion by the wave, with 
the neutral particles in the atmosphere. (Apart from partial reflection and 
transmission which is confined to a very narrow band of frequency.) The 
evidence then implies that there is quite considerable energy loss from this 
cause in the F layer, and that this loss is greatest for the left-hand component. 

The reasoning is as follows :— 

Both the left- and right-hand rays pass through the E layer to the F, are 
reflected there and pass a second time through the E layer to earth again. 
Both rays have to pass through the whole of the E layer twice. For each 
element of path in the E layer the specific attenuation of the right-hand ray 
(assuming that the electrons are predominant) is some three times (for X 60 m.) 
that of the left-hand ray. Since the two rays follow the same path the total 
attenuation of the rays in the E layer should be in the ratio of 3 to 1 in 
favour of the left-hand component. The fact that, however, attenuation of the 
left-hand component is equal to that of the right implies that the reflection of 
the left-hand component at the F layer is much more feeble than that of the 
right-hand component. 

This decrease in reflective power for the left-hand component might possibly 
be due to electron limitation, but partial penetration associated with electron 
limitation is confined to a very narrow band of frequencies and this phenomenon 
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of poor reflection of the left-hand component ia spread over quite a wide band 
of frequencies. 

In these conditions the total attenuation coefficient of the left-hand ray in 
the F layer is at least two thirds of the total measured attenuation, i.e., approxi¬ 
mately 36 to 40 decibels at mid-day. It follows that the F layer attenuation 
of the left-hand ray is at least 24 to 27 decibels, i.e., the reflection coefficient 
of the left-hand ray at the F layer is as little as 1/16 to 1/22 (for vertical 
transmission) at mid-day. 

Again, if the loss of reflection m the F layer were due to partial penetration 
we should expect the F layer attenuation to get greater towards sunset as the 
density decreases, and the penetration frequency for the left-hand ray is 
more nearly approached , the opposite is, however, the fact. 

The conclusion that the left-hand ray is largely attenuated in the layer 
may be avoided if we assume that the effective electric carriers which perform 
the function of modifying the refractive index of the lower K layer are positive 
ions, single ionized oxygen molecules, for instance. 

In this case there would be inappreciable differential absorption between 
the left- and right-hand components m the E layer (since the critical rotation 
frequency for these carriers is very small) and the whole of the attenuation on 
60 m., where the right- and left-hand components are nearly equal, might be 
attributed to E layer absorption. If this were bo the right- and left-hand 
attenuation should be equal on all wave-lengths 45 to 90 m., and observation 
shows that this is by no means so, the left-hand component being predominant 
on the waves longer than 60 m. frequencies (5 kilocycles) and the right-hand 
component being predominant on the shorter wave-length. We should thus 
again have to attribute the difference in reflection of the left- and right-hand 
components to differential absorption in the F layer. 

That the left-hand component can be much more absorbed in the F layer 
than the right must be explained. Although the specific attenuation of the 
right-hand ray per unit length is greater than that of the left-hand component 
the deeper penetration and longer path of travel may easily compensate for 
this effect; indeed, in general, the attenuation, although not exactly proportional 
to the group time of travel of the pulse, varies more or less in proportion, and 
the undoubted fact of the longer group time of the left-hand ray definitely 
encourages the supposition or possibility of a greater absorption of this ray. 

These attenuation results are rather difficult to explain on any preconceived 
motion of the air density in regions above 100 km. 

Thus, if we assume that the dissociation process for O a is nearly complete 
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at 120 km. height so that the oxygen atom is predominant above this height 
and that the height of the homogeneous atmosphere for this case is 23 km., it 
is possible to calculate the collision frequency above this point. Such a 
distribution would then be in agreement with Chapman's* estimate of the 
density at 200 1cm. height. 

With any reasonable distribution of ionio density the attenuation in this 
region should be practically nil. To account for the attenuation, a 50- to 
100-fold increase in collision frequency would be required in these regions such 
as might occur if dissociation were complete at 100 km. and H above this region 
were 20. The collision frequency would then vary from about 3-5 x 10 6 at 
100 km. down to about 2 X 10 8 at 200 km. 

There is considerably more evidence of a more qualitative sort, from the 
results of long distance transmissions, wliich supports the view that there is 
appreciable F layer attenuation. This evidence is discussed elsewhere.*)* 

Txiyer Densities . 

The subject of the maximum layer densities and their determination by 
observing the critical penetration frequencies has been dealt with at length by 
the other speakers. 

The results of individual measurements are very variable. A large amount 
of statistical material is required to show the general run of the diurnal and 
seasonal variation. 

I have attempted to obtain a great deal of material by a quick method, which 
may perhaps be lacking m accuracy, but which rapidly gives a large number of 
results which can be analysed statistically. The method w based on observa¬ 
tions of local sending stations and a determination by direction finding methods 
of whether the signals from the given station skip over the receiver or not. 

The skip phenomena is well known. For a given range between sender and 
receiver and an assumed layer height it is possible to calculate the electronic 
density which is just sufficient to return the ray to earth at the receiver. If, at 
the moment of observation, the station is within the skip distance, i.e., receives 
little energy reflected from the layer, the density must be less than this critical 
amount; if beyond the skip, the density is greater than this amount. 

The results are plotted on the slide. The arrows represent individual 
observation : those pointing upwards represent the fact that the density is 

* ‘ Free. Roy. Soc.,* A, vol. 32, p. 363 (1931). 
t 4 J. Inftt. Elect Eng. London,* vol. 71, p. 406 (1932). 
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greater than this value at the time of observation and vice versa with the arrows 
pointing downwards. 

The upper limit of the arrows pointing upwards and the lower limit of the 
arrows pointing downwards should define a single curve giving the electronic 
density time relation (i.e. t the diurnal variation of the density). 

Actually on account of the variability of the observations the arrows inter¬ 
penetrate a little, but a curve can be drawn such that it lies above about 
80% of the A arrows pointing upwards and below about 80% of the B arrows 
pointing downwards. 

The method is based on perhaps rather doubtful assumptions, but it is 
satisfactory to note that the results obtained are checked by the more direct 
method of the penetration frequencies for normal incidence. 

The results are shown for the Winter, Spring, Equinox, and Summer of 1932 
and Bhow the seasonal as well as diurnal variation of the density. 

The ratio of maximum summer mid-day density to maximum winter mid-day 
density observed is 1 *9 to 1. 

The curves actually drawn are theoretical, t.e., give the calculated maximum 
density, assuming, after Chapman, that the ionization is produced by a mono¬ 
chromatic ionizing radiation travelling in straight lines from the sun and that 
there is a constant rate of recombination. 

The curves are drawn for <y = 0*5 where cr is Chapman’s constant. 

_ _ 1 
° 1-37 X 10«<xN o ’ 

where oc is the recombination coefficient and N 0 is the maximum electronic 
density which would be reached if the ionizing agent remained on indefinitely 
at vertical incidence.* 

The average recombination coefficient, assuming recombination is the 
predominant factor, can also be determined from the times of disappearance of 
the right- and left-hand rays in the experiments and observations made during 
January and February this year. 

The values obtained lie between 1*3 and 1 *5 x 10 10 and do not differ greatly 
from those already given. 

* The values for the best fit are 

N 0 = 1*01 X 10* 
a = 0*9 X 10- 1 * 

Measures of the recombination coefficient by the facsimile method described in Eckeraley 
Uoc. are 0*93,0 *95, 0 *67 X 10~ 10 and agree, except the last, with the value determined 
here. 
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Undoubtedly the density does not always drop off smoothly at night; 
many occasions have been observed when there has been a sudden increase, 
but I am inclined to the view of a regular decrease at night after the 
ultra-violet radiation has ceased together with occasional increases due to 
solar emission of charged particles. The average recombination coefficient 
determined as above is likely to be a little too low. 

The theoretical densities according to Chapman’s theory have been 
calculated by a numerical method of Millington and the following contours 
of equal density are shown in the slide ; they are calculated with a = 0-5 for 
Summer, Equinox, and Winter. The validity of this chart has been tested 
by many observations and measurements of long distance short-wave trans¬ 
missions. 

These results have some bearing on the question of the mechanism by which 
the electron density decreases during the night when the ionizing agency is 
removed. Two alternatives have been proposed. 

One, that the number of electrons decreases in virtue of their recombination 
with positive ions and the otheT in virtue of the attachment of the electrons 
to neutral ions. Chapman has shown that the ratio of the maximum summer 
to maximum winter ionic density according to the former theory should be 
1-84 for 50° latitude and according to the latter theory (1-84) 2 — 3*4. The 
observations agree with the former theory, and the further agreement of the 
ionic density charts with the interpretation of long distance short-wave trans¬ 
mission results, although of much less weight, tend to confirm the supposition 
that recombination is the major factor determining the rate of decrease of 
electronic density at night. 

Mr* R. A. Watson Watt : I hope to be brief, because I should be most 
disappointed if time permitted only those whom 1 might call the professional 
ionospherists to take part in this discussion. Professor Appleton has dealt 
particularly with the fine structure of the ionosphere in vertical section; 
I should like to say a very few words about the structure in horizontal section. 
Professor Appleton has dealt with the striped structure ; I should like to deal 
with the spottiness. 

As a contribution to the examination of thunderstorm effects on the iono¬ 
sphere, my colleagues and I at Slough—and here I think I should, if a little 
invidiously, mention especially Mr. Lutkin—have compared the records of 
ionospheric conditions with detailed observations of thunderstorms. Professor 
Appleton and Mr. Naismith have already reported the results of a statistical 
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investigation made at Slough, but I think it is of interest to quote one or two 
particular examples in which local thunderstorms were studied in relation to 
the instantaneous state of the local ionosphere. 

The first very definite observation was made by Mr. Lutkin in October, 1932, 
and was of this nature A thunderstorm with locally audible thunder was 
observed in association with a condition in which, after an exploring frequency 
had been reached at which no reflection was observed from the upper region, 
reflection at a still higher frequency reappeared from the lower region. That is, 
there was a temporary state in which ionic density in the lower E region ran 
up to something of the order of 8 x 10 6 electrons per cubic centimetre, while 
the density m F region was still down in the neighbourhood of 3 or 4 X 10*. 
The statistical work reported by Appleton and Naismith followed very soon 
after this observation, while a further example of relatively short-duration 
variation in ionic content was found in April of the present year. 

A continuous record during the afternoon of reflections of a 6 megacycles/sec. 
pulse showed several periods, of duration between 3-5 secs, only, when waves 
of this frequency were being reflected from the E region. The critical frequency 
at noon was 3-1 megacycles/sec. and assuming that this indicated the normal 
peak ionization for that day these very short duration increases represented 
momentary increases of at least threefold in density. These increases were of 
such short duration that there was no time to manipulate the ordinary hand- 
operated camera, which was ready for operation. 

This phenomenon is not at all infrequent under summer conditions. As 
illustrating other numerical measures of the rate of increase of ionization in 
these abnormal and probably thunderstorm conditions, one might cite a three 
to one increase which took place in a single hour in a May observation ; a two 
to one increase within half an hour, on an occasion when thunderstorms were 
definitely observed within 25 kilometres; and a series of observations which 
cover the work of the present month of June. The full curve (shown on the 
slide) represents the number of atmospherics per hour recorded on a particular 
instrument of fixed sensitivity This curve is believed, from our general 
experience of relative levels of disturbance, to give a fair indication of the 
thunderstorm activity within 50 kilometres of the recording station. The 
individual dots indicate the electron content of the lower layer at noon in the 
daily routine observations at Slough. The shaded areas or individual vertical 
lines represent the comparatively brief occasions during which the electron 
content of that layer rose to abnormal values — values of more than 
8*5 X 10* electrons per cubic centimetre for one height, or 12 X 10 6 for the 
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other height of ordinate, these two values corresponding to the two exploring 
frequencies used in our recording work. I think it is clearly established by 
this series of observations that the sudden appearance of these bursts of 
abnormal ionization just precedes the arrival of thunderstorms in the area 
within 50 km. of the recording station. 

The method of removal of these abnormal densities from the zenith of 
the receiving station is something which calls for very close examination. 
Professor Wilson’s significant remark that the secondaries belonging to a single 
runaway electron maintain themselves in a homogeneous group suggests that 
these may be the actual ionic cloudlets produced by such a mechanism, and 
observation over a chain of stations not very far apart might establish the 
method of dissipation or drift of these extreme concentrations. 

There is implicit m these ideas of thunderstorm effects on the ionosphere, 
a suggestion for a very much closer examination than has come to my knowledge 
of the relations between magnetic disturbance and thunderstorm activity. 
It is clear that we should expect the abnormal conductivities in these abnormal 
bursts, produced by identifiable terrestrial sources, to be reflected in the 
terrestrial magnetic observations. 

I feel that there is risk of an embarras de nchesse in our available explanations 
for the ionization content of the ionosphere We appear to have in ultra-violet 
light alone a sufficient source for all the electrons in the ionosphere, and in 
tropical and other thunderstorms an equally sufficient explanation for the 
whole content. We may find it difficult not to explain too much between these 
two sources. 

Arising out of Professor Appleton’s introductory address, I should like to refer 
to one quite inconclusive examination which has just been made of a possible 
27-day recurrence tendency in thunderstorms. Here (fig. 2, shown on screen) 
is an application of Bartel’s method of plotting, vertically below one another, 
27-day epochs of particular types of data. We have plotted the number of 
atmospherics per minute received at Slough in particular and defined circum¬ 
stances. In the lower one we have plotted the intensity of these atmospherics. 
The data are, as I have said, inconclusive, because neither the integrated intensity 
nor even the number of atmospherics crossing a given threshold is a unique 
indication of the thunderstorm activity within a given radius. This is due to 
the variation in the intensity of the received atmospherics with the variation 
of effective reflection coefficient, which is in turn due to that very variation of 
ionic content aloft which we are discussing. But this possible secondary effect 
of a possible independent 27-day turn in ionic content does not, I think, 
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invalidate the suggestion that fig, 2, based on records from a comparatively 
insensitive instrument, an instrument, that is, which probably neglects the 
remoter sources more strongly affected by varying reflection coefficient, 
sufficiently supports the proposal for further study of the 27-day recurrence 
tendency in thunderstorm activity. That further study would require closer 
investigation of the thunderstorm distribution than I believe to be economically 
practicable by any method other than that depending on the radiotelegraphic 
location of sources of atmospherics ; this method must, however, first be 
further developed, in relation to the interpretation of the observed intensities 
of atmospherics, than has yet been found possible. 

Turning to the questions of fine structure in the vertical already discussed by 
Professor Appleton, I should like to remark that I believe that there is more than 
one sharply marked level of maximum density in the E region itself. In many 
of the cases of brief temporary increase of density which I have already outlined, 
we find that the increases take place—quite frequently in turn—at two or 
three well-defined equivalent levels each differing by some 10 or 15 km. from 
its neighbour. Thus, two days ago, in the period 0800—1100 G.M.T. of 
June 20, 1933, the equivalent height of sustained reflection for exploring pulses 
of 4 megacycles/sec. was 110 km. But the sudden bursts of increased density 
which I have discussed took place, in (a) 10 first-order reflections with none 
of second-order at 97 km., in ( b ) 4 of first-order accompanied by 7 of second- 
order, at 112 km. and (c) in 7 of first-order accompanied by 1 second-order 
reflection at 122 km. The second-order reflections gave values of 117 and 
127 km. respectively. The maximum departure from any of these means 
was 3 km., which represents the order of accuracy of measurement. While it 
would be possible to devise a partial explanation in terms of magneto-ionic 
splitting, the circumstances do not favour such an explanation, which would 
demand a change from complete absorption of one component to complete 
absorption of the other, and vice versa , at repeated intervals of a few minutes. 
No installation sufficiently elaborate to test this improbable explanation has 
yet been set up, although there would be no difficulty in meeting a demand for it. 
Meanwhile, I favour the view that such data reveal additional fine structure 
in the vertical section, 

Mr. J. A, Ratcliffe : During the last twelve months automatic records of 
wireless signals returned from the ionosphere have been made at Cambridge 
by means of an apparatus designed by Mr. E. L. C. White. The apparatus is 
constructed from components lent to us by the Radio Research Board. In the 
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records the effective height is plotted against the time of da7, the wave-length 
remaining constant (P 't curves), and provision is made for the automatic 
registration of the polarization of the downcoming waves. A preliminary 
survey of these records reveals several points of interest for this discussion. 

The most striking feature is the phenomenon, noticed previously by several 
workers, of a nocturnal increase in the E region ionization. This generally 
occurs without any corresponding increase in the F ionization, and has even 
been noticed on occasions when the F ionization is abnormally weak. There 
is a close correlation between the occurrence of the nocturnal E region and 
disturbed magnetic conditions. Anomalous magnetic behaviour is also 
occasionally associated with unusually low iomzation in the F region. The 
presence of intense ionization in the E region for an unusually long time after 
sunset is correlated with the occurrence of thunderstorms. 

The records show abundant evidence of the intermediate region. In the 
winter months this region is often more intensely ionized, m the day, than is 
the E region. Thus, in November and March echoes from the intermediate 
region appear (X= 150 m.) for about an hour or two near sunrise, before 
the E echo is established and again near sunset between the disappearance 
of the E echo and the appearance of the F echo. In December, January, and 
February it is quite usual for the intermediate region ionization to remain more 
intense than that of the E region throughout the day, so that (on 150 m.) 
the echo is returned all day from the intermediate region, with occasional 
spasmodic reflections from the E region. 

The effective heights recorded for the E region are remarkably constant, 
they do not deviate from the mean (105 km. for a wave-length of 150 m.) 
by more than five per cent, which is only just greater than the limit of accuracy 
of measurement of the records. The effective heights recorded for the inter¬ 
mediate region are more varied, falling between 120 and 180 km. at different 
times of day (150 m.). 

The nocturnal E region always has an effective height equal to that of the 
daytime E region (105 kra.) within the order of accuracy mentioned above. 
The result is that in the winter months it is quite common to have reflection 
from the E level (105 km.) at intervals during the night, but from the higher 
intermediate region (approx. 140 km.) during the day. 

On one occasion in December, 1932, when the usual behaviour was for the 
intermediate region echo to be present during the day, it was found that an 
F region echo alone was present throughout the day, thus indicating a shortage 
of ionization in the intermediate region. On the previous night there had also 
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been a marked shortage of F ionization; it thus appears probable that the 
same source of ionization produces both the F region and the intermediate 
region. On this occasion the nocturnal E echo was very pronounced, so that 
it seems reasonable to suppose that the ionization of the E region is due to 
some different oause. 

The nocturnal and daytime E regions observed during the winter months 
at a height of 105 km. are presumably due to similar causes, the very much 
greater absorption of the daytime echo may be due to a downward extension 
of the ionization of the intermediate region to levels below 105 km. 

Polarization measurements indicate that free electrons are effective in the 
F, the intermediate, and the E regions, as also in the absorbing region, 
down, at least, to a level where the frequency of collision between electrons 
and molecules is about 5 X 10® per second. 

The diurnal variation of the ionization density of the F region appears to be 
complicated. Rukop and Paul found an “ evening concentration ” of ionization 
about 2000-2300 hours last August, we have confirmed this, and find that it 
occurs about 1900-2200 hours m May of this year. There is also reason to 
believe that there is an increase of iomzation near midnight, which, on a critical 
wave-length, often causes the echo to return during the midnight hours. Our 
records do not support the hypothesis of Elias, who considers that this returning 
echo is due to the presence of a still higher layer (his Layer II.). 

There are signs that the ionization of the E region is leBS than it was 
year ago, but there is no indication of a similar decrease in the ionization of 
the F region. This adds to the previous evidence that the E and F region 
ionizations are due to different causes. 

Professor F. A. Lindemann, F.R.S.: Throughout the discussion we have 
been dealing with equivalent heights, defined as the heights calculated on the 
assumption that the group travels with the velocity of light. In order to 
correlate our information about the ionosphere with our geophysical knowledge, 
it is essential to know the real heights at which reflection of the wireless waves 
take place, for all our observations and calculations of temperature, density, 
constitution and so on, of the upper air, refer to real heights. It is in this 
connection that it is perhaps worth while to emphasize that there does not 
seem to be any conclusive evidence that the equivalent heights are closely 
related with the actual heights. 

It is well known that so-called wireless echoes of groups of signals have been 
observed tens of seconds and sometimes even minutes after they have been 
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sent out. So far, only two explanations of this phenomenon have been put 
forward. The first is that the waves are reflected by a cloud of charged 
particles coming from the sun bent into an appropriate form by the earth's 
magnetic field. This explanation does not seen to hold water. In the first 
place there would have to be some 10 5 to 10 a particles per cubic centimetre. 
If they were of equal sign their mutual repulsion would be so excessive as to 
render the formation of the cloud impossible. If there were equal numbers of 
opposite sign then the calculations which justify the assumption that such 
clouds are likely to exist, would not be correct. But whether this is so or 
not, this explanation may be ruled out for the following reason. If the wire¬ 
less signals really had to travel distances measured in millions of kilometres 
corresponding to the delay before the echo returns, they would bo so weak as 
to be imperceptible. This objection is usually met by maintaining that the 
cloud of particles assumes such a form as to focus the wireless waves back upon 
the earth, thus overcoming the effect of the inverse square law. In reply 
to this it must be pointed out that such a focussing action can only occur if 
the curved surface of the cloud is defined with an accuracy comparable with the 
wave-length of the signals in question. It will scarcely be maintained that 
these particles coming from the sun with all sorts of velocities are bent into a 
curve with a radius of millions of kilometres which is defined to an accuracy of 
a few metres. A further phenomenon is that the period of delay before the 
echo returns sometimes vanes within a few minutes by a considerable number 
of seconds. If one wishes to maintain the cloud theory one must be prepared 
to assert that the cloud surface moves millions of kilometres within a very 
few minutes, all the time of course maintaining its sharply defined surface 
accurate to a few metres These objections are so grave that the electron cloud 
explanation of the echoes may be rejected. 

Unless we are content to believe that the echoes are produced by individuals 
signalling to us from the moon we are therefore driven back to the other 
explanation, namely, that the group velocity is sometimes abnormally retarded 
in the ionosphere by special distributions of ionic density which produce 
anomalies in the dispersion sufficient to delay the return of wave groups by 
times measured in seconds. This theory also has its difficulties but at present 
it seems to be the only one we have. Whatever the truth there is no doubt 
that retardations can and do occur. Hence it would appear reasonable to be 
on our guard lest similar, but infin itely smaller, anomalies in the dispersion be 
the cause of the retardations, of the order of thousandths of seconds, which 
we observe in the ordinary measurements of the height of the various ionized 
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layers. If this were so, it might well be, for instance, that the two main layers 
instead of being separated by a hundred kilometres or so, as is generally assumed 
sub sileniio, are really quite close together and merely represent more or less 
typical changes in the ionic density gradient. Questions such as these must 
be carefully considered and determined before we expend too much time or 
effort m endeavouring to relate the existence of these layers with other physical 
phenomena. 

It is perfectly true of course, that the height of these layers is always referred 
to as the equivalent height and that nobody has ever claimed that they actually 
represent real heights. In discussions such as these, however, this fact is apt 
to be overlooked and one tends subconsciously to identify equivalent heights 
with real heights. It may be that some of the difficulties and apparent contra¬ 
dictions which one meets with in endeavouring to elucidate these phenomena 
would be reduced and perhaps eliminated if this factor were borne in mind. 


The Transmutation of Lithium by Protons and by Ions of the Heavy 

Isotope of Hydrogen . 

By M. L. E. Ot.iphant, Ph.D. (Messcl Research Fellow of the Royal Society), 
B. B. Kinsey, B.A. (Trinity College), and Lord Rutherford, O.M., 
F.R.S. (Cavendish Laboratory, Cambridge). 

(Received August 1, 1933.) 

In a previous paper* on the transmutation of the elements by protons we 
reported some measurements of the disintegration function for thin films and 
for thick films of the element lithium, and gave the results of observations of 
the effects produced by molecular ions. In this communication we shall deal 
with the ranges of the particles emitted from lithium when bombarded by 
protons, and we shall also report the results obtained when that element is 
bombarded by ions of the heavy isotope of hydrogen. 

The apparatus was described fully m the previous paper, and with the 
exception of changes in the windows which allow the particles produced to 
enter the counting chamber remains as before. 


* * Proo. Roy. Soo.,’ A, vol. 141, p. 259 (1933). 
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Proton Disintegration . 

Cockcroft and Walton* reported that the bombardment of lithium by a 
mixed beam of hydrogen ions gave me to disintegration particles of two ranges. 
At about 400 kv., particles were observed with a range of about 8*4 cm. in 
air, while when the absorption was reduced to the equivalent of about 2 cm. 
of airf a second range began to appear. At about 6 mm. total absorption the 
number of particles counted had risen to twice the number in the longer range 
group. The 2 cm. group showed a gradual nse and did not appear to represent 
a very definite range. The numbers were still rismg at the smallest absorptions 
used. KirchnerJ reported that he could find no trace of this second group in 
Wilson chamber photographs, though the 8*4 cm. group and also the particles 
resulting from the disintegration of boron were photographed. In view of 
these contradictory results, and m order to obtain more accurate data for 
purposes of discussion, the ranges of the particles from lithium were re-examined 
in some detail. For this purpose windows of mica of stopping power 0 • 948 cm., 
0*575 cm., and 0*15 cm. were used. This last window showed vivid inter¬ 
ference colours and was mounted by means of a solution of celluloid over 
ten holes 0*35 mm. in diameter grouped together in a circle of about 3 mm. 
diameter. The beam of particles entering the counter was canalized by means 
of diaphragms so that the divergence was less than 15°. Fig. 1 shows the 
absorption curve obtained with these wmdows. The long range group is 
found to possess a mean range of 8*4 ± 0-2 cm., in agreement with the results 
of Cockcroft and Walton, while in addition there is present a very definite 
group of mean range about 1*15 cm., and probably also a third group of mean 
range about 6*5 mm. It is difficult to be quite certain of the ranges of these 
two short groups, for there is no source of radioactive a-particles available 
with which they^can be compared as can the longer range group, which was 
checked against the 8*6 cm particles from ThC. However, we believe the 
error cannot be greater than about 2 mm. The numbers of particles in the 
three groups are approximately in the ratio 1 : 1 : 0*5, for the 8*4, 1*2 and 
0*7 cm. groups respectively. In the paper which follows this Walton and Dee, 
p. 736, have given evidence from Wilson chamber photographs which supports 
these conclusions. 

Confirmatory evidence of the presence of two short ranges was obtained by 
* ‘ Proc. Roy. Soc./ A, vol. 137, p. 229 (1932). 

t * Nature,* vol. 131, p. 23 (1933); ‘ Proc. Roy. Soc.,’ A, vol. 137, p. 229 (1932). 
t ‘ NaturwiM./ vol. 21, p. 32 (1933). 
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observation of the sizes of the deflections produced on the oscillograph by 
particles entering the counting chamber through varying thicknesses of 
absorbing material. Fig. 2 is the graph obtained by plotting the maximum 
size of deflections produced against the absorption, for a chamber 1-5 mm. 
deep. It is seen that the curve exhibits two maxima at about the expected 
absorptions. The maximum size of the deflection was identical with the 
maximum deflection produced by the ot-particles from polonium, showing that 
the particles concerned carry two charges. 



Disintegration by Molecular Ions . 

The ranges of the particles ejected from lithium by bombardment with 
molecular ions of hydrogen were found to be identical with those produced by 
protons, and in fact the molecular ion is equivalent exactly to a pair of protons 
each with one half the energy corresponding to the accelerating voltage. 
However, there are present always a few particles per minute with ranges 
beyond the limit of 8*6 cm. found for the protons. For instance with 160 kv. 
accelerating and a molecular beam of about 3 |xa hitting the target there are 
present about 4 particles per minute the range of which is greater than 10 cm. 
We shall refer to these particles later. 
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Disintegration by Ions of the Isotope of Hydrogen of Mass 2 . 

Lawrence, Livingston and Lewis* have reported that at energies of 3 X 10 6 
to 1 *2 X 10* volts ions of the heavy isotope of hydrogen are able to disintegrate 
many elements, and for lithium they found them to be about 10 times as 
efficient in producing disintegration particles as were protons. The beam 
which they use is one of (H 1 — H 2 ) molecular ions, so that it consists of equal 
quantities of protons and of H 2 nuclei. They find that there are present in the 
products of the transmutation of lithium, particles of 8 • 2 cm. range and others 
with the remarkably long range of 14 *5 cm. The first group they ascribe to 
the protons, identifying it with the 8 ■ 4 cm group described above. 



Professor G. N. Lewis has very kindly presented to us a sample of heavy 
water which he estimates to contain 93% of its hydrogen as II 2 We have 
prepared hydrogen gas from a portion of the sample, and about 20 c c. of this 
gas was mixed with 2 litres of purified helium. This was done, firstly, in order 
to conserve the H a , as we found that the number of particles released from 
lithium at 150 kv. was so largo that all measurements could be made with 1% 
of the activity. Secondly, the helium, by reason of its high excitation and 
ionization potentials, produced complete dissociation and strong ionization of 
the hydrogen in the discharge. The result of this is that magnetic bending of 
the accelerated beam is able to effect a complete separation of the (H 2 ) + ions 


* ‘ Phys. Rev.,’ vol. 44, p. 55 (1933). 
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from ions of ordinary hydrogen, and the effect of the heavy isotope as a dis¬ 
integrating agent can be studied in the absence of any extraneous effects. 
The beam of ions obtained in this way was usually of the order of 0*6 fxa. 
Accidental inclusion of ordinary hydrogen, partly from the walls of the dis¬ 
charge tube, gave rise to a proton beam of about 2 jxa which could be brought 
on to the target by alteration of the magnetic field m order to compare the 
effects produced by the heavy isotope with those due to protons. 

The Disintegration Function . 

Fig. 3 shows the variation m the number of particles ejected from Li with 
change in the accelerating voltage. The two full curves represent the results 
for two different absorptions between the target and the counting chamber. 



Fig. 3. 

It is seen that the curves show approximately the same sort of increase with 
voltage. The dotted curve in the same graph shows the corresponding varia¬ 
tion for the same proton current, and it is evident that while the heavy isotope 
floes not produce an appreciable effect till a considerably higher voltage is 
reached, the subsequent rate of increase is so much greater that at 140 kv. 
the number of particles passing through the 2*7 cm. absorber is more than 
four times the number found with protons. 

The Range of the Particles . 

The range distribution among the particles produced from Li by (H a ) + ions 
is shown in fig. 4. It is seen that there is a very definite group of particles with 
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an extrapolated range of 13*2 ± 0*2 cm. The mean range of this group is 
probably about 13 cm., corresponding to an energy of 11*5 X 10 fl s volts. 
There is also present a second group of particles possessmg ranges distributed 
almost uniformly between zero and about 7-8 ± 0-2 cm., t.e., with energies 
up to 8*3 X 10 6 e volts. The dotted curve in the same figure is the end of the 
corresponding range curve, obtained during the same experiment and under 
identical conditions, for the particles produced by the proton beam. The 
difference in range is clearly shown, and it is evident that unlike the 8 * 4 cm. 



particles produced by protons the shorter range group produced by H 2 ions is 
complex. The 13*2 cm. group contributes about 0*1 of the total number of 
particles counted at the smallest absorption we have used. It will bo seen 
that these observations are completely confirmed by Walton and Dee, p. 739, 
by photographing the tracks of the particles in a Wilson chamber. 

The range measurements were made by counting the kicks produced by the 
particles with a thyratron “ scale-of-two ” counter* and by observation of the 
oscillograph records obtained photographically. The photographic method 
gives a valuable check on the automatic counter, and m particular allows the 
entry of a new range to be seen at once by the presence of large kicks, quite 

* Wynn-Wilfiams, ‘ Proc. Roy. Soo./ A, vol. 136, p. 312 (1932). 
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apart from any number count. The maximum, size of the deflections observed 
for both groups of particles was the same as for the particles from polonium, 
so that it ib probable that they both consist of a-particles. 

A check on the linear character of the range-number curve for the shorter 
range group is obtained by observation of the fact that the oscillograph records 
show the same number of large kicks at all points along the linear slope of the 
curve. This indicates that the same number of particles end in the chamber 
whatever the absorption, i,e. y that the slope of the curve is constant. It 
should be pointed out that we are using a solid angle of collection of about 
0-5 in these experiments, and this will distort the range-curve slightly, making 
it fall off more rapidly at first than it should for a parallel beam of particles. 
This would mean that the true curve is probably not linear as we find it, but 
slightly convex to the axes. Such an error will bo small and will not seriously 
affect our later conclusions. A careful search for particles of range greater 
than 13*2 cm. was made at accelerating potentials up to 200 kv. with a chamber 
1 cm. deep so as to pick up any protons which might be present, but no particles 
could be detected m quantity greater than about 1/500 of the a-particles 
produced, which was our natural effect for the chamber. The fast particles 
resembling protons in their behaviour which were found by Walton and Dee, 
p. 739, probably appear only at higher bombarding energies. 


Determination of the Concentration of H a in a Sample of Hydrogen . 

It is now obvious that the few particles with range greater than 10 cm. 
detected when a molecular beam from ordinary hydrogen strikes a lithium 
target are probably 13*2 cm. particles produced by (H a ) + ions. Various 
estimates have been made of the concentration of H 2 in hydrogen, but it is 
probably of the order of magnitude of 1 part in 10,000. The production of the 
long-range particles by bombardment of Li is thus a very sensitive test for the 
presence of H 2 and it is possible to follow its concentration by electrolysis with 
groat ease by this method. 

Discussion. 

Proton Disintegration— The probable reaction which results in the production 
of the 8-4 cm. particles from Li is as pointed out by Cockcroft and Walton 
(i loc . cit.) 

jLP + iH 1 —+ (1) 


If the difference between the initial and the final total masses is the source of 
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the energy of the particles, then it can be shown that the mass of the Li 7 nucleus 
must be 7-0135, approximately. The mass given by Costa is 7-010, but recent 
work by Bainbridge* has given the value 7-0146 i 0-0006 for the atom, 
corresponding to a nuclear mass of 7 *0130 ± 0*0006, m very good agreement 
with the above assumptions. 

The two short ranges which we find when Li us bombarded by protons are 
much more difficult to explain It was suggested that the 2 cm group found 
by Cockcroft and Walton ( ioc . ei t.) arose as a result of an emission of part of 
the energy of the disintegration as a y-ray, and later Traubenbergf claimed to 
have detected one y-ray quantum for each disintegration. There are grave 
difficulties in assigning a mechanism for the production of a y-ray of the large 
energy (about 12 X 10 6 volts) required, and such a penetrating ray would not 
be detected as easily as ordinary y-rays. It seems that while the possibility 
of y-rays must be borne in mind, the evidence for their existence which we have 
at present is not conclusive, and it is perhaps more probable that the short- 
range arises in some other manner. For instance, we might imagine the 
nuclear reaction 

a Li 7 4- 1 H 1 —* gHe 5 + a He 3 ") 

or (2) 

+ 2 He 4 + 2 He 3 J 

Rough estimates of the masses of He 3 find He 5 from Aston's curve, and of the 
range-energy relation for such particles by analogy with He 4 and H, give 
energies which are not impossibly different from those obtained. There are 
other reactions involving neutrons and protons as products of the disintegration 
which will fill the mass conditions approximately. These possibilities are 
being explored by searching for y-rays, for protons, and for neutrons, and by 
measuring the ratio e/m for the disintegration particles. It is obviously of 
great importance to study Li 6 and Li 7 separately, and determine which particles 
arise from each, and since we (loc. dt.) have shown that films of lithium less 
than one atom thick are easily tested there is the possibility of separating 
sufficient material by mass analysis. 

H® Disintegration .—The absorption curve, fig. 4, shows that the ions of the 
heavy isotope of hydrogen produce two groups of particles from lithium, the 
most energetic of which possesses a definite energy corresponding to a mean 
range of 13-0 cm. This first group probably corresponds with the 14-8 cm. 
particles reported by Lewis, Livingston and Lawrence. The difference in 

* ‘ Phys. Rev,,* vol. 44, p. 56 (1933). 
f ‘ Z. PhyBik,* vol. 80, p, 657 (1933). 
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range may be due to error in one of the measurements, or it may be real and 
arise from the fact that the energy of the bombarding protons used by them 
was much greater than ours. The mean range of 13-0 cm. corresponds very 
nearly to 11-5 million volts, and it is probably produced by the reaction 
pointed out by Lewis, Livingston and Lawrence 

aL^ + .H 2 — 2 He 4 + 2 He 4 . (3) 

The two particles must then be expelled in opposite directions with identical 
energies. The mass of the Li 6 nucleus is 6*0130 according to Bainbndge 
(i loc . c%t.) f and hence in the above reaction a mass disappears of 0*0236 mass 
units, corresponding to an energy for each particle of 11*0 X 10° volts. The 
agreement is good. There seems little doubt that this must be the reaction 
which produces the 13*2 cm. particles.* 

The second group of disintegration particles produced from lithium by II a 
ions shows a complete mixture of energies from that corresponding to the 
shortest observed range of about 1 cm. up to that of the 7*8 cm. particles. 
We (loc. cit.) have reported in a former paper an analysis of the ranges of the 
particles emitted by boron when bombarded by protons, and in that case also 
we observed a completely inhomogeneous group of ranges. We were able to 
show that it was probable that the structure of this group could be satisfactorily 
explained on the assumption that the B 11 nucleus broke up into three a-particles 
when the proton entered, and that these particles escaped in a plane the energy 
depending on the particular distribution of the particles with angle. By 
analogy with this boron case we might expect the wide range distribution 
found for the particles produced from lithium when bombarded by H 2 to be 
due to the fact that three bodies are emitted in the disintegration. We assume 
the following reaction 

a Li 7 + jH 2 —*• 2 a He 4 + on 1 , (4) 

i.e., that the Li 7 nucleus breaks up when an H 2 particle is captured to give two 
ot-particles and a neutron, the total energy released being E. We assume further 
that the a-particles are ejected with the same energy E a and at an angle 26 
with respect to one another, fig. 5. The momentum and energy conditions 
lead to the following expressions for the energy of the neutron and a-partioles 
respectively: 8cos0 

" ‘ 1 + 8 oos* 6 V, ( 5 ) 

E. = E/2 (1 + 8 cos 2 0) 

* This conclusion is made practically certain by the work of Walton and Dee, p. 739. 
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The reaction (4) leads to the disappearance of 0*0173 mass units if the maw of 
the Li 7 nucleus is assumed to be 7*0130, as required for the disintegration by 
protons according to (1). This gives a total energy E available of 16*2 x 10* 
volts. In fig. 6 we have shown curves calculated from (5) for the variation in 
the energy of the neutron and a-particle as the angle 0 varies from 0° to 90°. 



It is clear that while the energy of the a-particle varies from 0*056E to 0*5E, 
the corresponding energy of the neutron varies from 0*889E to zero. Thus we 
would expect the disintegration products to consist of neutrons with all energies 
up to about 14*4 X 10 6 volts, and a-particles with energies between 0*9 x 10* 
and 8*1 X 10 6 volts. We have not yet looked for the neutrons, but we have 
seen that the mixture of a-particles is present and that the maximum energy 
observed is 8*3 X 10 6 volts, corresponding to a range of 7*8 cm. The agree¬ 
ment with the calculated value is remarkably good. 



Using the curves of fig. 6 it is a simple matter to transform the absorption 
curve for the group of particles in question, fig. 3, to a corresponding curve in 
which the number of particles is plotted against the angle 0. The curve so 
obtained is given in fig. 7. It is clear from this that the maximum of the angular 
distribution of the a-particles occurs between 70° and 80°, which is the range of 
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angle over which all the disintegration particles possess the same energy, 
fig. 6. The evidence which we have obtained so far is thus strongly in support 
of the reaction (4) as the mode of disintegration of Li 7 by bombardment with 
H 8 . We hope to search for neutrons in the immediate future. 



0 

Fig. 7. 

We are much indebted to Professor G. N. Lewis for his generous gift of a 
supply of water containing a large percentage of the heavy isotope of hydrogen 
—a gift which made some of these experiments possible. We also wish to 
thank Mr. G. R. Crowe for his valuable technical assistance. 


Summary. 

(1) The absorption curve for the disintegration particles produced from 
lithium by protons is shown to consist of three definite parts. A long range of 
8-4 ±0*2 cm. is found, in agreement with Cockcroft and Walton, while 
there are two short ranges of 1 -15 ± 0*2 cm. and 0-65 ± 0*2 cm. mean range 
respectively, the ratio of the number of particles in the three groups being 
approximately 1 :1 : 0*5. 

(2) The disintegration of lithium by ions of the heavy isotope of hydrogen 
was observed. The rate of increase in the number of particles with increase 
of bombarding energy was much greater than for protons, but in this case no 
particles were detected with certainty below about 70 kv. 

(3) The protons ejected from lithium by ions of heavy hydrogen are shown 
to fall into two groups, a definite group of 13-0 ± 0*2 cm. mean range, corre¬ 
sponding to an energy of 11 * 5 million e volts, and a second shorter range group 
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which is complex and consists of particles of all ranges from about 1*0 cm. up 
to 7-8 ±0-2 cm., i.e with all energies from 1*7 to 8*3 million c volts. 

(4) It is shown that the particles are probably helium nuclei and that the 
13*0 cm. group arises from the reaction 

3 Li« + X H2-* a He* + rjHe 4 , 

while the complex group is a result of the three-body nuclear reaction 
8 Li ; -j- ,H Z -► 2 + 

The masses and energies check within the experimental error. 


A Photographic Investigation of the Transmutation of Lithium and 
Boron by Protons and of Lithium by Ions of the Heavy Isotope 
of Hydrogen . 

By P. I. Dee, M.A., Stokes Student, Pembroke College, and E. T. S. Walton, 
Ph.D., Clerk Maxwell Scholar, Trinity College, Cambridge. 

(Communicated by Lord Rutherford, O.M , F.R.S.—Received August 1, 1933 ) 

[Plates 14-17] 

1. Introduction . 

In the preceding paper, p. 722, Oliphant, Kmsey and Rutherford have 
given an account of the examination of the disintegration of lithium by protons 
and by ions of the heavy isotope of hydrogen, using electrical counting methods, 
and have shown that the results of their experiments lend strong support to the 
views of the modes of disintegration which they there suggest. Certain of 
these conclusions may be more completely examined by photographing the 
tracks of the disintegration particles in an expansion chamber and with that 
object we have made the experiments described below. In the course of this 
work a great amount of experimental data has been collected which will 
require a more detailed analysis; in the present paper the photographs 
described have been selected with the object of testing the above-mentioned 
theories. It is possible that the photographs show evidence of other modes 
of disintegration, but in view of the time required for a full analysis, we 
publish here only an account of the more obvious phenomena. 
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2. Experimental Arrangement . 

The apparatus used for the production of the high voltage and its application 
to the tubes used for accelerating the bombarding particles was that described 
by Cockcroft and Walton,* and potentials up to about 400 kilovolts were used. 
The first attempts to work an expansion chamber in conjunction with that 
apparatus showed that the maximum number of disintegrations produced per 
second was much too small, and considerable time was spent in attempting to 
obtain a more intonse beam of protons. The form of discharge tube finally 
adopted was that described by Oliphant and Rutherford.f This has been 
found much more definite in behaviour than the glass discharge tube used in 
the early work of Cockcroft and Walton. The total positive ion current 
measured at the target is at least ten times greater than could be obtained from 
the latter tube, and the number of disintegrations produced* per second has 
been increased by an even larger factor. It is probable that the new type of 
tube gives a larger ratio of protons to molecular ions m the beam—this ratio 
being more liable to fluctuation with the glass discharge tubes. With the 
present arrangement, using the maximum output of current and voltage, it 
is possible to obtain over 100 tracks per expansion from a lithium target a 
few square millimetres m area. 

The expansion chamber was of the standard Wilson type 15 cm. in diameter 
and 5 cm. deep. This type of chamber is not the most suitable for the purpose 
in hand and it is intended to erect later a completely sealed chamber which can 
be operated at any pressure. The expansion chamber, cameras, and mechanism 
requiring attention during use were mounted m a compact manner upon a frame¬ 
work which could be accommodated together with the operator m thelead-lined 
observation cubicle at the foot of the proton tube. Photographs were taken 
through the glass roof of the chamber with two cameras mounted together 
on a board such that the angle made with the vertical by the axis of eooh camera 
lens was 30°, the angle between the two optic axes being 20°. The backs of 
the cameras were tilted relative to the lens axes in the normal maimer, the 
object plane being horizontal and passing through the centre of the ohamber. 
Photographs were taken at a reduction of 1:3*5, the lenses being of focal 
length 3| inches. This camera board could be removed as a unit and the 
plates reinserted in the cameras after development. Measurements were 

* 1 Proo. Roy. Soc./ A, vol. 136, p. 619 (1932). 

t 1 Proo. Roy. Soo.,* A, vol. 141, p. 269 (1933). 
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then made upon images of the tracks which were reproduced in space in the 
relative positions in ^jch they actually occurred. 

In these experiments, the proton beam fell upon the target contained in a 
small tube which passed through the top of the chamber as illustrated in 
fig. 1. The target was a few square millimetres in area and had a small stopping 
power. It was inclined to the incoming beam at an angle of 30° and was 
surrounded by a window system (usually of mica) which had to withstand 
atmospheric pressure and at the same time admit the products of disintegration 


Fa Upro tons 



into the expansion chamber. Owing to the large proton currents now obtain¬ 
able it was possible to make these tubes only 1 cm. in diameter and thus very 
little of the expansion chamber was obscured from the view of the cameras. 

To study products of different ranges, grids of various types were inserted 
in the central hole in the glass roof of the chamber. Connection was made to 
the end of the main proton tube by a piece of “ tombac M tubing held in such 
compression that although evacuated, its tendency was to expand, and hence 
any vibration of the chamber during expausion did not impair the vacuum 
seals. A change of windows or target could be made without admitting air 
to the whole of the accelerating tubes, by closing a flap in the main proton 
tube and removing the tombac. The proton beam was shielded from the 
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target by a light shutter which was held closed by an electromagnet inside the 
proton tube. It was opened at the desired instant relative to the expansion 
by short circuiting the electromagnet by a thyratron. The grid was charged 
to the striking voltage through a capacity resistance circuit, variation of the 
resistance giving the required control over this instant. The striking of the 
thyratron was also arranged to operate a light relay which produced the 
illumination, the timing of which was effected by the variation of the 
resistance in a second circuit which contained some inductance. The use of 
this electric timing has the advantage of compactness and has been found to 
be very reproducible in behaviour. 

3. The Disintegration, of Lithium by Protons , 

Cockcroft and Walton first showed that the disintegration of lithium under 
proton bombardment gave rise to particles of 8 *4 cm. range,* and to a shorter 
group of less than 2*0 cm. range.f They showed that the assumed reaction 

8 Li 7 -j- iH 1 —- *He 4 + 8 He 4 (1) 

gave good agreement with the 8*4 cm. range, and also showed by scintillation 
counting that there was evidence of the simultaneous emission of two particles. 
KirchnerJ has published photographs obtained in an expansion chamber of 
the emission of two particles m nearly opposite directions, and has shown that 
the observed angle between the tracks is m approximate agreement with that 
calculated from the energy and momenta relations. Kirchner did not arrange 
for the tracks to end in the expansion chamber, and thus a simultaneous measure¬ 
ment of the ranges of pairs of particles emitted in opposite directions could not 
lie made. In our experiments, four windows of 5 • 1 cm. stopping power were 
used mounted upon grid (a) of fig, 2. With this arrangement the tracks were 
a convenient length for measurement. 

The constancy of range in this type of disintegration is shown by fig. 3, Plate 
14. The difference m range on the two sides of the target is due to the fact 
that particles emerging on the right have to pass through a piece of mica of 
6 mm. stopping power on which was deposited the layer of lithium oxide of 
2 mm. stopping power. Figs. 5, 6 and 7, Plate 15, show four disintegrations of 
this type. In all cases, tests were made as to whether the two tracks passed 

* ‘ Proc. Roy. Soo.,’ A, vol. 137, p. 229 (1932). 

t Nature, vol. 131, p. 23 (1933). 

% * Sita. Ber. bayer. Akad. Wise.,* p. 129 (1933). 
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through a point. The plane containing the two tracks was usually vertical— 
any departure could be attributed to a scattering from its original vertical 
direotion of the proton responsible for the disintegration. 

The mean value of the sum of lengths of pairs of tracks taken from a number 
of such photographs was 16*6 cm. The differences in the lengths of each pair 
m the actual expansion chamber was in agreement with the air equivalent of 
the path of the right-hand member in the mica used to support the lithium 
oxide. The average range of the particles emitted in opposite directions was 
therefore 8*3 cm. which is in good agreement with the value 8*4 cm deduced 
tfrom the absorption curves, and with the theoretical value of 8-25 cm. obtained 
by substituting the latest data for the masses of the nuclei concerned in re- 
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action (1). This would seem to furnish complete confirmation of tins mode of 
disintegration. In many experiments tracks appeared without the presence of 
a related opposite track; this is most probably due to inefficiency of the windows. 
A further study would be required to be able to affirm that the above reaction 
occurs in all experiments where the 8 • 4 cm. particles are produced. Kirchner 
found no evidence of the short range (less than 2 cm.) group reported by 
Cockcroft and Walton, this being probably due to the windows used having 
too great a stopping power. Oliphant, Kinsey and Rutherford, p. 723, have 
examined this region more fully and report two ranges of about 0 * 7 and 1 • 2 cm. 

In order to photograph such short ranges satisfactorily, it is essential to use 
windows of less than 4 rmn. air equivalent, this necessitating very close spacing 
of the supporting gnd, and consequently a high inefficiency for penetration by 
incident particles. A mixture of 90% hydrogen and 10% air was used in the 
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chamber in order to increase the lengths of the tracks. An attempt to examine 
this mode of disintegration was made with the grid shown in fig. 2 (c), the slits 
being 0-3 mm. wide. On the sloping side of the target the particles emitted 
from the lithium oxide have an unobstructed solid angle for emergence of 
nearly 2n while particles passing through the opposite vertical face have to 
pass through the supporting grids. Although these grids had an efficiency of 
more than 50% for normally incident particles, their finite thickness prevented 
emergence of particles which fell obliquely upon them. Fig. 8, Plate 15, 
taken under these conditions, shows clearly the presence of the 12 mm. range 
and suggests the existence of a group of still shorter range. A number of 
these longer tracks was measured and gave an average range of II mm. The 
few tracks of still shorter range which were photographed had a length of 
about 6 mm. In a short run, taken under these conditions, we only obtained 
one track emerging from the vertical face, and this was the companion to the 
long range track visible on the other side, both passing obliquely out of the 
chamber. It is intended to investigate this problem in detail by passing the 
proton beam into the expansion chamber upon a target suspended in the gas. 


4. The Disintegration of Lithium by Ions of the Heavy Isotope of 

Hydrogen . 

Lewis, Livingston and Lawrence* have reported the existence of particles 
of ranges 14*5 cm. and 35*0 cm. when lithium is bombarded by ions of the 
heavy isotope of hydrogen. Oliphant, Kinsey and Rutherford, p. 727, have 
described the absorption curve of these particles and have concluded that 
there is a continuous range distribution up to 7*8 cm. with a homogeneous 
group of 13*2 cm. range. Lewis, Livingston and Lawrence have suggested 
the possible reaction 

— *He* + 8 He* (2) 

to account for the 13*2 cm. group. The value calculated from equation (2) 
using Bainbridge's results is in very close agreement with the observed range. 

Lord Rutherford kindly gave us a sample of the heavy isotope of hydrogen 
which had been presented to him by Professor G. N. Lewis, and this was passed 
into the discharge tube for the following experiments, the bombarded element 
being lithium as before. Fig. 4, Plate 14, shows the general type of events 
obtained under these conditions, the windows having the same stopping power 


* 1 Phys. Rev.,’ vol, 44, p, 55 (1933). 
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as for fig. 3, Plate 14, which was for proton bombardment. The existence of 
a group with all ranges up to about 8 cm. is clearly shown, together with 
particles which passed out to the walls of the chamber and had therefore a 
range of more than 10 cm. 

Figs. 9, 10 and 11, Plate 16, show examples with smaller ion currents and 
strongly suggest the emission of pairs of long range particles in opposite direc¬ 
tions as is required by the conservation of momentum m reaction (2). 
About 100 similar photographs have been taken and the number of 
such opposite pairs is far greater than could be attributed to chance. Thicker 
windows of 10*4 cm. stopping power were then used on a more efficient grid 
system, and figs. 12 and 13, Plate 17, show a pair of stereoscopic photographs 
of a disintegration obtained under these conditions. The tracks then ended 
in the gas and permitted measurement of ranges. The reduced range of each 
of this particular pair of particles was 13*4 cm., in good agreement with the 
value of 13*2 obtained by Oliphant, Kinsey and Rutherford, and with the 
value obtained from equation (2). This particular mode of disintegration 
would thus seem to be definitely confirmed. Fig. 14, Plate 17, shows another 
pair of particles of this range, together with a track which passes out to the 
wall of the chamber and has therefore a range of at least 16 cm. Many 
other similar tracks were obtained, and the smaller ionization along them 
would suggest that they may constitute the 35 cm. group reported by 
Lawrence, Livingston and Lewis (loc. cit.). In a brief examination of these 
tracks, no obvious correlation has been noticed between their direction of 
emission and those of other particles. Among the tracks of about 8 cm. range, 
we have observed a few forks which were measured, and gave approximate 
values of the ratio of the masses of the colliding particles in agreement with the 
ratios He to 0 or He to N. 

5. Disintegration of Boron by Proton Bombardment. 

Cockcroft and Walton showed that boron under proton bombardment 
emitted particles of ranges up to about 5 cm. and suggested that three 
a-particles were produced in the disintegration according to the equation 

6 B“ + X H* — *He 4 + ,He 4 + *He 4 (3) 

Oliphant and Rutherford* showed that a careful examination of the absorption 
curve gave strong support to this hypothesis and Kirchner (loc. cit ) has 

* 1 Proo. Roy. Soo./ A, vol. 141, p. 259 (1933). 
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published a photograph of three particles emitted at approximately. 120 ®, 
but does not state the ranges of the particles or whether the three tracks show 
conservation of momentum. 

Using a thin piece of pyrex glass (which contains boron) of 2*5 mm. stopping 
power as target and a mica window of 6*4 mm. stopping power mounted on 
the grid shown in fig. 2 (6), we have taken over 100 photographs. In order 
to make the average track a suitable length, a mixture of 80% hydrogen and 
20% air was used in the chamber. The slots of this grid were 0*4 mm. wide 
and the efficiency of the grid for normally incident particles was about 70% 
Fig. 15, Plate 17, is typical of this run. On these plates there were many 
cases of groups of three particles which appeared to be due to simultaneous 
emission of three particles, but after careful measurement on the tracks repro¬ 
duced in space it was foimd that although there were cases of three tracks lying 
in the same plane and passing through a point, the majority of these did not 
satisfy the momentum relations as accurately as could be reasonably 
expected. The possibility of slight deflections m the mica windows of particles 
of such small residual range must not be overlooked. For the study of a three- 
body emission, it is essential to reduce the inefficiency of the windows to a 
further extent and a full discussion of this disintegration is therefore postponed 
to a later date. 

This research was earned out with the lugh voltage installation set up by 
Cockcroft and Walton and we are much indebted to Dr. Cockcroft for use of 
this apparatus and for valuable suggestions. We wish to express our gratitude 
to Lord Rutherford for his interest in the work, and for the benefit we have 
derived from many helpful discussions. One of us (E. T. S. W.) wishes to 
acknowledge a grant from the Department of Scientific and Industrial Research. 
Our thanks are also due to Mr. W. Birtwhistle for much technical assistance. 

Summary. 

Photographs have been taken, using an expansion chamber and double 
camera, of the tracks emitted in the transmutations of lithium and boron by 
protons and of lithium by ions of the heavy isotope of hydrogen. By measure¬ 
ment of the tracks reproduced in space from the photographs taken, the modes 
of disintegration 

s Li 7 + — a He* + a He 4 

and 

s Li‘ + a H* — a He 4 + .He 4 
have been definitely confirmed. 
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DESCRIPTION OF PLATES. 

At the centre of each photograph the window system surrounding the target can be 
seen, and above this the tube down which passes the stream of fast ions. The emergent 
traoks are produced by the particles emitted in the disintegrations. Except where 
otherwise stated the stopping power of the windows used was 5.1 cm. of air. 

Figs. 3-14 are reproduced three-quarter natural size, figs. 15 and 16 at half natural 
size. Tracks are referred to by letters at the margin in their direction from the target. 
The white patch on each photograph is the image in the floor of the chamber of the target 
tube. 

Plate 14. 

Fro. 3.—Protons incident on thin lithium target, the a-partioles emitted showing a constant 
range of 8*4 om. The particular fan shape is due to oblique passage of the a-paiticles 
through the mica windows and interception by the supporting gnd. The partioles 
on the right have shorter length in the chamber as they have to pass through the 
mica which carries the lithium oxide. 

Fig. 4. —Ions of the heavy isotope of hydrogen incident upon thin lithium target. This 
photograph was taken under the same conditions as fig. 3 and shows the existence 
of partioles which pass out to the walls of tho chamber and have therefore a range 
greater than 10 om. The continuous range of less than 8 cm is also obvious. Some 
of the thinner tracks may be due to fast protons, but the density of the track under 
these conditions of photography is not a certain guide as to the nature of the ionizing 
particle. 

Plate 15 

Flos. 5 and 6.—A stereoscopic pair showing the dismtogration of lithium by proton bombard¬ 
ment with the omission of pairs of a-particles in opposite directions. Tracks a lf a t 
belong to one disintegration, b lt b t to another. TheBo tracks occupy the positions 
a\, a\ and b\, b\ in the other photograph, illustrating the manner in which the pair 
of photographs taken from different positions shows that the tracks are colinear and 
not merely coplanar. 

Fio. 7.—Another photograph showing two separate disintegrations of lithium by protons. 

The tracks <4, c,, d v d t being the opposite pairs 
Fla. 8.—The short range group from lithium under proton bombardment photographed 
in ft mixture 90% hydrogen and 10% air, tho particles passing through mica windows 
of 4 mm. stopping power. An opposite pair of long range particles is also present 
whioh pass obliquely out of the illumination. The length of the short range tracks 
reduced to standard air is 11 mm. 

Plate 16. 

Fio. 9.—Disintegration of lithium by ions of the heavy isotope of hydrogen, showing the 
e mis sion of two particles (a lf a a ) in opposite directions passing out of the expansion 
chamber and with ranges therefore greater than 10 om. (Li fl + H a 2He 4 ). The 
thin long track (b) is probably a fast proton. 

Fio. 10.—This photograph shows the type of disintegration described above, fig. 9, and 
also a disintegration with the emission of a pair of opposite 8*4 cm. partioles {b v 6 t ), 
probably due to the presence of protons in the positive ion beam. 

Fio. 11.—This shows several cases of particles with range greater than 10 cm. lying in 
opposite directions. There are also particles with different ranges less than 8 om. 
ending in the chamber. 
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Plate 17. 

Figs. 12 and 13.—This pair of photographs was taken with ions of the heavy isotope of 
hydrogen incident upon thin lithium, the windows having a stopping power of 10 cm. 
which made the particles end in the chamber. The ranges of this opposite pair are 
13 4 cm. corresponding to the transmutation of Li* + H“ into two helium atoms. 

Fio. 14.—This was taken under the same conditions as the preceding but showing a fine 
track, probably due to a proton, passing out of the chamber and with range therefore 
greater than 10 cm. This photograph also shows another pair of partioles of 13 cm. 
range emitted in opposite directions. 

Fio. 15.—This is a typical photograph of the tracks produood by the bombardment of 
boron by protons. Three of the tracks he in a plane and pass through a point, but 
measurement shows that conservation of momentum doos not hold and hence the 
tracks probably come from different disintegrations. 

Fio. 10.—This shows a pair of oppositely directed particles from boron under proton 
bombardment and may illustrate one of the cases discussed by Rutherford and 
Oliphant where two particles come out m nearly opposite directions and the third 
receives very little energy. 

Figs. 16 and 10.—These were taken in a mixture of 80% hydrogen and 20% air ; 
stopping power of windows = 0.4 mm. 
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